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The Clairaut’s theorem on rotational surfaces

in pseudo-Euclidean 4-space with index 2

Fatma Almaz, M
.
ıhr
.
ıban A. Külahci

Abstract. Clairaut’s theorem is expressed on the surfaces of rotation in semi
Euclidean 4-space. Moreover, the general equations of time-like geodesic curves
are characterized according to the results of Clairaut’s theorem on the hyperbolic
surfaces of rotation and the elliptic surface of rotation, respectively.

Keywords: Clairaut’s theorem; surfaces of rotation; pseudo-Euclidean 4-space;
geodesic curve

Classification: 53A35, 53B30, 53B50

1. Introduction

The geodesics for rotational surfaces have been studied for a long time and

many examples of rotational surfaces have been discovered. A helpful tool in the

understanding of the geodesics on rotational surfaces is Clairaut’s theorem. It

gives a well-known characterization of geodesics on surfaces of rotation.

Many studies of surfaces of rotation have received much attention from our

researchers. Among them, one can cite our work [3], in which we described the

rotational surfaces using curves and matrices which are the subgroups of rotating

a selected axis in Galilean 4-space. We examined the tube surfaces generated by

the curve in Galilean 3-space and gave certain results of describing the geodesics on

the surfaces, see [2], [4]. We gave the surfaces of rotation generated by a magnetic

curve. Also, we gave the conditions being geodesic on these rotational surfaces in

null cone 3-space, with the help of Clairaut’s theorem, see [1]. In our study [5]

we expressed the hyperbolic and the elliptic rotational surfaces using a curve and

matrices in 4-dimensional semi-Euclidean space. W. Goemans constructed a new

type of surfaces in Euclidean and Lorentz–Minkowski 4-space and proved the

classification theorems of flat double rotational surfaces, see [8]. C.M. Hoffmann

and J. Zhou in [9], discussed some issues of displaying 2D surfaces in 4D space,

including the behavior of surface normals under projection, the silhouette points
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due to the projection, and methods for object orientation and projection center

specification.

2. Preliminaries

Let E4
2 denote the 4-dimensional pseudo-Euclidean space with signature (2, 4),

that is, the real vector space R
4 endowed with the metric 〈 , 〉E4

2

which is defined

by

(2.1) 〈 , 〉E4

2
= −dx21 − dx22 + dx23 + dx24

or

(2.2) g =











−1 0 0 0

0 −1 0 0

0 0 1 0

0 0 0 1











,

where (x1, x2, x3, x4) is a standard rectangular coordinate system in E4
2 .

Recall that an arbitrary vector v ∈ E4
2\{0} can have one of three characters:

it can be space-like if g(v, v) > 0 or v = 0, time-like if g(v, v) < 0 and null if

g(v, v) = 0 and v 6= 0.

The norm of a vector v is given by ‖v‖ =
√

g(v, v) and two vectors v and w

are said to be orthogonal if g(v, w) = 0. A space-like or time-like curve x(s) has

unit speed, if g(x′, x′) = ±1.

Let (x1, x2, x3, x4), (y1, y2, y3, y4), (z1, z2, z3, z4) be any three vectors in E4
2 .

The pseudo-Euclidean cross product is given as

x ∧ y ∧ z =











−i1 −i2 i3 i4
x1 x2 x3 x4
y1 y2 y3 y4
z1 z2 z3 z4











,

where i1 = (1, 0, 0, 0), i2 = (0, 1, 0, 0), i3 = (0, 0, 1, 0), i4 = (0, 0, 0, 1), see [9].

The pseudo-Riemannian sphere S3
2(m, r) centered at m ∈ E4

2 with radius

r > 0 of E4
2 is defined by

S3
2(m, r) =

{

x ∈ E4
2 : 〈x−m,x−m〉 = r2

}

.

The pseudo-hyperbolic space H3
1 (m, r) centered at m ∈ E4

2 with radius r > 0

of E4
2 is defined by

H3
1 (m, r) =

{

x ∈ E4
2 : 〈x−m,x−m〉 = −r2

}

.
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The pseudo-Riemannian sphere S3
2(m, r) is diffeomorphic to R

2 × S1, while

H3
1 (m, r) is diffeomorphic to S1 ×R

2. The hyperbolic space H3(m, r) is given by

H3(m, r) = {x ∈ E4
2 : 〈x−m,x−m〉 = −r2, x1 > 0},

see [7], [12], [14].

