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Abstract. We comprehensively explore the generalized concept of sharing sets to estab-
lish conditions for the linear dependency of two meromorphic functions. By applying this
approach, we significantly extend and enhance the existing results related to URSM (unique
range set of meromorphic functions). It is well known that URSMs can be represented as
zeros of specific polynomials. However, our findings demonstrate that the concept of URSM
can be understood from a broader perspective, where it can be characterized as a special
case of the zero sets of two interconnected polynomials. Such investigations have not been
conducted before, thus the text breaks the barriers of the traditional definition of URSM.

Keywords: meromorphic function; unique range set; weighted shared sets wider sense;
linear dependency
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1. BACKGROUND AND SOME USEFUL DEFINITIONS

In this paper, the term “meromorphic functions” refers specifically to functions in
the finite complex plane. We denote the extended complex plane as C = C U {00},
the complex plane excluding zero as C* = C \ {0}, and the set of natural numbers
including zero as N = N U {0}. The set of all complex numbers is denoted as C, the
set of all integers as 7, and throughout this paper, we adopt the standard notations
and definitions of Nevanlinna theory as outlined in [16].

For any non-constant meromorphic function h, we define S(r,h) = o(T(r,h)) as r
tends to infinity, with the condition that r does not belong to a set F consisting of

positive real numbers with finite linear measure.
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Definition 1.1 ([18]). Let k be a non-negative integer or infinity. For a € C we
denote by Ei(a; f) the set of all a-points of f, where an a-point of multiplicity m is
counted m times if m < k and k + 1 times if m > k. If Ey(a; f) = Ex(a;g), we say
that f, g share the value a with weight k£ and present it as (a, k). The two extreme
cases k = 0o and k = 0 are called CM and IM sharing, respectively.

Definition 1.2 ([17]). For S C C we define E¢(S,k) = |J Ex(a; f), where k is
a€S

a non-negative integer a € S or infinity. Clearly E;(S) = Ef(S,00) and E¢(S) =
E¢(S,0). If E¢(S, k) = E4(S, k) holds, then we say f, g share the set S with weight k
and denote it as f, g share (S, k).

Uniqueness theory, initially established by Nevanlinna, took a new trajectory after
five decades when Gross (see [14]) introduced a fresh perspective by shifting the focus
from value sharing to a broader concept known as set sharing.

In the work [15], a set S was identified as a unique range set of entire functions
(URSE) if the condition E;(S) = E,4(S) holds for any two non-constant entire func-
tions f and ¢, implying that f and ¢ are identical. Similarly, the concept of a unique
range set of meromorphic functions (URSM) can be defined in a similar manner.

If a polynomial P in C satisfies P(f) = ¢P(g) (or P(f) = P(g)) for any nonzero
constant ¢, implying that f = g, then P is referred to as a SUPM (SUPE) (or UPM
(UPE)). The zero sets of SUPM (UPM) always form unique range sets.

On the other hand, if E;(S) = E,(S) implies f = g, then S is called URSM-IM
(URSE-IM). Using the definition of weighted sharing in URSM, in [7], the authors
modified the same definition.

In the context of meromorphic (entire) functions, a set S C C is considered a
unique range set with weight & if for any two non-constant meromorphic (entire)
functions f and g, the condition E;(S,k) = E,(S, k) implies that f = ¢. In short,
such a set S is denoted as URSMk (URSEKk). The study of unique range sets (URS)
primarily focuses on two aspects:

a) Finding URS with the smallest possible number of elements.

b) Characterizing the properties of URS.

Inspired by the famous question of Gross (see [14]), several investigations on URSM
or URSE were performed by many researchers as follows:

In 1994, Yi in [25] exhibited a URSE with 15 elements. In 1995, Li and Yang
(see [20]) exhibited a URSM with 15 elements and a URSE with 7 elements. Li and
Yang investigated the zero sets S of polynomials P of the form

P(z)=z2"4+az"""+0b,

where ged (n,m) =1, n > m > 1 and a and b are chosen so that P has n distinct
zeros, to be a URSMs (URSEs). When m > 2, then the sets S generate URSMs and
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when m = 1, the sets generate URSEs. In 1996, Yi (see [26]) obtained a URSM with

13 elements. In 1998, Frank and Reinders in [12] improved the result of Yi (see [26])

and exhibited the following URSM with 11 elements:
(n—1)(n—2)

P(z)= fz" —n(n—2)2"""+

n(n—1)

5 Zn—2 _ b,

where n > 11 and b # 0, 1. In [27], Yi established a unique range set of meromorphic
functions with at least 19 elements, referred to as URSM-IM. This result was further
improved by Bartels (see [9]), who obtained a URSM-IM consisting of 17 elements.

Since then, the concept of unique range sets has gained significant attention and
become a prominent area of research in uniqueness theory. Numerous authors, in-
cluding Banerjee [1], [2], [3], Lahiri [7], Gross and Yang [15], Fujimoto [13] have made
notable contributions to this field over the years.

Subsequently, Banerjee and Mallick in [8] presented a series of results that not only
improved upon previous findings but also provided generalizations of those results.

The aforementioned results primarily focused on exploring the uniqueness rela-
tionship between two meromorphic (entire) functions. However, it is worth noting
that the identity relationship between two meromorphic functions is a specific in-
stance of a linear dependency between the same functions. Therefore, the concept of
uniqueness can be viewed from a broader perspective, aiming to determine the extent
to which sufficient conditions on the sharing of two meromorphic (entire) functions
lead to their linear dependence.

In 1998, Qiu (see [23]) conducted additional research on the scenario where the
kth derivatives of two meromorphic functions share values. Since then, numerous
mathematicians have obtained a multitude of elegant results concerning the kth
derivatives (see [4], [5], [6], [10], [11]).

In [24] the following question was posed: Does the equality f=1(S) = g~1(9),
where S = {—1,1} and f, g are polynomials of same degree, imply that f = +g?

Concerning this above question Pakovitch (see [22]) gives a solution to more general
question: Under what conditions of compact subsets .S, T" and the functions f and g,
one gets

(1.1) FHS) =g7H(TD).

