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Abstract. To have accuracy in the extracted information is the goal of the reliability the-
ory investigation. In information theory, varentropy has recently been proposed to describe
and measure the degree of information dispersion around entropy. Theoretical investigation
on varentropy of past life has been initiated, however details on its stochastic properties
are yet to be discovered. In this paper, we propose a novel stochastic order and introduce
new classes of life distributions based on past varentropy. Further, we illustrate some of its
applications in reliability modeling and in the diversity measure of Boltzmann distribution.
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1. Introduction

In order to encode the notion of uncertainty linked with a random variable, the

idea of entropy provides a mathematical way. It serves as a fundamental measure

in information theory and statistical mechanics. Since uncertainty is involved in

many reasonable situations such as lifetime data analysis and econometrics, studying

the predictability of occurrences is important. To provide a quantitative measure to

uncertainty for time-to-event random variables, the standard measure of uncertainty,

i.e., differential entropy, is extensively used.

Let the lifetime of a system be denoted by a non-negative random variable X

with an absolutely continuous distribution function (df) F and probability density

function (pdf) f . Then

(1.1) Hs(X) = E[− log f(X)] = −

∫

∞

0

f(x) log f(x) dx,
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is the defined Shannon [21], [22] entropy, where log symbolizes base ‘e’ logarithm.

It quantifies the expected randomness in X concerning the likelihood of an outcome

and gauges the information associated with probability distribution. The higher

value of entropy is symbolic of greater uncertainty or higher volume of information

content. To simplify, the outcomes induce significant information upon happenings.

Moreover, it picturizes the distribution of information density, on an average in the

overall range of the variable (cf. Cover and Thomas [6]).

Shannon’s measure is found to be functional in characterizing the quality of in-

formational sources, communication channels and data transmission. It is fruitful in

ascertaining the channel capacity for a reliable data transmission in varied pragmatic

method of information coding techniques such as Huffman coding. In fact, such tech-

niques leverage the probabilistic complexion of data achieving efficient compression

without any information loss. In such cases, average length of the encoded message

is minimized using random arrangements of symbols following the specific technique.

Further, it also intensifies the cryptographic system generating safe keys since high-

entropy keys are less predictable and thus, much secure. These cryptographic keys are

randomly arranged codes providing foremost unpredictability challenging adversaries

to guess the key. Moreover, increased precision in speech recognition and natural lan-

guage processing model are developed using the random arrangements based on en-

tropy, assessing the uncertainty of words or sequence of words in language modeling.

Therefore, the measure is crucial for comprehending, analyzing, and communicating

the information pertaining to several aspects including pattern recognition, language

processing and data analysis paving the path to make more informed decisions.

The random variable constrained on the fact that the failure happens before a given

inspection time t is the subject of many studies in reliability theory. This is known as

past lifetime. In many rational contexts such as in forensic sciences, uncertainty can

have reference to the past where right truncated lifetime distributions are the focus of

study. Suppose that a system that is only monitored during specific predetermined

inspection intervals is discovered to be down at time t, then the uncertainty of

system’s life depends on the past, namely, which instant in time (0, t) it failed. As it

is inappropriate to use (1.1) when the system is ascertained to be failing at time t, the

interpretation of past entropy was put forward by Di Crescenzo and Longobardi [7] as

(1.2) Hs(X(t)) = −

∫ t

0

f(x)

F (t)
log

f(x)

F (t)
dx,

which quantifies the uncertainty in the inactivity time X(t) = (t − X | X 6 t). In

the case of a system that is determined to fail at time t > 0, past entropy signifies

the uncertainty concerning the system’s failure instant in (0, t).
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One may find voluminous literature on the information measures related to its

dynamic measures and their generalizations, yet the analysis about the variation

of the information measures is limited. Studying variance of information measures,

called varentropy, outlines the expected volatility in the information contained in

the random variable X . It pictures the dispersion of information content around

the entropy and indicates the amount of variation to expect in the entropy, which is

useful in extracting significant information from it. The average information content

of the random variable is represented by the differential entropy, whereas varentropy

indicates the deviation we could anticipate in the information content from entropy.

Mathematically, it is given by (cf. Song [24])

(1.3) Vs(X) = Var(− log f(X)) = E[log2 f(X)]− [Hs(X)]2

=

∫

∞

0

f(x){log f(x)}2 dx−

[
∫

∞

0

f(x) log f(x) dx

]2

.

It measures the extent of scatterness we may expect in the information content of X .

Some of the applications of this measure can be found in calculating the dispersion

of sources, in data compression, in estimating the functioning of schemes of optimal

coding and in computing channel capacity. For instance, see Liu [13], Bobkov and

Madiman [3] and Arıkan [1]. Some recent study on the variance of information mea-

sure and its materiality can be seen in Fradelizi et al. [11] and Di Crescenzo et al. [9].