Definition 1 ([10]). A one-parameter group of diffeomorphisms of a manifold M

is a regular map ψ : M × R →M , such that ψt(x) = ψ(x, t), where

(1) ψt : M →M is a diffeomorphism;

(2) ψ0 = id;

(3) ψs+t = ψs ◦ ψt.

This group is attached with a vector field W given by d

dt
ψt(x) = W (x), and

the group of diffeomorphisms is said to be the flow of W .

Definition 2. If a one-parameter group of isometries is generated by a vector

field W , then this vector field is called as a Killing vector field, see [10].

Definition 3. Let W be a vector field on a smooth manifold M and ψt be the

local flow generated byW . For each t ∈ R, the map ψt is a diffeomorphism of M

and given a function f on M , one considers the pull-back ψtf and one defines

the Lie derivative of the function f as to W by

(2.3) L
W
f = lim

t→0

(ψtf − f

t

)

=
dψtf

dt t=0

.

Let gξ̺ be any pseudo-Riemannian metric, then the derivative is given as

L
W
gξ̺ = gξ̺,zW

z + gξzW
z
̺ + gz̺W

z
ξ .

In Cartesian coordinates in Euclidean spaces where gξ̺,z = 0, the Lie derivative

is given by

L
W
gξ̺ = gξzW

z
̺ + gz̺W

z
ξ .

In [6], [10], [11], [15], the vector W generates a Killing field if and only if

L
W
g = 0.

Theorem 1. Let ξ be a geodesic on a surface of revolution Υ and let ̺ be the

distance function of a point of Υ from the axis of rotation, and let θ be the angle

between ξ and the meridians of Υ. Then, ̺ sin θ is constant along ξ. Conversely,

if ̺ sin θ is constant along some curve ξ in the surface, and if no part of ξ is

part of some parallel of Υ, then ξ is a geodesic, see [13].
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Theorem 2. Let the pseudo-Euclidean group be a subgroup of the diffeomor-

phisms group in E4
2 and let W be a vector field which generates the isometries.

Then, the Killing vector field associated with the metric g is given as

W (ξ, ̺, ϑ, η) = a(η∂ξ + ξ∂η) + b(ϑ∂̺+ ̺∂ϑ) + c(ϑ∂ξ + ξ∂ϑ)

+ d(η∂̺+ ̺∂η) + e(ϑ∂η − η∂ϑ) + f(ξd̺− ̺dξ),

where a, b, c, d, e, f ∈ R
+
0 , see [5].

Theorem 3. Let W (ξ, ̺, ϑ, η) be the Killing vector field and let γ be a curve

in E4
2 , then the surfaces of rotation are given as follows:

(1) For the rotations Ω1 = ϑdξ + ξdϑ and Ω4 = ηd̺ + ̺dη, the hyperbolic

surface of rotation is given as

Υ1(x, α, s) =

(

f1 coshx+ f3 sinhx, f2 coshα+ f4 sinhα

f1 sinhx+ f3 coshx, f2 sinhα+ f4 coshα

)

.

(2) For the rotations Ω2 = ηdξ + ξdη and Ω3 = ϑd̺ + ̺dϑ, the hyperbolic

surface of rotation is given as

Υ2(y, z, s) =

(

f1 cosh y + f4 sinh y, f2 cosh z + f3 sinh z

f2 sinh z + f3 cosh z, f1 sinh y + f4 cosh y

)

.

(3) For the rotations Ω5 = ξd̺−̺dξ and Ω6 = ϑdη−ηdϑ, the elliptic surface

of rotation is given as

Υ3(β, θ, s) =

(

f1 cosβ + f2 sinβ,−f1 sinβ + f2 cosβ

f3 cos θ + f4 sin θ,−f3 sin θ + f4 cos θ

)

,

where −∞ < x, y, z, α, β, θ <∞, s ∈ I, see [5].

3. Clairaut’s theorem on the surfaces of rotation in E4
2

In this section, one will use three different types of surfaces of rotation given

in the previous section, and will generalize Clairaut’s theorem to these surfaces

in E4
2 .