Considering the result by Pakovitch (see [22]), it becomes interesting to explore the
concept of linear dependence between two meromorphic (entire) functions when their
inverse images of different sets are shared. Naturally, the question arises regarding
the generalization of weighted sharing of sets in light of Pakovitch’s notion. There-
fore, we introduce the following definition.
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Definition 1.3. Let f, g be two non-constant meromorphic functions and k be
a non-negative integer. If the condition E;x) (S,1) = E u) (T, 1) implies f) = pgh),
where h is a constant, then we call the pair (S, T) linear dependent range sets of
meromorphic functions in wider sense with weight I. If h = 1, then we call the
pair (S, T') unique range sets of meromorphic functions in wider sense with weight [
and denote it by (URSMWS,,,). If in (URSMWS,,,), m = 0, then we call the pair
unique range sets of meromorphic functions in the wider sense ignoring multiplicity
(URSMWS-IM in short).

Next we define the following two polynomials:

(1.2) P(z)=az" +bz""" +d,
(1.3) Q(z) =uz" +vz""" + ¢,

where n and m are two positive integers and a, b, d, u, v, t are nonzero complex
numbers such that P and @ have no multiple zero. Also let us denote two sets
S={z: P(z) =0} and T = {z: Q(») =0}.

Recently, considering the function and its derivative under the sharing of the zero
set of Yi’s polynomial, Li and Lin (see [19]) obtained the following results.

Theorem A ([19]). Let f and g be two meromorphic functions and let k be a
non-negative integer such that f*), ¢*) are not constant. Polynomials P and Q are
defined as (1.2), (1.3). If E¢w) (S,0) = E,u) (T,0), then forn >2m+7+7/(k+1),
where either (n,m) = 1, m > 2, or m > 4, then for a nonzero constant h, f*) =
hg™®), where h™ = du/at, h"~™ = dv/bt.

Theorem B ([19]). Under the same conditions as in Theorem A, if f and g are
two entire functions and n > 2m + 7 with (n,m) = 1, then for a nonzero constant h,
f®) = hg(®) where h» = du/at, h»~™ = dv/bt.

Theorem C ([19]). Under the same conditions as in Theorem A, if E ) (S, 00) =
Eyu) (T,00) and n > 2m + 4+ 4/(k + 1), where either (n,m) =1, m > 2, or m > 4,
then for a nonzero constant h, f*) = hg(*.

In the same paper [19], the authors proposed the following questions:

Question 1.1. Isit possible to additionally weaken the relationship conditions
n and m in Theorems A and C?

Question 1.2. What happens when Yi’s polynomials P and () are replaced by
the other style of polynomials?
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The primary objective of this paper is to address the aforementioned questions by
offering the most exhaustive solutions based on Definition 1.3. In doing so, our
results will significantly enhance the existing Theorems A-C and introduce new
aspects concerning unique range sets, particularly with regards to the derivatives
of the functions.

Theorem 1.1. Let f and g be two non-constant meromorphic functions and
let k be a non-negative integer and P and @) be defined as in (1.2), (1.3). Let
Ef(k) (S, l) = Eg(k) (T, Z) If

(i) il=2,n>2m+4+4/(k+1)or
(ii) I=0,n>2m+7+7/(k+ 1), where either

(a) k= O m > 2 or
) k> 1m>1,
then f*) = hg for a nonzero constant h such that h™ = du/at, h"~™ = dv/bt.

Corollary 1.1. Under the same conditions as in Theorem 1.1, if we consider f, g
as entire functions, then for | = 0, we obtain Theorem B.

The next table provides a clear comparison between Theorem A and Theorem 1.1.

Theorem A Theorem 1.1
shared sets with shared sets with
. least . least
weight dinalit weight dinalit
cardinali cardinali
B (S,0) = By (T, 0) Y | ;0 (8,0) = B, (T,0) Y
when 19 when 19
k=0,(nm)=1 k=0, (n,m)=1
when 93 when 19
k=0, (n,m)#1 k=0, (n,m)#1
when T 7 when S 94
k=1, (n,m)=1 k+1 k=1, (n,m)=1 k+1
when - 154 7 when S 94
k=21, (n,m)#1 k+1 k=1, (n,m)#1 k+1
Table 1.

Remark 1.1. Form Table 1 it is clear that Theorem 1.1 improves Theorem A
significantly by reducing the cardinality of shared sets under the case £ = 0,
(n,m) # 1 and the case k > 1 completely.

We first note that in Theorem 1.1, the sets S, T correspond to the polynomials
which possess first two consecutive terms. So it will be interesting to re-investigate
Theorem 1.1 for the polynomials that contain three consecutive terms as that will
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provide the answer to Question 1.2 as well. To this end, we introduce the following
two polynomials, having no multiple zeros, of the forms

(1.4) P (w) = aw™ + byw" ™ + w7 4 dy,
(1.5) Ql(w) = aow”™ + bow" ™ + Czwn72m + da,

where n, m are positive integers with (n,m) =1 and a;,b;,¢;,d; € C*, i =1,2.

We note that the case when c¢; - ¢ = 0 is already discussed in detail in Theo-
rem 1.1, Theorem C. In the subsequent theorems, we consider two distinct sets S;
and T3, which are the zero sets of the polynomials P; and @1, respectively. When
P = Q1 is a SUPM, it is straightforward to observe that f; = g1, where f(k) = fi,
g

different. Thus, it becomes interesting to determine the linear dependency relation-

= g1. However, the situation becomes more complicated when P; and Q) are

ship between f; and g; under such circumstances. By imposing certain restrictions
on the coefficients of P, and @1, we have obtained the following result.