Because of the deficient investigation on varentropy, Di Crescenzo and Paolillo [8]

came up with the study on varentropy of residual lifetimes to put forward some of

its properties. Recently, Buono et al. [4] defined the past varentropy for a system

observed to have some inactivity period at time ‘t’ as

Vs(X(t)) = Var(− log fX(t)
(X(t))) = E[log2 fX(t)

(X(t))]− [Hs(X(t))]
2

=

∫ t

0

f(x)

F (t)

[

log
f(x)

F (t)

]2

dx−

[
∫ t

0

f(x)

F (t)
log

f(x)

F (t)
dx

]2

,

with fX(t)
as the pdf of X(t). Further results on varentropy of past lifetimes can

be found in Raqab et al. [18]. Sharma and Kundu [23] analyzed the varentropy for

a random variable truncated on both ends and found its effectiveness in selecting

acceptable system.

Uncertainty measures are fruitful in predicting the failure instant of a system. It

is fair to consider a system with less uncertainty to be more reliable than a system

with larger uncertainty. The order reliant on the measure of uncertainty was first

initiated in Ebrahimi and Kirmani [10], where they stated X to be less uncertain

than Y if E[− log f(X)] 6 E[− log g(Y )]. In many life testing investigations, often
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we are provided with the time a system is found to be failed. The measure given

by (1.2) is functional in identifying systems with lesser inactivity time. Certain

systems were distinguished by Di Crescenzo and Longobardi [7] as having equal

entropies but different past entropies. Intuitively, it is practical to consider a system

with less uncertainty in (0, t) to have lesser chance of early failure than that of

a system with more uncertainty in that interval. Motivated from these aspects,

Nanda and Paul [15] advanced with an order using past entropy. They considered

the comparison of two systems having lifetimes in (0, t), where t is the observed time

of failure, with regards to past entropy. Moreover, they defined a novel category of

lifetime distribution characterised by increasing uncertainty in past life (IUPL) in

order to study its relation with the existing ageing classes. The usefulness of past

entropy order is notable in choosing a better system.

The efficacy of the past entropy order cannot be ignored but at times it may fail

or may not be of worth. Thus, on comparing lifetime distributions on account of

uncertainty measures, it is judicious to think “if not entropy then why not varen-

tropy?” Varentropy is instrumental in analyzing the spread of information making

it a constructive tool to compare life distributions where the dispersion measure is

of gravity. Moreover, for the life distributions where entropy order is insufficient,

comparison in terms of varentropy may be influential. The varentropy order is found

to be effective compared to the kurtosis measure traditionally used in contrasting

distribution weights in the tail region. Recently, Maadani et al. [14] came up with

varentropy order and explored how the existing stochastic orders are related to it.

But the stochastic orders on dynamic measures of varentropy and its related ageing

classes are yet to be examined. Motivated from the above and considering the im-

portance of past lifetime, the present paper aims to propose past varentropy order

and its corresponding ageing classes.

The structure for the remaining portion is as follows: In the first part of Sec-

tion 2, we put forth a novel stochastic order constructed utilising past varentropy

and compare it to the pre-existing orders. Some results using the defined order are

produced. The non- parametric classes based on past varentropy are introduced and

their relation with the IUPL class is investigated in the latter part of Section 2. In

Section 3, we examine the applications of the PVE order in reliability modeling to

identify the best fitted model for a given data set and in comparing the variability

in the diversity measure of Boltzmann distribution. Finally, a brief summary of the

present analysis has been added in Section 4.

The notion of “increasing” and “decreasing” in this article are not used in strict

sense.
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2. Stochastic properties of varentropy for past lifetimes

Nanda and Paul [15], [16] examined stochastic orders and an additional class of

life distribution with regard to past entropy. Drawing inspiration from the work of

Di Crescenzo and Longobardi [7], they defined the following order, which assisted in

the construction of beneficial results.

Definition 2.1. Suppose the random variables X and Y denote the survival

times of two systems. Then X is considered greater than Y in past entropy order

(denoted by X >PE Y ) if

(2.1) Hs(X(t)) 6 Hs(Y(t)) ∀ t > 0.

The above definition signifies that the predicted uncertainty concerning the in-

dication of the failure instant in the distribution of X , provided X 6 t is less in

comparison to that of Y when Y 6 t. It is found to be useful in choosing the most

acceptable system.

2.1. Past varentropy order. We know that the varentropy is much useful under

certain cases examining the dispersion of information in risk theory. This strikes the

motivation to define the order on varentropy in past life.

Definition 2.2. With regard to Definition 2.1, the random variable X is con-

sidered greater than random variable Y in past varentropy order (denoted by

X >PVE Y ) if

(2.2) Vs(X(t)) 6 Vs(Y(t)) ∀ t > 0.

The physical understanding of X >PVE Y extends more of the definition. That

is, if Vs(X(t)) and Vs(Y(t)) are the varentropy measures of two systems X and Y

in terms of inactivity life and X >PVE Y holds, then after both components are

observed out of order on time ‘t’, the scatterness of information about the predicted

uncertainty concerning the indication of the failure time carried by the distribution

function of X , provided X 6 t is less in comparison to scatterness of information

around the predicted uncertainty content in the distribution function of Y when

Y 6 t. Thus, X is more precise in calculating uncertainty for inactivity time than Y .

R em a r k 2.1. The reflexive, antisymmetric and transitive nature of the ordering

described above may be proven. As a result, it is a partial order.