3.1 Clairaut’s theorem on the hyperbolic surface of rotation Υ1. In this

section, one will use the hyperbolic surface of rotation parametrized as

Υ1(x, α, t) =

(

f1 coshx+ f3 sinhx, f2 coshα+ f4 sinhα

f1 sinhx+ f3 coshx, f2 sinhα+ f4 coshα

)

.
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Also, one can take the planar curve γ for this surface of rotation to be the

intersection of Υ1(x, α, t) with ̺, ϑ = 0. Therefore, one can write that the

curve γ lies on the ξη-plane, and the curve can be written by

γ(t) = (f1(t), 0, 0, f4(t)), f1, f4 ∈ C∞,

then one has the parametrization

Υ1(x, α, t) = (f1 coshx, f4 sinhα, f1 sinhx, f4 coshα),

Υ1
x(x, α, t) = (f1 sinhx, 0, f1 coshx, 0),

Υ1
α(x, α, t) = (0, f4 coshα, 0, f4 sinhα),

Υ1
t (x, α, t) = (f ′

1 coshx, f
′

4 sinhα, f
′

1 sinhx, f
′

4 coshα).

Hence, from the first fundamental form of the surface Υ1, one has

〈Υ1
x,Υ

1
x〉 = f2

1 , 〈Υ1
α,Υ

1
α〉 = −f2

4 , 〈Υ1
t ,Υ

1
t 〉 = f ′2

4 − f ′2
1 ;

〈Υ1
x,Υ

1
α〉, 〈Υ

1
x,Υ

1
t 〉, 〈Υ

1
α,Υ

1
t 〉 = 0,(3.1)

IΥ1 =





f2
1 0 0

0 −f2
4 0

0 0 f ′2
4 − f ′2

1





and one can write Lagrangian equation

L = f2
1

.
x2 − f2

4

.
α2 + (f ′2

4 − f ′2
1 )

.

t2.

So, the curve γ is time-like and one writes f ′2
4 − f ′2

1 = −1, f2
1 > 0, −f2

4 < 0.

Then, one gets
L = f2

1

.
x2 − f2

4

.
α2 −

.

t2.

Hence, one can write following equations by using Clairaut’s theorem,

∂

∂s

(

∂L
∂x
∂s

)

=
∂L

∂x
⇒

∂

∂s
(2f2

1

.
x) = 0,

∂

∂s

(

∂L
∂α
∂s

)

=
∂L

∂α
⇒

∂

∂s
(−2f2

4

.
α) = 0,

∂

∂s

(

∂L
∂t
∂s

)

=
∂L

∂t
⇒

∂

∂s
(−2

.

t) = 2f ′

1f1
.
x2 − f ′

4f4
.
α2.

Assume that γ(t) is a geodesic on the surface Υ1. Hence, the curve γ(t) can

be written as
.
γ =

.
xΥ1

x +
.
αΥ1

α +
.

tΥ1
t .
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One can note that Υ1
x = f1Nx is a unit space-like vector pointing along x-axis

of the meridians, and Υ1
α = f4Nα is a unit time-like vector pointing along the

α-axis of the parallels. Also Υ1
t = Nt is a unit time-like vector pointing along

t-axis of the parallels. It also follows that the plane spanned by Nt, Nα is space-

like and {Υ1
x,Υ

1
α,Υ

1
t} is an orthonormal basis. Also, from (3.1), one gets

(3.2)
.
γ = f1

.
xNx + f4

.
αNα +

.

tNt.

Note that if γ is time-like, since N⊥
x ∈ Sp{Nα, Nt} one gets

(3.3)

.
γ = f1Nx

.
x+ (f2Nα

.
α+

.

tNt) = Nx cosϕ1 +N⊥

x sinϕ1

= cosϕ1Nx + cosh θ1 sinϕ1Nα + sinh θ1 sinϕ1Nt.

Also, from (3.2) and (3.3), one can write

(3.4) f1
.
x = cosϕ1, f4

.
α = cosh θ1 sinϕ1,

.

t = sinh θ1 sinϕ1.

Similarly, for the curve γ(t) = (0, f2(t), f3(t), 0); f2, f3 ∈ C∞. Then, the first

fundamental form is written by

IS1 =





−f2
3 0 0

0 f2
2 0

0 0 f ′2
3 − f ′2

2





and similar calculations are obtained.