Theorem 1.2. Let f and g be two meromorphic functions and let k be a non-
negative integer such that f*), ¢(¥) are not constants. Also let us consider the sets
S1 ={w: Pi(w) =0}, T4 ={w: Q1(w) = 0}, where P, is the polynomial defined as
in (1.4), with (n,m) =1 and Q1 = K P, + ¢ for some constants K (# 0), ¢ € C, so
that Q1 has all simple zeros. Now suppose E ) (S1,1) = Eyu) (T1,1) and

(I) b3/(4a1c1) # n(n —2m)/(n —m)?, 1 with
(i) l=2andn>4m+4+4/(k+1);
(ii) I=0andn>4m+7+7/(k+1); or
(I) v3/(4a1c1) = n(n —2m)/(n —m)? with
(i)l=2andn>2m+4+4/(k+1);
(i) I=0andn >2m+7+7/(k+1).
Then we have a nonzero constant h such that f*) = hg"*), where h™ = 1 and
h" = Kdi/(Kdy +¢) (Kdy +¢#0).

From the above theorem the corollary follows immediately.

Corollary 1.2. Under the same conditions as in Theorem 1.2 let us assume that f
and g are two entire functions, k is a non-negative integer such that f*), g(¥)
not constants. Also let Eu)(S1,1) = Ey) (T1,1) and

(I) b3/(4a1c1) # n(n —2m)/(n —m)?, 1 with
(i) I =2 and n > 4m + 4,
(ii) I=0andn >4m+17; or

(I1) v3/(4a1c1) = n(n —2m)/(n —m)? with
(i) I =2 and n > 2m + 4,
(ii) I=0andn >2m+ 7.

are
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Then for a nonzero constant h, we have f*) = hg): p™ = 1 and h" =
Kdy/(Kdy +¢), where Kdy +¢# 0.

In the following table, we compare Theorem A with Theorem 1.2.

Theorem A Theorem 1.2
shared sets with shared sets with
. least . least
weight . weight .
cardinality cardinality
B (8,0) = Egao (T',0) B (51,0) = Egoo (T1,0)
17
2 ] _
when by _ n(n 272)
when 19 when daicy (n—m)
k=0, (n,m)=1 k=0, (n,m)=1 19
2 m(n —
when b3 n(n Zm)‘
4daqcy (n—m)?’
7
g4 1
T
-2
when L = "= 2m)
when o114 7 when daicr  (n—m)
k>1,(n,m)=1 k+1 k>1,(n,m)=1 7
>11+ —
k+1
2 _
when b3 n(n 2m)7
daicy (n—m)?
Table 2.

Remark 1.2. Table 2 reveals that Theorem 1.2 significantly reduces the cardi-
nality of the shared set under the case b3 /(4a1c1) = n(n — 2m)/(n — m)?, irrespective
of the choice of k£ > 0 in comparison to Theorem C.

Observation. In the case of Theorem 1.2 we have some vital observations.
In Theorem 1.2, we consider the relation between the generating polynomials of two
sets as Q1 = KP; +¢. Note that when K = 1 and ¢ = 0, we have S; = T} and
the conclusion of the theorem simply reduces to f(*) = ¢(®¥). But the case ¢ # 0
deserves further attention as in this case P; and Q1 are linearly independent. Here it
is to be noted that for an arbitrary choice of ¢, one cannot simply get Esu) (S1,1) =
Ey ) (T1,1) always, i.e., f® ¢*) cannot share arbitrary pair Si, Ti; rather the
sharing is totally depending upon the suitable choice of ¢ for which A must be a
common solution of K™ =1, k™ = Kd; /(Kdy + ¢). For example, choosing ¢ = Kd;,
we see that i = 1= |h| =1 and A" = %, a contradiction, so in that case there are
no meromorphic functions f, g such that E](ck)(Sl, )= Eék) (Th,1). Next let a be a
root of A —1=0. So a = eZ™/™ s =0.1,...,m— 1. We choose n = tm + 1, then
h™ = « and so if we choose ¢ = Kd;(1 — a)/«, then h — « will be a common factor
of both h™ — 1, h™ — Kdy /(Kd; + ¢). Clearly, in this case we get f1 = agi.
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From Theorem 1.2, we see that the case b?/(4ajc;) = 1 was not explored. So the
natural question arises what happens in Theorem 1.2 if only the case b?/(4aic;) = 1
is satisfied, where no such relation between the polynomials P; and ()1 as mentioned
in Theorem 1.2 exist. Our next theorem will elucidate in this matter. In fact, in
Theorem 1.2, the coefficients associated with all positive powers of P, and ()1 are
proportionate and so we definitely can deduct b?/(4aic1) = b3/(4azcz), which is not

necessarily required in our next theorem.

Theorem 1.3. Let f and g be two meromorphic functions and let k be a non-
negative integer such that f*), ¢¥) are not constants. Also let us consider the sets
S1 = {w: P(w) =0}, Ty = {w: Q1(w) = 0}, where Py, Q1 are the polynomials
defined as in (1.4), (1.5), with (n,m) = 1 and b = 4ajc1, b3 = 4asce; having all
simple zeros. Now suppose E ) (S1,1) = Eyu (T1,1) and

(I) k=0 and m > 2 with
(i)l=2andn>4m+4+4/(k+1),
(ii) I=0andn>4m+7+7/(k+1); or
(I1) km > 1 with
(i) l=2andn >4m+7,
(i) I=0andn >4m+7+7/(k+1).

Then for a nonzero constant h, we have f(¥) = hg(*).

From the proof of Theorem 1.3, the following corollary follows immediately.

Corollary 1.3. Under the same conditions as in Theorem 1.3 let us assume that f
and g are two entire functions, k is a non-negative integer such that f*), ¢(¥) are
not constants. Also let Esu)(S1,1) = Ey (T1,1) and

(i) l=2andn>4m+4;
(if) I=0andn>4m+1.

Then for a nonzero constant h, we have f(¥) = hg().

Next we provide the table to understand the overall comparison between Theo-
rem C and Theorems 1.1-1.3 (see Table 3).

Remark 1.3. The Table 3 reveals that:
(i) In Theorem 1.1, when k = 0, the lower bound of n under sharing of weight 2 is
same as that of Theorem C under CM sharing.
(ii) In Theorem 1.1, when k > 1, then as m > 1, the lower bound of n under sharing
of weight 2 is 9 and it continuously decreases while in the case of Theorem C
the minimum value of n is 12 under CM sharing.
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(iii) The case m > 4 is never attended in Theorem 1.1 which also renders an impor-

tant feature in diminishing the lower bound, but in Theorem C, m > 4, may

occur.