It is to be noted that >PVE is based on information deviation in inactivity time

whereas >PE order on information expectation. A natural thought is to look for

their interrelation. We present two examples to support the distinctiveness of the

>PVE order. The example below depicts that X >PE Y ; X >PVE Y .
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E x am p l e 2.1. Consider the pdfs f(x) = 2x and g(x) = 2(1− x), 0 < x < 1 of

the random variablesX and Y , respectively. From Figure 1, it is clear that X >PE Y

but X �PVE Y .

0.2 0.4 0.6 0.8 1.0

t

−0.20

−0.15

−0.10

−0.05

Hs(X(t))−Hs(Y(t))

0.2 0.4 0.6 0.8 1.0
t

0.05

0.10

0.15

0.20

0.25

Vs(X(t))− Vs(Y(t))

(a) Plot of Hs(X(t))−Hs(Y(t)). (b) Plot of Vs(X(t))− Vs(Y(t)).

Figure 1. Difference of past entropy and varentropy (Example 2.1).

The case below allows us to conclude X >PVE Y ; X >PE Y .

E x am p l e 2.2. Suppose the random variables X and Y have exponential dis-

tribution with means 1 and 1
2 , respectively. Let U1(t) = Hs(X(t)) − Hs(Y(t)) and

U2(t) = Vs(X(t)) − Vs(Y(t)). Then U1(t) > 0 but U2(t) 6 0 as can be seen from

Figure 2. Consequently, X >PVE Y holds but X �PE Y . Take a note of the trans-

formation t = − log v, where v ∈ (0, 1) is used while plotting the curves which results

in U1(t) = U1(v) and U2(t) = U2(v), say.

0.2 0.4 0.6 0.8 1.0
v

0.1
0.2
0.3
0.4
0.5
0.6
0.7

U1(v) 0.2 0.4 0.6 0.8 1.0
v

−0.4

−0.3

−0.2

−0.1

U2(v)

(a) Plot of U1(v). (b) Plot of U2(v).

Figure 2. The past entropy and varentropy difference (Example 2.2).

Nanda and Paul [16] investigated that no relation exists between PE order and

usual stochastic order. We substantiate this claim for past varentropy order. The fol-

lowing counterexample demonstrates that X >ST Y but X �PVE Y . In-depth study

of usual dispersion (DISP), failure rate (FR), likelihood ratio (LR) and stochastic

(ST) orders can be found in Shaked and Shanthikumar [19].
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C o u n t e r e x a m p l e 2.1. Consider the distribution function of two systems hav-

ing lifetimes given by X and Y as

F (t) =

{

e−1/2−1/t, 0 6 t 6 1,

e−2+t2/2, 1 6 t 6 2,
and G(t) =















t2 + t

4
, 0 6 t 6 1,

t

2
, 1 6 t 6 2,

respectively. Figure 3 shows that X >ST Y . Let U3(t) = Vs(X(t)) − Vs(Y(t)), then

U3(1.6) = −0.035 < 0 and U3(1.8) = 0.091 > 0. Consequently, U3(t) passes the

x-axis for t ∈ (1, 2). Therefore, X and Y fails to be in PVE order.

0.2 0.4 0.6 0.8 1.0

t

−0.25

−0.20

−0.15

−0.10

−0.05

F (t)−G(t)

1.2 1.4 1.6 1.8 2.0

t

−0.35
−0.30
−0.25
−0.20
−0.15
−0.10
−0.05

F (t)−G(t)

(a) F (t)−G(t) for t∈ (0, 1). (b) F (t)−G(t) for t∈ (1, 2).

Figure 3. Graph of F (t)−G(t), where t ∈ (0, 2) (Counterexample 2.1).

An example which indicates that X >PVE Y but X �ST Y can be seen below.

C o u n t e r e x a m p l e 2.2. Let the random variables X and Y be given by dfs

F (t) = 1− e−t and G(t) = 1−
1

(1 + t)2
for t > 0 correspondingly.

If U4(t) = F (t) − G(t), then U4(2) = −0.0242 < 0 and U4(3) = 0.0127 > 0. The

horizontal axis is thus clearly crossed by U4(t) at some t ∈ (2, 3). Thus, X and Y

fails to be in ST order. Let U5(t) = Vs(Y(t)) − Vs(X(t)). It is clear from Figure 4

that U5(v) > 0, where U5(t) = U5(v), say when t = − log v is substituted. Thus,

X >PVE Y .

0.2 0.4 0.6 0.8 1.0
v

0.2

0.4

0.6

0.8

1.0

U5(v)

Figure 4. Plot of U5(v) (Counterexample 2.2).
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It is noteworthy to highlight that varentropy expression in compact form is ei-

ther difficult to achieve or demands a great deal of effort. Nevertheless, one can

assess with ease the required varentropy in respect of known varentropy of initial

distribution utilizing specific transformations. In fact, examining varentropy under-

neath transformations proves to be imperative in investigating characteristics that

are inherited. Amongst the inherited characteristics, one is varentropy order. Put

simply, if one has details regarding pre-existing past varentropy order and specific

transformations, the goal of comparing volatility in past lifetime is achieved saving

humongous computational work. We recollect that for

Z = α1X + β1, α1 > 0, β1 > 0;

the past varentropy of X and Z are coupled by the relation (cf. Buono et al. [4])

(2.3) Vs(Z(t)) = Vs(X((t−β1)/α1)) ∀ t > β1.