Hence, from the Lagrangian equation, one has

2
..

t = 2f ′

1f1
.
x2 − f ′

4f4
.
α2

and

∂

∂s
(2f2

1

.
x) = 0 ⇒ x =

c1
2f2

1

+ c3,
∂

∂s
(−2f2

4

.
α) = 0 ⇒ α =

c2
−2f2

4

+ c4,

which gives that 2f2
1

.
x and −2f2

4

.
α are constant along the geodesic curve. It

follows that the geodesics are given by

∂

∂s
(2f2

1

.
x) = 0,

∂

∂s
(−2f2

4

.
α) = 0,

∂

∂s
(−2

.

t) = 2f ′

1f1
.
x2 − f ′

4f4
.
α2.

Now, by using the equations (3.4) and from the previous equations, one writes

f1
.
x = cosϕ1 ⇒ 2f2

1

.
x = 2f1 cosϕ1 = cons.(3.5)

f4
.
α = cosh θ1 sinϕ1 ⇒ −2f2

4

.
α = −2f4 cosh θ1 sinϕ1 = cons.(3.6)

−2
.

t = −2 sinh θ1 sinϕ1 6= cons.
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and for the equation ∂
∂s

(

∂L
∂x
∂s

)

= ∂L
∂x

, which means that

(3.7) x =

∫

cosϕ1

f1
ds

is constant along the geodesic. Conversely, if γ is a curve with 2f1 cosϕ1 = con-

stant, the second equation is satisfied, differentiating L and substituting into the

second Euler–Lagrangian equation yields the first Lagrangian equation. Further-

more, for the equation ∂
∂s

(

∂L
∂α
∂s

)

= ∂L
∂α

,

(3.8) α =

∫

1

f4
cosh θ1 sinϕ1 ds

is constant along the curve γ. Therefore, one gives the following theorem as

a result of Clairaut’s theorem on the hyperbolic surface of rotation Υ1 ⊂ E4
2 .

Theorem 4. Let γ be a time-like geodesic curve on the hyperbolic surface of

rotation Υ1 in the E4
2 , let f1 and f4 be the distance functions from the axis of ro-

tation to a point on the surface, ϕ1 and θ1 are the angles between the meridians of

the surface and the time-like geodesic γ. Then 2f1 cosϕ1 and −2f4 cosh θ1 sinϕ1

are constant along the curve γ. Conversely, if 2f1 cosϕ1 and −2f4 cosh θ1 sinϕ1

are constant along γ, if no part of γ is a part of some parallels of the surface of

rotation, then γ is time-like geodesic.

If one wants to obtain the general equation of geodesics, one should consider

the Euler–Lagrange equations

(3.9)
.
x =

dx

ds
=

1

f1
cosϕ1,

.
α =

dα

ds
=

1

f4
cosh θ1 sinϕ1

then, adding (3.9) to Lagrangian equation L, one has

L = f2
1

(dx

ds

)2

− f2
4

(dα

ds

)2

−
( dt

dx

dx

ds

)2

,

dt

dx
= f1

√

1− cosh2 θ1 tan
2 ϕ1 − L sec2 ϕ1

or

L = f2
1

(dx

ds

)2

− f2
4

(dα

ds

)2

−
( dt

dα

dα

ds

)2

,

dt

dα
= f2

√

cot2 ϕ1 tanh
2 θ1 − L sech2ϕ1 cosec2ϕ1.

Theorem 5. The general equation of geodesics on the hyperbolic surface of rota-

tion Υ1 ⊂ E4
2 , and for the parameters

.
x = (1/f1) cosϕ1 and

.
α = (1/f4) cosh θ1×
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sinϕ1, are given by

dt

dx
= f1

√

1− cosh2 θ1 tan
2 ϕ1 − L sec2 ϕ1

or
dt

dα
= f2

√

cot2 ϕ1 tanh
2 θ1 − L sech2ϕ1 cosec2ϕ1.