(iv)

In Theorem 1.2 we have considered a generalized version of the sets as in The-

orem C. Hence, Theorem 1.2 is actually an extended form of Theorem C. Also

for the case b3 /(4aici) = 1, Theorem 1.2 improves Theorem C by reducing the

cardinality and relaxing the CM sharing of sets. Thus, Theorem 1.2 is a two

step improvement of Theorem C.

rems 1.2, 1.3.

Additionally, the Question 1.2 posed in [19] is satisfactorily addressed in Theo-

Theorem C

Theorem 1.1

Theorem 1.2

Theorem 1.3

shared sets 3 ) ) N ) - " )
with weight E0(8,00) = Ego (T, 00) | Ep (89,2) = Egon (T,2) | Ep (51,2) = By (T1,2) | B (81,2) = Egoo (T1,2)
11
13 13 b b? n(n —2m) 17
_ _ when =
least cardinality when (n,m) =1,m >2 | when (n,m)=1,m >2 aic (n—m)? when b? = 4ai¢;
1= 15
when k =0 17 13 2 13 (n— 2m) b3 = dasca, m > 2
n\n —zam
when (n,m) £1,m >4 | when (n,m) £ 1,m>2 | when o # 7
4
4 4 >0+ —
>8+ — >6+ — k+1
k+1 k+1 b2 n(n —2m)
_ when —1— = —— 5 11
least cardinality when (n,m) =1, m > 2 when (n,m) = darcr (n —m)? when b? = 4ai¢;
1= 15
when k > 1 4 4 4 b2 =4
>124 —— >6+ —— >8+ 2 = 20202
T Pt ket 1
b? n(n — 2m)
when (n,m) #1, m >4 when (n,m) # 1 when .
dayc; (n—m)?

Table 3.

Here we give the following definitions which will be useful for the proof of the main
results of the paper.

Definition 1.4 ([7]). Let P(z) be a polynomial such that P’(z) has mutually k
distinct zeros given by di,ds,...,d; with multiplicities q¢1,qo, ..., qx, respectively.
Then P(z) is said to satisfy the critical injection property if P(d;) # P(d,) for i # j,
where 4,7 € {1,2,---,k} and the polynomial is called a critical injective polynomial.
Clearly, a critical injective polynomial can have at most one multiple zero.

We have used some usual notations of counting functions like N]{J) (r,a; f),
Ni(r,a; f), N(r,a; f|= 1), N(r,a; f < m), N(r,a; f|> m) and N.(r,a; f,g). For
the definitions of these counting functions, we refer the reader to follow [1], [18].
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2. LEMMAS

Next, we present some lemmas that will be needed in the sequel. Henceforth, we
denote by H the following functions:

F”  2F G"  2G'
o= (7-F)-(-7)
Lemma 2.1. Let F' and G be non-constant meromorphic functions and let F, G
share 0 IM. Then

NP (r,0; F) < N(r,00; H) + S(r, F) + S(r, G).
Proof. We are not giving the proof as a similar proof can be found in [28]. O

Lemma 2.2. Let F' and G be non-constant meromorphic functions and let F, G
share 0 IM. Then

N(r,00; H) < Ni(r,0; F, G) + N(r, 003 f) + N(r, 00: g)
+ No(r,0; F') + No(r,0;G') + S(r, F) + S(r, G),
where No(r,0; F') is the reduced counting function of those zeros of F', where F # 0
and No(r,0; G') is similarly defined.

Proof. Here we are not giving the proof as it is similar to the proof of
Lemma 2.2 in [8]. O

Lemma 2.3 ([1]). Let F and G be non-constant meromorphic functions and
let F', G share (0,1). Then

N(r,0;F)+ N(r,0;G) —N]{J)(r,O;F)-I- (l— %)N*(T,O;F,G)

<

X

%(N(r, 0; F) + N(r,0:G)) + S(r, F) + S(r, G).

Lemma 2.4 ([21]). Let f be a non-constant meromorphic function and let

_ > o i f*
Z;n:() bjfj

be an irreducible rational function in f with constant coefficients {ax} and {b;},
where a,, # 0 and b, # 0. Then

T(r,R(f)) = dT(r, )+ 5(r, f),

R(f)

where d = max{n, m}.
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Lemma 2.5. Let f and g be two meromorphic functions such that f; = f®),
g1 = g®) are not constants. P and Q are given by (1.2), (1.3). If P(f1) = Q(g1)
and n > 2m + 4, where either k = 0 and m > 2, or km > 1, then f; = hg; for a
constant h such that h™ = u/a, k"™ = v/b.

Proof. Doing exactly the same as in Lemma 2.8 in [19], we have
21 aff HTT =ugy Fogi ™™, agit (B —a) = —b(h"T™ = ),

where h = f1/g1 and @ = u/a # 0, 8 = v/b # 0. First assume that h is not a
constant, then we have from above that gi* = —b(h"™™ — 3)/(a(h"™ — @)).

Now we discuss the following two cases.

Case 1 (n,m) = 1.

Subcase 1.1 k =0 and m > 2. In this case, dealing exactly in the same way as in
Case 1, Lemma 2.8 in [19], we get the result.

Subcase 1.2 Here k > 0 and m > 1. Now it is given that

N ) )

S S (k)ym _
g1 a(h" _ Oé) ’ 1e., (g ) a(h" _ a)

First assume h is a non-constant meromorphic function. Since (n,m) = 1, then
h"~™ — B and h™ — « can have at most one common zero. Hence, h"™ — « has at
least n — 1 distinct zeros, say «q,as,...,a,_1. Also, let zg be a zero of h — «;
i=1,2,...,n — 1 of order p, then it is a pole of (gt*))™ of order at least m(k + 1).
Then p > m(k + 1).

n—1

(2.2) (n—=3)T(r,h) < ZN(T, 0;h —a;) 4+ S(r,h) <

i=1

< AT ) 4 (),

n —

1
mT(r, h)+ S(r,h)

a contradiction. Hence, h is constant.