The PVE order is closed under certain conditions of increasing affine transforma-

tion, as shown by the following theorem.

Theorem 2.1. Let X1 = aX+ b and X2 = cY + d, a, c > 0 and b, d > 0. Further:

(i) Suppose (a) X >PVE Y , (b) a = c and b = d. Then X1 >PVE X2.

(ii) Let (a) X >PVE Y , (b) a > c and b > d, (c) V (X(t)) or V (Y(t)) be increasing in

t > b. Then X1 >PVE X2.

P r o o f. We prove (ii) as (i) is straightforward. Assume V (X(t)) to increase

with t. Since (t− b)/a 6 (t− d)/c, we have

Vs(X((t−b)/a)) 6 Vs(X((t−d)/c)) 6 Vs(Y((t−d)/c)),

where the last inequality comes from X >PVE Y . The proof when V (Y(t)) is increas-

ing is similarly obtained. The result therefore follows. �

The following counterexample demonstrates that the monotonic condition of the

past varentropy cannot be dropped in the preceding theorem.

C o u n t e r e x a m p l e 2.3. Let X and Y have dfs

F (t) =
3t2 − t3

4
for 0 6 t 6 2 and G(t) =















t2

2
if 0 6 t 6 1,

t2 + 2

6
if 1 6 t 6 2.

respectively. It can be verified from Figure 5 and Figure 6 that Vs(X(t)) and Vs(Y(t))

are non-increasing, correspondingly. Further, X >PVE Y is inferred from Figure 7.

Now, if X1 = X + 0.01, X2 = Y and U6(t) = Vs(X2(t))− Vs(X1(t)), then U6(1.99) =

−0.0019 < 0. Thus, X1 �PVE X2.
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0.5 1.0 1.5 2.0
t

0.15

0.20

0.25

0.30

0.35

Vs(X(t))

Figure 5. Plot of Vs(X(t)) (Counterexample 2.3).

0.2 0.4 0.6 0.8 1.0
t

0.05

0.10

0.15

0.20

0.25

Vs(Y(t))

1.2 1.4 1.6 1.8 2.0
t

0.18

0.20

0.22

0.24

Vs(Y(t))

(a) Vs(Y(t)) for t∈ (0, 1). (b) Vs(Y(t)) for t∈ (1, 2).

Figure 6. Plot of Vs(Y(t)) (Counterexample 2.3).

0.2 0.4 0.6 0.8 1.0
t

0.05

0.10

0.15

Vs(Y(t))− Vs(X(t))

1.2 1.4 1.6 1.8 2.0
t

0.02
0.04
0.06
0.08
0.10
0.12

Vs(Y(t))− Vs(X(t))

(a) Plot of V (Y(t))− V (X(t)) for t∈ (0, 1). (b) Plot of V (Y(t))− V (X(t)) for t∈ (1, 2).

Figure 7. Plot of varentropy difference (Counterexample 2.3).

In the next theorem we show the closure of PVE order under increasing convex

transformation. Before moving forward, we note from Proposition 2.3 of Sharma and

Kundu [23] that

(2.4)

Vs(Y(t)) = Vs(X(ϕ−1(t)))− 2E
[

log
fX(X)

FX(ϕ−1(t))
logϕ′(X) | X < ϕ−1(t)

]

+Var[logϕ′(X) | X<ϕ−1(t)]−2Hs(X(ϕ−1(t)))E[logϕ′(X) | X<ϕ−1(t)],

when Y = ϕ(X), for a strictly increasing function ϕ.
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Theorem 2.2. Suppose that X >PE Y and X 6PVE Y hold for the non-negative

random variables X and Y . Assume that a convex function ϕ is strictly increasing

with ϕ(0) = 0. Then ϕ(X) 6PVE ϕ(Y ), provided the derivative of ϕ is continuous

with 0 < ϕ′(x) 6 1.

P r o o f. Let ϕ′ represent the derivative of ϕ. From (2.4) we have

(2.5)

Vs(ϕ(X)(t))− Vs(ϕ(Y )(t))

= Vs(X(ϕ−1(t)))− Vs(Y(ϕ−1(t)))− 2E
[

log
f(X)

F (ϕ−1(t))
logϕ′(X) | X < ϕ−1(t)

]

+ 2E
[

log
g(Y )

G(ϕ−1(t))
logϕ′(Y ) | Y < ϕ−1(t)

]

+Var[logϕ′(X) | X < ϕ−1(t)]

−Var[logϕ′(Y ) | Y < ϕ−1(t)]− 2Hs(X(ϕ−1(t)))E[logϕ′(X) | X < ϕ−1(t)]

+ 2Hs(Y(ϕ−1(t)))E[logϕ′(Y ) | Y < ϕ−1(t)].