3.2 Clairaut’s theorem on the hyperbolic surface of rotation Υ2. In this

section, one will use the hyperbolic surface of rotation parametrized as

Υ2(y, z, t) =

(

f1 cosh y + f4 sinh y, f2 cosh z + f3 sinh z

f2 sinh z + f3 cosh z, f1 sinh y + f4 cosh y

)

,

then one can take the planar curve γ for this surface of rotation to be the inter-

section of Υ2(y, z, t) with ϑη = 0. Therefore, one can write that the curve γ lies

on the ̺ξ-plane, and one writes

γ(t) = (f1(t), f2(t), 0, 0) or γ(t) = (0, 0, f3(t), f4(t)), fi ∈ C∞,

then one gets

Υ2(y, z, t) = (f1 cosh y, f2 cosh z, f2 sinh z, f1 sinh y) or

Υ2(y, z, t) = (f4 sinh y, f3 sinh z, f3 cosh z, f4 cosh y).

Here one will use the surface of rotation generated by the curve γ(t) =

(f1, f2, 0, 0). Furthermore,

Υ2
y = (f1 sinh y, 0, 0, f1 cosh y),

Υ2
z = (0, f2 sinh z, f2 cosh z, 0),

Υ2
t = (f ′

1 cosh y, f
′

2 cosh z, f
′

2 sinhx, f
′

1 sinh y),

by resulting in the first fundamental form:

〈Υ2
y,Υ

2
y〉 = f2

1 , 〈Υ2
z,Υ

2
z〉 = f2

2 , 〈Υ2
t ,Υ

2
t 〉 = −f ′2

2 − f ′2
1 ,

〈Υ2
y,Υ

2
z〉, 〈Υ

2
y,Υ

2
t 〉, 〈Υ

2
z,Υ

2
t 〉 = 0,(3.10)

IΥ2 =





f2
1 0 0

0 f2
2 0

0 0 −f ′2
2 − f ′2

1





and one can write Lagrangian equation as follows

L = f2
1

.
y2 + f2

2

.
z2 + (−f ′2

2 − f ′2
1 )

.

t2.
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Here, one is interested in the metric in E4
2 . So, one takes γ to be time-like

and one writes −f ′2
2 − f ′2

1 = −1, f2
1 , f

2
2 > 0. Then,

L = f2
1

.
y2 + f2

2

.
z2 −

.

t2.

Hence, one can obtain the following equations using Clairaut’s theorem,

∂

∂s

(

∂L
∂y
∂s

)

=
∂L

∂y
⇒

∂

∂s
(2f2

1

.
y) = 0,

∂

∂s

(

∂L
∂z
∂s

)

=
∂L

∂z
⇒

∂

∂s
(2f2

2

.
z) = 0,

∂

∂s

(

∂L
∂t
∂s

)

=
∂L

∂t
⇒

∂

∂s
(2

.

t) = 2f ′

1f1
.
y2 + 2f ′

2f2
.
z2.

Let γ(t) be a geodesic curve on the surface Υ2. Hence, γ(t) can be written as

follows
.
γ =

.
yΥ2

y +
.
zΥ2

z +
.

tΥ2
t .

So, one can note that Υ2
t = Nt is a unit time-like vector pointing along t-

axis of the meridians, and Υ2
z = f2Nz is a unit space-like vector pointing along

the z-axis of the parallels. Also, Υ2
y = f1Ny is a unit space-like vector pointing

along y-axis of the parallels. It also follows that the plane spanned by Ny, Nz is

space-like and an orthonormal basis. Also, from (3.10), one gets

(3.11)
.
γ =

.

tNt + f1
.
yNy + f2

.
zNz.

Note that if γ is time-like curve, since N⊥
t ∈ Sp{Ny, Nz}, one gets

(3.12)

.
γ = f1Ny

.
y + f2Nz

.
z +

.

tNt = Nt coshϕ2 +N⊥

t sinhϕ2

= coshϕ2Nt + cos θ2 sinhϕ2Ny + sinhϕ2 sin θ2Nz,

from (3.11) and (3.12), one can write

(3.13) f1
.
y = cos θ2 sinhϕ2, f2

.
z = sinhϕ2 sin θ2,

.

t = coshϕ2.