Case 2 (n,m) # 1. Assume (n,m) = d and d < m. Therefore 2"~ — 8 and
2" — « can have at most m common factors. Therefore z* — a can have at least
n — m distinct zeros, say (51,52, ..., Bn—m. Next consider the following subcases.

Subcase 2.1 k =0 and m > 2. Again, every zero of h — [3; is a pole of g of order
at least two. Now using the Second Fundamental Theorem we get

N(r, Bi;h) + S(r, h) < Z (r, Bis h) + S(r, h)

1 i=1

mT(r, h)+ S(r,h),

n—

3

(n—m—2)T(r,h) <

l\DI»—l

M

VA
3 .
Il

2

a contradiction.
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Subcase 2.2 k > 0 and m > 1. Now proceeding in the same way as in (2.2) we have

1
(n—m—2)T ;j (r, Bi; h) +Smm<E@:ﬁngmmm+smm
n—m

2

< T(r,h) +S(r, h),
a contradiction. Therefore we h must be is a constant and hence, from (2.1) the
result follows. O

Lemma 2.6. Let f; and g1 be defined the same as in Lemma 2.5 and k be a
non-negative integer. Then for n > 2m + 7 and
(i) k=0,m=>=2
(ii) km > 1,
T af1" +b)g " (ugt” + v) # di.

Proof. Let us consider two cases.
Case 1. First assume k = 0, m > 2. Also let us assume

fn—m(afm + b)g"‘m(ugm + U) =dt.

For the case (n,m) = 1 the result follows from Lemma 2.7 in [19]. Here we shall
discuss the Subcase 2.2 in Lemma 2.7 of [19] when (n,m) # 1. Let zy be a zero
of g of order p and a pole of f of order g. Then we have (n — m)p = ng = p =
n/(n —m)q > 1. Therefore, here we have p > 2. Again, a zero of ug™ + b is a pole
of f*~™(af™ + b) of order at least n.

Now using the Second Fundamental Theorem we have

(m —=1)T(r,g) <

ZI

(r,0; g)—i—N(r 0;ug™ +v)+ S(r,g)
N(T,O,g)—i—EN(T,O,ugm—i—v)—i—S(r,g)

N

/

/AN
N — N~

T(r,g) + =T(r.9) + S(r.g),

a contradiction for m > 2.
Case 2. Consider km > 1. First, if possible, let us assume

(@i 4 b)gy T (ugt” +v) = dt.
From Lemma 2.4 we get
(2.3) T(r, f1) =T(r,g1) + S(r, 91),
hence S(r, f1) = S(r, g1).
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Let z1 be a zero of g of order p; and hence a pole of f; of order ¢; (= k+1). Then
we have (n —m)p1 =ng1 2 n(k+1),1e,p1 Znk+1)/(n—m) = 2n/(n —m) > 2,
therefore p; > 3. Next let zo be a zero of ugy ™™ +v = (91 — Y1) ... (g1 — ym) of
order po and clearly zo will be a pole of fi of order g2 (> k4 1). Then we have
p2 = ngz = n(k+1). Now using the Second Fundamental Theorem and (2.3) we have

mT(r, g1) < N(r,0;91) + N(r,00;g1) + N(r, 0;ugi” +v) + S(r, g1)
< %N(T,O;gl) + ﬁ;N(ﬁO;gl — %)
+ N, 0 f7 7™ (aff" + b)) + S(r, 1)
< oL (0 1) + T(r90)) + 5 (T(r f1) + T, 0)) + S(r, 1)
< 200, 01) + 3T(r91) + S(r.90),
which gives a contradiction for n > 2m + 7. 0

Lemma 2.7. Let f; and g1 be defined the same as in Lemma 2.5 and k be a
non-negative integer. If there exist two constants A (# 0) and B such that

1 A
P(f1) B Q(g1) B

and n > 2m + 7, where either k =0, m > 2 or km > 1, then B = 0.

Proof. Assume B # 0, proceeding exactly in the same way as in Lemma 2.7
of [19] we get

(2.4) 1" (@f1t 4 b)gr " (ugy” + v) = dt.

For the case (n, m) = 1 the result follows from Lemma 2.7 in [19]. When (n,m) # 1,
then from Lemma 2.6 of the present paper we have a contradiction and the rest
follows from Lemma 2.7 in [19]. O

Lemma 2.8. Let ¢(z) = b*(2"™ — A)? — dac(z"~?™ — A)(z" — A), where
A a,b,c € C*, (m,n) =1, n > 3m and b?® # 4ac. Then the following results hold.
(i) Ife' is any multiple zero of p, then ty satisfies cosh(mty) = 1 or cosh(mty) =
b%(n —m)?/(2acn(n — 2m)) — 1.
(i) Each multiple zero of ¢ is of multiplicity two whenever b?/(4ac) # n(n — 2m)/
(n —m)2.
Proof. We omit the proof as it can be found in the proof of Lemma 2.5 in [8].
([
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Lemma 2.9. Let ¢(z) = b*(2""™ — A)? — dac(z"~?™ — A)(z" — A), where
Aja,b,c € C*, b?/(4ac) = n(n —2m)/(n —m)?, n > 2m and (n,m) = 1. Then
it can have exactly one multiple zero of multiplicity four.

Proof. The result can be easily obtained from Lemma 2.6 in [8]. O
Lemma 2.10. Let P(z) = az™ + bz""™ + ¢2"~?™ + d, where a,b,c € C*. If
b%/(4ac) = n(n —2m)/(n —m)?, then P is critically injective polynomial.