Proceeding with term by term comparison, observe that the first term comparison

follows directly from the assumption Vs(X(t))−Vs(Y(t)) > 0. Next, we take account of

2E
[

log
f(X)

F (ϕ−1(t))
logϕ′(X) | X < ϕ−1(t)

]

− 2E
[

log
g(Y )

G(ϕ−1(t))
logϕ′(Y ) | Y < ϕ−1(t)

]

= 2

∫ ϕ−1(t)

0

(− logϕ′(x))
{

−
f(x)

F (ϕ−1(t))
log

f(x)

F (ϕ−1(t))

+
g(x)

G(ϕ−1(t))
log

g(x)

G(ϕ−1(t))

}

dx

6 2(− logϕ′(0)){Hs(X(ϕ−1(t)))−Hs(Y(ϕ−1(t)))} 6 0.

The assumption used to get the last inequality is X >PE Y . Further, observe

E[(logϕ′(Y ))2 | Y < ϕ−1(t)]− E[(logϕ′(X))2 | X < ϕ−1(t)]

=

∫ ϕ−1(t)

0

(logϕ′(x))2
{ g(x)

G(ϕ−1(t))
−

f(x)

F (ϕ−1(t))

}

dx

6 (logϕ′(0))2
∫ ϕ−1(t)

0

{ g(x)

G(ϕ−1(t))
−

f(x)

F (ϕ−1(t))

}

dx = 0.

The fact that φ′(x) increases in x leads to the inequality mentioned above. On

similar course of action, we obtain

−(E[logϕ′(X) | X < ϕ−1(t)])2 + (E[logϕ′(Y ) | Y < ϕ−1(t)])2 > 0.
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Bringing together, we have

Var[logϕ′(X) | X < ϕ−1(t)]−Var[logϕ′(Y ) | Y < ϕ−1(t)] > 0.

Moreover, it is easy to establish

2Hs(Y(ϕ−1(t)))E[logϕ′(Y ) | Y < ϕ−1(t)]

− 2Hs(X(ϕ−1(t)))E[logϕ′(X) | X < ϕ−1(t)] > 0.

Thus, from (2.5), Vs(ϕ(X)(t)) > Vs(ϕ(Y )(t)) for all t > 0, i.e., ϕ(X) 6PVE ϕ(Y ). �

We provide an example to verify the above theorem.

E x am p l e 2.3. Suppose that X and Y are the random variables having dfs

F (t) = 1− e−2t and G(t) = 1− e−t for t > 0, respectively.

From Figure 2, it is evident that X >PE Y and X 6PVE Y hold. Choose an

increasing convex function ϕ(x) = 0.5x. Clearly, ϕ satisfies the condition stated in

Theorem 2.2. Denote U6(t) = Vs(ϕ(X)(t)) − Vs(ϕ(Y )(t)). It can be verified from

Figure 8 that ϕ(X) 6PVE ϕ(Y ). Note that U6(t) = U6(v), say for the substitution

t = − log v.

0.2 0.4 0.6 0.8 1.0
v

0.1

0.2

0.3

0.4

U6(v)

Figure 8. Plot of U6(v) for v ∈ (0, 1) (Example 2.3).

Here, we provide two counterexamples to stress that the convexity condition and

the derivative condition in Theorem 2.2 are merely sufficient requirements.

C o u n t e r e x a m p l e 2.4. For the random variables X and Y in Example 2.3, if

we choose the increasing function ϕ(x) = 1− e−x, then it satisfies all the conditions

on ϕ function stated in Theorem 2.2 except the convexity condition. Denote U7(t) =

Vs(ϕ(X)(t)) − Vs(ϕ(Y )(t)). After substituting t = − log v, where v ∈ (0, 1), write

U7(t) = U7(v). It is seen from Figure 9 that U7(v) > 0. Hence, φ(X) 6PVE φ(Y ).
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0.2 0.4 0.6 0.8 1.0

v

0.1

0.2

0.3

0.4

U7(v)

Figure 9. Plot of U7(v) for v ∈ (0, 1) (Counterexample 2.4).

C o u n t e r e x a m p l e 2.5. For the random variables X and Y in Example 2.3,

take an increasing convex function ϕ(x) = ex − 1. Then it is evident that ϕ(0) = 0

but ϕ′(x) > 1, for x > 0. Now, if U8(t) = Vs(ϕ(X)(t))− Vs(ϕ(Y )(t)), then it is clear

from Figure 10 that U8(v) > 0. Note that U8(t) = U8(v), say for the substitution

t = − log v, v ∈ (0, 1). Thus, ϕ(X) 6PVE ϕ(Y ).
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Figure 10. Plot of U8(v) v ∈ (0, 1) (Counterexample 2.5).

2.2. New classes of lifetime distributions. Barlow and Proschan [2] and Za-

cks [25] both provided several classifications and applications of life distributions

of systems. The concept of ageing serves the foundation for nearly all the existing

classes of life distributions. Such classifications play a pivotal role in survival data

modeling, broadly reliability engineering. As the notion of ageing is inappropriate

for classifying life distributions on inactivity time, Nanda and Paul [15] proposed

an additional class of life distribution conditional on past entropy. It is desired for

a system found to be broken-down upon observing to have lesser inactivity period.