Hence, from the Lagrangian equation one has
..

t = f ′

1f1
.
y2 + f ′

2f2
.
z2

and
∂

∂s
(2f2

1

.
y) = 0 ⇒ y =

c21
2f2

1

+ c23,
∂

∂s
(2f2

2

.
z) = 0 ⇒ z =

c22
2f2

2

+ c24,
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which gives that 2f2
1

.
y and 2f2

2

.
z are constant along the geodesic. It follows that

the geodesics can be written as

∂

∂s
(2f2

1

.
y) = 0,

∂

∂s
(2f2

2

.
z) = 0,

∂

∂s
(−

.

t) = f ′

1f1
.
y2 + f ′

2f2
.
z2.

Now, from (3.13) one gets

f1
.
y = cos θ2 sinhϕ2 ⇒ 2f2

1

.
y = 2f1 cos θ2 sinhϕ2 = cons.(3.14)

f2
.
z = sinhϕ2 sin θ2 ⇒ 2f2

2

.
z = 2f2 sinhϕ2 sin θ2 = cons.(3.15)

2
.

t = 2 coshϕ2 6= cons.

for the equation ∂
∂s

(

∂L
∂y
∂s

)

= ∂L
∂y

,

(3.16) y =

∫

cos θ2 sinhϕ2

f1
ds

is a constant. Conversely, for the condition 2f1 cos θ2 sinhϕ2 = constant, the

second equation is satisfied, differentiating L and substituting into the second

Euler–Lagrangian equation yields the first Lagrangian equation. Furthermore,

for ∂
∂s

(

∂L
∂z
∂s

)

= ∂L
∂z

,

(3.17) z =

∫

sinhϕ2 sin θ2
f2

ds

is constant along the curve γ. Hence, Clairaut’s theorem is expressed on the

hyperbolic surface of rotation given in E4
2 .

Theorem 6. Let γ be a time-like geodesic curve on the hyperbolic surface of

rotation Υ2 in the E4
2 , and let f1 and f2 be the distance functions from the axis of

rotation to a point on the surface, ϕ2 and θ2 are the angles between the meridians

of the surface and the time-like geodesic curve γ. Then, 2f1 cos θ2 sinhϕ2 and

2f2 sin θ2 sinhϕ2 are constant along the curve γ. Conversely, if 2f1 cos θ2 sinhϕ2

and 2f2 sin θ2 sinhϕ2 are constant along the curve γ, if no part of γ is a part of

some parallels of the surface of rotation, then γ is time-like geodesic.

In order to obtain the general equation of geodesics, one should consider the

Euler–Lagrange equations

(3.18)
.
y =

dy

ds
=

cos θ2 sinhϕ2

f1
,

.
z =

dz

ds
=

sinhϕ2 sin θ2
f2

.
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By adding the equations (3.18) at Lagrangian equation L, one has

L = f2
1

(dy

ds

)2

+ f2
2

(dz

ds

)2

−
( dt

dy

dy

ds

)2

( dt

dx

)2 cos2 θ2 sinh
2 ϕ2

f2
1

= sinh2 ϕ2 − L→
dt

dx
=
f1
√

sinh2 ϕ2 − L

cos θ2 sinhϕ2

or

L = f2
1

(dy

ds

)2

+ f2
4

(dz

ds

)2

−
( dt

dz

dz

ds

)2

( dt

dz

)2( sinhϕ2 sin θ2
f2

)2

= sinh2 ϕ2 − L→
dt

dz
=
f2
√

sinh2 ϕ2 − L

sinhϕ2 sin θ2
.

Theorem 7. The general equation of geodesics on the hyperbolic surface of

rotation Υ2 ⊂ E4
2 , and for the parameters

.
y = cos θ2 sinhϕ2/f1 and

.
z =

sinhϕ2 sin θ2/f2, are given by

dt

dx
=

f1
cos θ2 sinhϕ2

√

sinh2 ϕ2 − L

or
dt

dz
=

f2
sinhϕ2 sin θ2

√

sinh2 ϕ2 − L.

3.3 Clairaut’s theorem on the elliptic surfaces of rotation Υ3. In this

section, one will use the elliptic surface of rotation parametrized as

(3.19) Υ3(β, υ, s) =

(

f1 cosβ + f2 sinβ,−f1 sinβ + f2 cosβ

f3 cosυ + f4 sinυ,−f3 sin υ + f4 cosυ

)

,

then one can take the planar curve γ for this surface of rotation to be the inter-

section of Υ3(β, υ, s) with ̺η = 0. Therefore, the curve can be written by

γ(t) = (0, f2(t), 0, f4(t)), fi ∈ C∞.