Proof. Here we are not giving the proof as it can be obtained in the proof of
Lemma 2.7 in [8]. O

3. PROOFS OF THE THEOREMS

Proof of Theorem 1.1. Let us consider F' = P(f;) and G = Q(g1), where
fi=f® g, =¢® and consider the following cases.
Case 1. First assume H # 0. We have

N(r,00; H) < N(r,0; f1) + N(r,0;g1) + N(r,00; f1) + N(r,00;g1) + N.(r,0; F, G)
+ N(r,0;naf™ + (n — m)b) + N(r,0; nug?™ + (n — m)v)
1 ! -1 !
+N01(7“,0;f1)+N02(7“,0;gl) +S(T7fl)+s(ragl)a

where Nil (r,0; f1) is the reduced counting function of those zeros of f{ which are
not zeros of f1P(f1)(naf{™ + (n — m)b) and W; (r,0;¢7) is the reduced counting
function of those zeros of gi which are not zeros of g1Q(g1)(nug* + (n — m)v). So

(n+m)(T(r, f1)+T(r,g1))
<N(r, 05 1) + N(r,0:91) + N(r, 003 f1) + N(r, 003 g1) + N(r, 0; F)
+ N(r,0;G) + N(r,0;naf™ + (n — m)b) + N(r, 0; nug)” + (n — m)v)
N (0 £) — N, (r.0:0) + S(r, f1) + S(rgn).

Using Lemmas 2.3, 2.1 from above, we have

(n~ DT(r) < 3 (N(r,0: F) + N(r,0:0)) + N (r,0:F) + (5 ~1)N.(r,0: F,G)

+ N(r,00; f1) + N(r,00; 1) = N,, (7,05 f1) = No, (r,05 g7) + S(r),
where T(r) = T(r, f1) + T(r, g1) and S(r) = S(r, f1) + S(r, g1) = o(T(r)).
(31) (5-1)T0) < N0 1) + N(r,0: 1) + 2(N (003 f2) + N(r, 001 1))
+ (g )N, 0:F,.C) + N(r, 0:naf]" + (0~ m)h)
+ N (r, 03 nugl” + (n — m)v) + S(r).
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From (3.1) we have

(3.2) (g - 2>T(r) < (kile n m)T(r)
+ (5 1) Ve, 0:F) + N, 0:0)) + ()
< kiﬂ+m)T(r)
+ (g — 1) (N, 0: F |2 1+2) + N(r,0:G |> 1 +2) + (1)
< ,%Ll +m )T(r) + (g — 1) == (N (1,0 f1) + N(r 005 1)

(r) + (§ - l)—(l + ﬁ)T(r) + S(r).

Now from (3.2) for
(i)l=2andn>2m+4+4/(k+1),
(i) l=0and n>2m+7+7/(k+1),

we arrive at a contradiction.

Case 2. Let H = 0 and then integrating we have
1 c Q(g1)

C .
P Tam TP M )

Ia =C+ DQ(q1),

where C' (# 0), D are finite constants. Clearly, if the zeros of P(f;) and Q(g1) have
different multiplicities, then either C' = 0 or oo, a contradiction. Hence, the zeros of
P(f1) and Q(g1) are of the same multiplicity, i.e., P1(f1) and @Q1(g1) share 0 CM.
Now, from the proof of Theorem 1.7 in [19] and with the help of Lemmas 2.5, 2.6,
and 2.7, the result follows immediately. O

Proof of Theorem 1.2. Let us consider (); defined as in (1.5). Then from the
assumption @1 = K P; + ¢, comparing the coefficient we have as = Kay,bs = Kby
and co = Kc1,dy = Kdy +¢.

Also let us assume F' = Pi(f1) and G = Q1(g1). Clearly, here F' and G share (0,1).

Case 1. Let b?/(4aic1) # n(n—2m)/(n—m)?,1. Now, F' = (Pi(f1)) =
P{(fu)fi = [ 72" (nay 77 +bi(n—m) fi*+er(n—2m)) i, G’ = g > (nasgi™ +
ba(n—m)g + ca(n—2m))gy. We know T'(r, F') = nT(r, f1)+ S(r, f1) and T(r,G) =
nT'(r,g1) + S(r, g1).

Next let a;, i = 1,2,...,k1 be the distinct zeros of na;z?™ + by(n — m)z™ +

c1(n —2m).
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Subcase 1.1 First let us consider H # 0. Now from Lemma 2.2 we have

(3:3)  N(r,o0; H) < N(r,0; f1) + N(r,0; g1) + N(r,00; f1) + N(r,00; g1)
k1 k1
+N*(Ta0;F7G)+ZN(TaO‘i;f1) ZN(T a'ugl)

i=1 i=1

+ N0 (1,05 f1) + Noy (1,0:64) + S(r, 1) + S(r, g1),

where Ni (r,0; f1) is the reduced counting function of those zeros of fi which are
k _
not zeros of fiPi(f1) 1_1[ (fi — a;); similarly Ni (r,0; 1) can be defined. Clearly

i=1
Pi(a;),Q1(a;) # 0 and P;(0) - Q1(0) # 0. Applying the Second Fundamental Theo-
rem to f1 and g; we have

(n+k)(T(r, fr) +T(r,91))
< N(r,0; f1) + N(r,0;91) + N(r, 005 f1) + N(r, 005 g1)

k1
+N(r,0: F) + N(r,0;G) + Z(W@ ai; fi) + N(r, i3 91))
— NZ (1,05 f1) = N2, (r, 05 91) + S(r, f1) + S(r, 01),

ie.,

(34)  (n=DT(r) < N(r,00; fi) + N(r,00;91) + N(r,0; G) + N(r, 0; F)
= N3, (r, 03 1) = Ng, (r, 0:97) + S(r).
Applying Lemma 2.3 from (3.4) we have
(n— DT(r) < N(r,00: 1) + N(r,00100) + NY (r,0:F) + (5 — 1) N.(r,0: F, )
+ SN, 0:F) + N(r,0;G)) — N, (r,0; /1) — N2,(r,0590) + S(r)
< N(r,00: 1) + N(r,00101) + NY (r,0:F) + (5~ 1) N.(r,0: F, )
4 (T, F) 4 T(r, €)) — N2, (,0; f{) = N2,(r,0:0) + S(0).