Thus, the class of increasing uncertainty in past lifetime is significant to group distri-

butions. Intuitively, it is recommended to analyze the varentropy of systems having

increasing uncertainty in past lifetime and classify them over and above. Thus, to
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further group distributions, new classes of life distributions ought to be initiated,

since the past entropy class is inadequate to extract information on dispersion. Be-

sides, it is equally important to analyze the variability aspect of the existing classes.

This might be productive to establish relation among the pre-existing classes func-

tional to further refine life distributions. We expand the study by presenting novel

classes of life distributions constructed using past varentropy.

Definition 2.3. A non-negative, absolutely continuous random variable X is

said to have increasing (decreasing) past varentropy, written as IPVE (DPVE), if

Vs(X(t)) increases (decreases) in t.

The following example exhibits that the above defined classes are not void.

E x am p l e 2.4. (i) Suppose that X follows standard exponential distribution.

Then the past varentropy of X increases with t as asserted in Figure 11. Thus, X be-

longs to the IPVE class. While plotting the curve, the substitution t = − log v is used.
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Figure 11. Plot of past varentropy (Example 2.4 (i)).
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Figure 12. Plot of past varentropy (Example 2.4 (ii)).

(ii) Let X be a random variable with df F (t) = e(1−1/t)
I(0,1)(t). Then X belongs

to DPVE class as shown in Figure 12.
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Definition 2.4. A random variable X is said to have constant past varentropy,

written as CPVE, if Vs(X(t)) is constant.

One may find several distributions that belong to the CPVE class. For instance,

the uniform distribution, the standard power distribution with the shape parameter

β = 2 belong to the CPVE class.

Looking at the example below, we acknowledge that perhaps not every distribution

has a monotone Vs(X(t)).

E x am p l e 2.5. Let X be the random variable having df given by

F (t) =















exp
(

−
1

2
−

1

t

)

for 0 6 t 6 1,

exp
(

−2 +
t2

2

)

for 1 6 t 6 2.

It can be clearly distinguished from Figure 13 that Vs(X(t)) is not monotone with

respect to t.

1.2 1.4 1.6 1.8 2.0
t

0.2

0.3

0.4

0.5

Vs(X(t))

1.1 1.2 1.3 1.4
t
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(a) Vs(X(t)) for t∈ (1, 2). (b) Magnified view of Vs(X(t)) about t=1.25.

Figure 13. Graph of Vs(X(t)) (Example 2.5).

As mentioned earlier, varentropy evaluation is not only cumbersome at times, but

also exhausting. For the distributions of interest that are transformation of one

with known class of its volatility and the concern is restricted to having knowledge

on its classification of volatility, the following theorem applies to show that the

proposed classes are inherited under affine transformations. The proof is dropped

being straightforward.

Theorem 2.3. Suppose Z = αX +β, where α > 0, β > 0 and X is an absolutely

continuous non-negative random variable. Then

(i) X belonging to IPVE class =⇒ Z belongs to IPVE class;

(ii) X belonging to DPVE class =⇒ Z belongs to DPVE class.
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Nanda and Paul [15] defined the increasing past entropy (IUPL) class of life dis-

tribution. It is of the purpose to investigate the connection of the IUPL class with

the DPVE and IPVE classes. The following two counterexamples show that IPVE

and DPVE classes are different from the IUPL class.

C o u n t e r e x a m p l e 2.6. Suppose X is defined as in Example 2.4 (ii). Then

it can be seen from Figure 14 and Figure 12, respectively, that X ∈ IUPL but

X 6∈ IPVE.
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Figure 14. Plot of past entropy (Counterexample 2.6).

C o u n t e r e x a m p l e 2.7. Suppose X is defined as in Example 2.4 (i). Then

X ∈ IUPL but X 6∈ DPVE as seen from Figure 15 and Figure 11, respectively. The

substitution t = − log v, v ∈ (0, 1) has been applied to plot the past entropy.
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Figure 15. Plot of past entropy (Counterexample 2.7).

3. Applications

In this section, we first provide an illustration of how the PVE order can be used

in reliability modeling to determine the distribution that is best fitted. Next, we

consider PVE order of the particles in the case of Boltzmann distribution at different

temperature levels to study the diversity of distributions.
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3.1. PVE order in reliability modeling. In an effort to assess the efficacy of

past varentropy order in reliability modeling, we take into consideration two real-life

data sets. It is to be noted that our method is parametric involving certain families

of distributions. The strength of 1.5 cm glass fibres was measured in the first data

set, while the remission times (in months) of a random sample of 128 bladder cancer

patients are shown in the second data set (cf. Shanker et al. [20]). The data sets are

reproduced below.

Data set 1. 0.55, 0.74, 0.77, 0.81, 1.24, 0.93, 1.04, 1.11, 1.13, 1.30, 1.25, 1.27,

1.28, 1.29, 1.48, 1.36, 1.39, 1.42, 1.48, 1.51, 1.49, 1.49, 1.50, 1.50, 1.55, 1.52, 1.53,

1.54, 1.55, 1.61, 1.58, 1.59, 1.60, 1.61, 1.63, 1.61, 1.61, 1.62, 1.62, 1.67, 1.64, 1.66,

1.66, 1.66, 1.70, 1.68, 1.68, 1.69, 1.70, 1.78, 1.73, 1.76, 1.76, 1.77, 1.89, 1.81, 1.82,

1.84, 1.84, 2.00, 2.01, 2.24 and 0.84.