Then one has

Υ3(β, υ, s) = (f2 sinβ, f2 cosβ, f4 sin υ, f4 cosυ)

and resulting in the first fundamental form:

Υ3
β = (f2 cosβ,−f2 sinβ, 0, 0),

Υ3
υ = (0, 0, f4 cosυ,−f4 sin υ),

Υ3
t = (f ′

2 sinβ, f
′

2 cosβ, f
′

4 sin υ, f
′

4 cosυ),

〈Υ3
β ,Υ

3
β〉 = −f2

2 , 〈Υ3
υ,Υ

3
υ〉 = f2

4 , 〈Υ3
t ,Υ

3
t 〉 = −f ′2

2 + f ′2
4 ,

〈Υ3
β,Υ

3
υ〉, 〈Υ

3
β ,Υ

3
t 〉, 〈Υ

3
υ ,Υ

3
t 〉 = 0
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and

IΥ3 =





−f2
2 0 0

0 f2
4 0

0 0 −f ′2
2 + f ′2

4



 .

Hence, one can write Lagrangian equation as follows

L = −f2
2

.

β2 + f2
4

.
υ2 + (−f ′2

2 + f ′2
4 )

.

t2.

If one takes γ to be time-like, one can write −f ′2
2 +f ′2

4 = −1, f2
4 > 0, −f2

2 < 0.

Then,

L = −f2
2

.

β2 + f2
4

.
υ2 −

.

t2.

Hence, one obtains the following equations using Clairaut’s theorem,

∂

∂s

(

∂L
∂β
∂s

)

=
∂L

∂β
⇒

∂

∂s
(−2f2

2

.

β) = 0,

∂

∂s

(

∂L
∂υ
∂s

)

=
∂L

∂υ
⇒

∂

∂s
(2f2

4

.
υ) = 0,

∂

∂s

(

∂L
∂t
∂s

)

=
∂L

∂t
⇒

∂

∂s
(2

.

t) = −2f ′

2f2
.

β2 + 2f ′

4f4
.

θ2.

Let γ be a geodesic curve on Υ3. Hence, γ(t) can be written as follows

.
γ =

.

βΥ2
β +

.
υΥ2

υ +
.

tΥ2
t .

Hence, one can note that Υ2
t = Nt is a unit time-like vector pointing along

t-axis of the parallels, and Υ2
β = f2Nβ is a unit time-like vector pointing along

the β-axis of the parallels. Also, Υ2
υ = f4Nυ is a unit space-like vector pointing

along υ-axis of the meridians. It also follows that the plane spanned by Nβ, Nβ is

time-like and an orthonormal basis. Also, from (4.21), one gets

(3.20)
.
γ =

.

tNt + f2
.

βNβ + f4
.
υNυ.

Note that the γ is time-like curve, since N⊥
υ ∈ Sp{Nt, Nβ}, one gets

(3.21)

N⊥

υ = cosh θ3Nβ + sinh θ3Nt,

.
γ =

.

tNt + f2
.

βNβ + f4
.
υNυ

= cosϕ3Nt + sinϕ3 cosh θ3Nβ + sinh θ3 sinϕ3Nυ.

Furthermore, from (3.20) and (3.21), one writes

(3.22) f2
.

β = sinϕ3 cosh θ3, f4
.
υ = sinh θ3 sinϕ3,

.

t = cosϕ3.
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Hence, from the Lagrangian equations, one has

∂

∂s
(−

.

t) = f ′

1f1
.
y2 + f ′

2f2
.
z2 → −

..

t = f ′

2f2
.

β2 + f ′

4f4
.
υ2,

∂

∂s
(−2f2

2

.

β) = 0 ⇒ y =
−c31
2f22

+ c33,

∂

∂s
(2f2

4

.
υ) = 0 ⇒ z =

c32
2f2

4

+ c34,

which gives that 2f2
2

.

β and 2f2
4

.
υ are constant along the geodesic, and by using

(3.22) one obtains

f2
.

β = sinϕ3 cosh θ3 ⇒ 2f2
2

.