Using Lemma 2.1 from above we get

| 3

(n—1)T(r) < =T(r) + N(r,00; f1) + N(r,00; g1) + N(r, 00; H)

(

4+ N
N =

—z)mr,o;F,@ N2 (r,0; f1) — N2, (7,05 ;) + S(r).
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Next using (3.3) from above we get
(3.5)

(5 —1)T0) < N(r,o0; f2) + N(r,00: 1) + N(r,00; H)

1 _
+ (3 = N0, F,G) = N2 (1,0; f1) = N2, 0:.91) + S(1)
< N(r,0; f1) + N(r,0;91) + 2(N(r, 00; f1) + N (7, 00; g1))

k1 k1
+(5-)F00 R 6) + 2 N0 )+ 3N 00) + 50

i=1

2 3 1
< _Z R A D
S+ DT() + =7 T + (2 Z)l+ 1
X (N(T, 0; fl) + N(T, 003 fl) + N(T, 0; gl) + N(T, 003 gl)) + S(T)
2 3 1 1
< = S ) — — ,
< + 070 + 5770 + (5= 1) 73 (14 757) 70 +50)
Now k1 < 2m, then from (3.5) for
()l=2andn>4m+4+4/(k+1),
(ii)l=0and n>4m+7+7/(k+ 1),
we have a contradiction.
Subcase 1.2. H = 0. Then integrating we have

1D
Pi(f1)  Quilg)

where Dy (# 0), Do are finite constants. Using Lemma 2.4 we have

+D27

(3.6) T(r, f1) =T(r,g1) + O(1).
Now from above we have

I D+ D2Q1(g91)  Qi(g1)
Pi(f1) Qi(g1) ~ Pu(f)

Clearly, if the zeros of Pi(f1) and @Q1(g1) have different multiplicity, then either
Dy = 0 or oo, a contradiction. Hence, the zeros of Pi(f1) and Q1(g1) are of the same
multiplicity, i.e., Pi(f1) and Q1(g1) share 0 CM.

= D1+ D2Q1(g1)-
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Using the Second Fundamental Theorem in view of (3.6) we have

(3.7) nT'(r,g1) + O(1) = T(r,Q1(91))
< N(r,00;Q1(g1)) + N(r,0;Q1(g1) — d2)
+ N(r,0;Q1(g1) + D1/D2) + S(r, g1)
< N(r,00;01) + N(r, 0, g7 > (asgi™ + bagl" + c2))
+ N(r,00; f1) + S(r, g1)
< (2m+3)T(r, g1) + S(r, g1),
a contradiction. Therefore either do = —D;1/Dy or Dy = 0.
Subcase 1.2.1. First assume do = —D1 /Dy, then

1 Dog? 2 (asgi™ + bagt + c2)

P(f1) Q1(g1)

Since b3/(4azca) # n(n — 2m)/(n — m)?, 1 therefore a2>™ + byz™ + ¢ has all simple

zeros which are poles of f; and hence of multiplicity at least of > n(k + 1). Now

let zg be a zero of g1 of order p and a pole of f; of order gq. Then we have (n—2m)p =
ng=p=n/(n—2m)qg>1,ie, p>=2.
So using the Second Fundamental Theorem we have

(3.8) 2mT(r,g1) < N(r,0;g1) + N(r,0; azgi™ + bagi™ + c2) + N(r,00;g1) + S(r, g1)

1 2m 1
<5 — — )T ) ) )
(5+ 5+ 577) 1o + S(rgn)
a contradiction for n > 4m + 4.
Subcase 1.2.2. Let Dy = 0. Hence, finally we have P;i(f1) = DQ(g1), where
D= 1/D1 SO
(3.9)  fI™(arfi™ +bif" + 1) = D(azgl + bag! ™™ + cagy > +dz — d1/D)
= D(G —dy/D).
Subcase 1.2.2.1. Let do # d1/D. Applying the Second Fundamental Theorem
to G and using (3.6), from (3.9) we have
(3.10)
nT(r,g1)+001) =T(r,G)
< N(r,0;G —dg) + N(r,00;G) + N(r,0;G — dy/D) + S(r, 91)
< N(r,0591) + N(7,0; a2g3™ + bagi" + c2) + N(r,00; g1)

+N(r50;fl) +N(T,O;a1f12m + blflm + Cl) + S(T’ ‘gl)
1
< —_—
NS (2 —|—4m+ ]f+ 1>T(7”791) + S(ngl)a

a contradiction as n > 4m + 4.
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Subcase 1.2.2.2. If dy —d1/D =0, i.e., D = dy/ds, then
T2 (ar f7™ + b f" + e1) = D> (azgi™ + bagl* + c2).

Suppose h = f1/g1. Then we have

(3.11) a197™(h" — KD) + byg"(h"~™ — KD) + ¢c1(h"*™ — KD) = 0.
Subcase 1.2.2.2.1. If h is a non-constant meromorphic function, then from (3.11)
we have by (h*~™ — KD) (h"=2™ — K D)
2m 1 - m €1 -
2 ) =0
St kD) ' T T —KD) ’
ie.,

312) (g + DT KDY RO I e (0 (72 K
2a1(h™ — K') 4ai(hn — K')?
Po(h)
4a3(h" — K')?’
where K/ = KD.

As by the statement of the theorem n > 3m, from Lemma 2.8, if ¢, has multiple
zero e’ then cosh(mty) = 1 or cosh(mty) = b3(n —m)?/(2a1c1n(n — 2m)) — 1, and
each multiple zero of ¢, has multiplicity two.

Let e’ be a multiple zero of ¢,. Then either 1(e™ 4 e~™) =1 = (efo)™ =1
or (em™o 4 e~™0) = b} (n —m)?/(2a1c1n(n —2m)) — 1 = p (say) = (elo)™ =
p+ +/p? — 1, i.e., there exist at most m + 2m = 3m multiple zeros of order two.
Hence, ¢, has at least 2n — 2m — 2 - 3m = 2n — 8m distinct simple zeros, say (v,
i=1,2,...,2n — 8m).

Applying the Second Fundamental Theorem to h, we have

—8m
(3.13) (2n—8m—2)T Z (r,vi; h)+S(r, h) < (n—4m)T(r, h)+S(r, h),

a contradiction for n > 4m + 3.