Data set 2. 0.08, 2.09, 3.48, 4.87, 6.94, 8.66, 13.11, 23.63, 0.20, 2.23, 3.52, 4.98,

6.97, 9.02, 13.29, 0.40, 2.26, 3.57, 5.06, 7.09, 9.22, 13.80, 25.74, 0.50, 2.46, 3.64, 5.09,

7.26, 9.47, 14.24, 25.82, 0.51, 2.54, 3.70, 5.17, 7.28, 9.74, 14.76, 6.31, 0.81, 2.62, 3.82,

5.32, 7.32, 10.06, 14.77, 32.15, 2.64, 3.88, 5.32, 7.39, 10.34, 14.83, 34.26, 0.90, 2.69,

4.18, 5.34, 7.59, 10.66, 15.96, 36.66, 1.05, 2.69, 4.23, 5.41, 7.62, 10.75, 16.62, 43.01,

1.19, 2.75, 4.26, 5.41, 7.63, 17.12, 46.12, 1.26, 2.83, 4.33, 5.49, 7.66, 11.25, 17.14,

79.05, 1.35, 2.87, 5.62, 7.87, 11.64, 17.36, 1.40, 3.02, 4.34, 5.71, 7.93, 11.79, 18.10,

1.46, 4.40, 5.85, 8.26, 11.98, 19.13, 1.76, 3.25, 4.50, 6.25, 8.37, 12.02, 2.02, 3.31, 4.51,

6.54, 8.53, 12.03, 20.28, 2.02, 3.36, 6.76, 12.07, 21.73, 2.07, 3.36, 6.93, 8.65, 12.63

and 22.69.

The following two distributions were fitted by Shanker et al. [20] to analyse the

data sets.

(i) The Lindley distribution

f(x) =
µ2

µ+ 1
(1 + x)e−µx, µ, x > 0

with parameter values 0.996116 and 0.196045 to the data sets 1 and 2, respectively.

(ii) The Exponential distribution

f(x) = θe−θx, θ, x > 0

with parameter values 0.663647 and 0.106773 to the data sets 1 and 2, respectively.

In data set 1, they asserted that the Lindley distribution fit the data better than

the exponential distribution, whereas in data set 2, they asserted that the expo-

nential distribution fit the data better than the Lindley distribution. We aim to

investigate the above fitting of statistical models to the given data sets in terms of

past varentropy.
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It is well known that the entropy measures the uncertainty or randomness and the

probability distribution with maximum entropy is the one that most accurately re-

flects the state of current knowledge. Traditionally, one must first compute negative

log-likelihood criterion, Alkaikes-information criterion (AIC), Bayesian information

criterion (BIC), Cramer-von Mises (C∗) measure and Anderson-Darling (A∗) mea-

sure along with p-values in order to apply goodness of fit test. The distribution for

which the values of C∗ and A∗ are smaller and p-values greater, fits the data set bet-

ter than the others. In an effort to avoid such a drawn-out process, recently Kundu

and Singh [12] applied the novel idea of using entropy to select the better fitted

distribution following Burnham and Anderson [5]. According to the information-

theoretic method for choosing a model due to Burnham and Anderson [5], the model

with the maximum entropy corresponding to it is the one that best fits a given data

set. Thus, if we assume to have more than one distribution that fits to a data set,

then the best fitted distribution is the one with maximum entropy.
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(a) Plot of Hs(X1(v)) and Hs(Y1(v)). (b) Plot of Hs(X1(v))−Hs(Y1(v)).

Figure 16. Plot of past entropies and their differences for data set 1.

Let X1, Y1 be the non-negative random variables that follow Lindley distribu-

tion (LD) and Exponential distribution (ED) with the specified parameter values

for data set 1, respectively. Then Figure 16 (a) shows the plots of correspond-

ing past entropies. It is clear from Figure 16 (b) that neither the past entropy

of X1 (LD) nor the past entropy of Y1 (ED) dominates the other, i.e., the difference

Hs(X1(t))−Hs(Y1(t)) passes through the x-axis. In other words, X1 and Y1 fails to

be in PE order. Similarly, let X2, Y2 be the random variables following LD and ED

with specified parameters for the data set 2. Then the plots of corresponding past

entropy are given in Figure 17 (a). Again, the past entropy of X2 is neither less than

nor greater than that of Y2 for the data set 2 as can be seen from Figure 17 (b).