β = 2f2 sinϕ3 cosh θ3 = cons.(3.23)

f4
.
υ = sinh θ3 sinϕ3 ⇒ 2f2

4

.
υ = 2f4 sinh θ3 sinϕ3 = cons.(3.24)

2
.

t = 2 cosϕ3 6= cons.

for ∂
∂s

(

∂L
∂β
∂s

)

= ∂L
∂β

, one has f2
.

β = sinϕ3 cosh θ3, f4
.
υ = sinh θ3 sinϕ3,

.

t = cosϕ3,

(3.25) β =

∫

sinϕ3 cosh θ3
f2

ds

is a constant. Conversely for the condition 2f2 sinϕ3 cosh θ3 = constant and the

equation ∂
∂s

(

∂L
∂υ
∂s

)

= ∂L
∂υ

,

(3.26) υ =

∫

sinh θ3 sinϕ3

f4
ds

is constant along the curve γ. Hence, the following theorem can be given.

Theorem 8. Let γ be a time-like geodesic curve on the elliptic surface of ro-

tation Υ3 ⊂ E4
2 , and let f2 and f4 be the distance functions from the axis of

rotation to a point on the surface, ϕ3 and θ3 are the angles between the meridi-

ans of the surface and the time-like geodesic curve γ. Then, 2f2 sinϑ3 cosh θ3 and

2f4 sinh θ3 sinϕ3 are constant along the curve γ. Conversely, if 2f2 sinϑ3 cosh θ3
and 2f4 sinh θ3 sinϕ3 are constant along the curve γ, if no part of γ is a part of

some parallels of the surface of rotation, then γ is time-like geodesic curve.

For the general equation of geodesics, one should consider the Euler–Lagrange

equations

(3.27)
.

β =
dβ

ds
=

sinϕ3 cosh θ3
f2

,
.
υ =

dυ

ds
=

sinh θ3 sinϕ3

f4
.
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By adding the equations in (3.27) at Lagrangian equation L, one has

L = −f2
2

(dβ

ds

)2

+ f2
4

(dυ

ds

)2

−
( dt

dβ

dβ

ds

)2

,

( dt

dβ

)2 sin2 ϕ3 cosh
2 θ3

f2
2

= − sin2 ϕ3 − L,

dt

dβ
= i

f2
√

L+ sin2 ϕ3

sinϕ3 cosh θ3

or

L = −f2
2

(dβ

ds

)2

+ f2
4

(dυ

ds

)2

−
( dt

dυ

dυ

ds

)2

,

( dt

dυ

)2( sinh θ3 sinϕ3

f4

)2

= − sin2 ϕ3 − L→
dt

dυ
= i

f4
sinh θ3 sinϕ3

√

sin2 ϕ3 + L.

Theorem 9. The general equation of geodesics on the elliptic surface of rotation

Υ3 ⊂ E4
2 , and for the parameters

.

β = sinϕ3 cosh θ3/f2 and
.
υ = sinh θ3 sinϕ3/f4,

are given by

dt

dβ
= i

f2
√

L+ sin2 ϕ3

sinϕ3 cosh θ3
or

dt

dυ
= i

f4
sinh θ3 sinϕ3

√

sin2 ϕ3 + L.

4. Conclusion

This study generalizes Clairaut’s theorem to pseudo-Euclidean 4-space with

index two, and reviews Clairaut’s theorem of surfaces of rotation which define

a well-known characterization of geodesics on a surface of rotation. Therefore,

it is shown that the time-like geodesic curves on the hyperbolic surface of rota-

tion Υ1 are completely characterized by 2f1 cosϕ1 and −2f4 cosh θ1 sinϕ1 being

constant, the time-like geodesics on the hyperbolic surface of rotation Υ2 are char-

acterized by 2f1 cos θ2 sinhϕ2 and 2f2 sinhϕ2 sin θ2 being constant, and finally

the time-like geodesics on the elliptic surface of rotation Υ3 are characterized by

2f2 sinϕ3 cosh θ3 and 2f4 sinh θ3 sinϕ3 being constant, respectively.

The authors are currently working on the properties of these surfaces of rotation

with a view to devising suitable metric in E4
2 by adapting the type of conservation

laws considered in the paper. In our future studies, the physical terms such as

specific energy and specific angular momentum will be examined with the help of

the conditions obtained by using Clairaut’s theorem for geodesics on these special

surfaces.
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