Thus, X2 and Y2 fails to be in PE order. As a consequence, the information-theoretic
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method for choosing the best fitted model fails. However, in order to determine the

best fitted model, it is encouraged to bring past varentropy into consideration. In-

tuitively speaking, it is desirable for the best fitted model to have maximum entropy

but least varentropy as well. Figure 18 and Figure 19 show the plots of past varen-

tropies for the distributions specified for data sets 1 and 2, respectively. Clearly, the

past varentropy of LD is less when compared to the past varentropy of ED for the

data set 1 (i.e., X1 >PVE Y1), whereas it is greater than that of ED for the data set 2

(i.e., Y2 >PVE X2) that enables us to choose the best fitted model as X1 and Y2,

respectively. Take a note on the transformation t = − log v, where v ∈ (0, 1) is used

while plotting the curves. As a result, even if the past entropy fails to choose the best

fitted model, the past varentropy serves the purpose. The above observation vali-

dates the choice of the best fitted model as identified by Shanker et al. [20]. Hence,

the PVE order is found to have conclusive applications in reliability modeling.
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Figure 17. Plot of past entropies and their differences for data set 2.
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Figure 18. Plot of Vs(X1(v)) and Vs(Y1(v)).
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Figure 19. Plot of Vs(X2(v)) and Vs(Y2(v)).

3.2. PVE order of Boltzmann distribution in one dimension. The number

of equivalent equiprobable types necessary to maintain a given level of entropy, or

the quantity of Shannon-equivalent equiprobable forms, is referred to as a probability

distribution’s diversity. The true diversity measure D is related to entropy as H =

logD. It determines the range of equiprobable values of x giving the same amount

of entropy. Rajaram et al. [17] measured the distribution of diversity by calculating

diversity fractional contribution Dc upto cumulative probability ‘c’ by replacing en-

tropy with the conditional entropy, i.e., past entropy. It indicates the energy states

that are needed to explain information up to ‘c’ within the distribution. The Shan-

non past entropy has been useful as it simplifies the diversity index into a single

value. The comparison of concentration of information around the entropy may find

its usefulness to analyze the scatterness in the fractional diversity contribution Cc (or

case-based entropy) and advance the study to better analyze evenness and richness.

We compare the Boltzmann distribution’s varentropy of past life in one dimension.

The Boltzmann distribution law explains how the states of a system are populated

based on the energy of the particles which is given by

(3.1) pB(E) =
( 1

kBT

)

e−E/kBT =
β

eβE
,

where pB, kB, T and E are the probability density of particle’s kinetic energy,

Boltzmann constant, temperature and energy, respectively. It is worth noting that

β = 1/kBT , which expresses the response of entropy to an increase in energy. When

a small amount of energy is applied to the system, β defines how much the system will

randomize with regard to temperature. As the temperature rises, the most probable

kinetic energy increases, shifting the entire distribution towards higher kinetic ener-

gies. Furthermore, the fraction of gas molecules with kinetic energies greater than
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a certain threshold also rises significantly as the temperature rises. The generalized

Boltzmann distribution is often derived from the concept of maximum entropy. As β

indicates the amount of randomness to be expected in the system depending on tem-

perature, it results to variation in the fractional diversity measure. In other words,

since the diversity measure is dependent on the average uncertainty of a section of the

distribution not beyond c, which refers to past life, it is natural to expect dissimilar-

ity in it. Moreover, small changes in the entropy values may result in large variations

in the diversity measure because of it being an exponential function of past entropy.

Thus, the study of varentropy is useful to picture out the concentration region of

the diversity measure. Alternatively, putting the comparison of diversity measure

of two distributions would not be suitable at time points, where they have nearly

equal entropy values or when comparing this measure for a distribution at sufficiently

close time points t1 and t2 such that t1 < t2, since small difference in entropy values

would produce large differences in the diversity measure. In order to estimate the

variability in the measure and the case based entropy, it is advantageous to study

varentropy. Moreover, as the rise in temperature results in a shift of the complete

distribution towards higher kinetic energy, we anticipate less variance in the diver-

sity contribution factor Dc which further results to less variation in the fractional

diversity contribution Cc. It can be seen from Figure 20 that the past varentropy de-

creases on increasing temperature. That is, Vs(X(t)) (at T2) 6 Vs(X(t)) (at T1) if the

temperature T1 < T2. Thus, the dispersion in the diversity contribution factor Dc

reduces at higher temperatures. Hence, it can be concluded that the variation in the

case-based entropy Cc is more at lower temperature as compared to the variation

in Cc at higher temperature. The transformation E = − log v, v ∈ (0, 1) has been

used to plot Figure 20.
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Figure 20. Past varentropy of particles energy at different temperatures.
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4. Conclusions

In this study, we have initiated a novel stochastic order based on varentropy in the

past life called PVE order. The distinctiveness of the order has been elucidated and

its interrelation with the past entropy order and the classical stochastic orders has

been researched. Further, we determined the conditions leading to the inheritance

of the PVE order in the case of increasing affine transformations. The PVE ordering

is also found to be preserved under increasing convex transformation subject to

some conditions. Moreover, the life distributions have been classified based on the

monotonicity of past varentropy resulting in new classes of life distributions. These

classes have been examined under affine transformations and further it has been

established that these classes differ from increasing past entropy class. Finally, the

efficacy of the PVE order has been reflected in choosing the best fitted distribution

among two or more distributions when the entropy method for model selection as

discussed in Kundu and Singh [12] fails. Furthermore, it has also been used in

analyzing the dispersion of case-based entropy for Boltzmann distribution.
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