Subcase 1.2.2.2.2. Consider h is a constant, then from (3.11) we get h” = KD =
h"=m = p"=2m = p™ =1 and hence |f1| = |g1].

Case 2. Consider b?/(4aici) = n(n —2m)/(n —m)2. If b3/(4aic1) = n(n — 2m)/
(n —m)?, then we have

nalffm +bi(n—m)f{" +c1(n—2m) =na; (flm + %)Q = na; g(fl — ai)2

m m
Therefore, I’ = [] (fi — @)’ f] and G’ = [] (91 — @:)*g.

i=1 i=1
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Subcase 2.1. Let H # 0, we have
N(r,o0; H) < _(r 0; f1) + N(r,0;g1) + N«(r,0; F, G)
+ Z (ryau; f1) + N(r, 5 91)) +Nil(r,0;f{)
N2 (105 9) + S(r, 1) + S(r.g0),

where NQ (.05 f1) is the reduced counting functlon of those zeros of f{ which are
not zeros of f1Pi(f1) H (f1 — «;); similarly, N ,(r,0;91) can be defined.

Now proceeding in the same way as in (3.4), (3.5) for k; = m and
()l=2andn>2m+4+4/(k+1),
(i) l=0and n>2m+7+7/(k+1),
we have a contradiction.
Subcase 2.2. Assume H = 0. Then integrating we have

1 Ay
(P(f)) — (@i(gn))
where A; (# 0), Ay are constants. Also proceeding similarly as in (3.7) and (3.8),

we have Ay = 0 and then P;(f1) = AQ1(g1), where A =1/A;.
Now,

+ A,

(3:14) 12 ™ (@ fT™ + bifi" + e1) = Alasg? + bags ™™ + cagl " + dy — di/A).

Subcase 2.2.1. Let dy # di/A. From Lemma 2.10 the polynomial agz™ + bz~ ™+
22" 2™ 4 dy — dy /A is critically injective. Hence, it can have at most one multiple
zero of multiplicity three and at least n — 2 distinct zeros (8;, i = 1,2,...,n — 2).

Applying the Second Fundamental Theorem to g1 and using (3.6), we have
from (3.14) that

(3.15) (n—3)T(r,q1) N(r,6i;91) + N(r,00; 91) + S(r, 1)

HM\

( 05 f1) + N(r,0; a1 ff™ + by f" + 1)

+2I

N .
T (r,00591) + S(r,91)

< (2m+1)T(ra f1)+ T(ragl)+5(ragl)

kE+1

1
< -
< (2m—|— 1+ i 1)T(r,g1) +S(r,91),

a contradiction for n > 2m +4+1/(k + 1).
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Subcase 2.2.2. A = d;/dy. Finally, from (3.14) we get
T2 (ar 2™ 4 b f1" + e1) = Agl 2™ (aagi™ + bagl" + c2),
ie.,
(3.16) a1g3" (W™ — KA) + big"(h"™™ — KA) +c1(h" 2™ — KA) = 0.

Subcase 2.2.2.1. If h is a non-constant meromorphic function, then we get

m, DT — KA) B = KA —darey (b — KA) (b — KA)
T 2w =K ) 1a2(hm — KA)?

_ p1(h)
4a3(hn — KA)?'

Next from Lemma 2.9, 1 can have at most one multiple zero of multiplicity four
and at least 2n — 2m — 4 distinct simple zeros, say y;, (i = 1,2,...,2n — 2m — 4).
Then applying the Second Fundamental Theorem to ‘h’ we have
(3.17)

(2n —2m —6)T(r,h) < ”‘z?_ N(r,yi;h) + S(r,h) < (n—m —2)T(r,h) + S(r, h),

i=1

a contradiction for n > m + 4.

Subcase 2.2.1.2. If h is a constant, then from (3.16), h" = KA = h"~™ = pn—2m
and so h" = KA = Kdy/do = Kdi/(Kdy +¢), h™ = 1. Hence, we get the result. In
particular, if ¢ = 0, then we get f1 = ¢1. 0

Proof of Theorem 1.3. Assume F = P;(f1) and G = Q1(¢g1)-

Case 1. Assume H # 0, then proceeding in the same way as in (3.4), (3.5) we

have a contradiction.
Case 2. Let H = 0. Then integrating we have

1B
Pi(f1)  Qi(g)

(3.18) + B,

where F; (£ 0), Es are two constants.

Next we show that Es = 0. Now proceeding in the same manner as in (3.7) we
have E2 =0or El/EQ = —dg.

Subcase 2.1. Assume F/FE; = —dsg, then

1 B (g7 2™ (a2g?™ + bagl™ + ¢2))  Eo(aagy > (g1 + ba/2a2)?)

Pi(f1) Q1(g1) B Q1(g1)
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Now assume zo be a zero z™ + ba/2as of order p, then it is also a pole of P;(f1).
Then we have 2p > n(k+1) = p > in(k-+1). Also assume 21 be a zero of order g and
hence a pole of f1, therefore (n—2m)q > n(k+1) = ¢ = n(k+1)/(n — 2m) > (k+1),
i.e., ¢ > k + 2. Using the Second Fundamental Theorem we have

(3.19) mT(r,g1) < N(r,0;91) +N(Ta 00; g1) + N(r,0; 9" + ba/2as) + S(r, g1)

2m
<k:+2 k;+ T 1))T(7"791) +S5(r, 91)

for k=0, m >2,n>4m+5 and for k,m > 1 and n > 4m + 5 we arrive at a
contradiction.

Subcase 2.2. E3 = 0. From (3.18) we have P (f1) = EQ1(g1) (E = 1/E1). Again,

d
(3.20) fom(alffmﬁLblfT“rCl):E(g? 2™ (a2g7™ + bagt" +C2)+d2—§1>

Subcase 2.2.1. Let us consider do — dy/E # 0. Applying the Second Fundamental
Theorem to G and using (3.20), (3.6) we have

(3:21) #T(r,g1) + O(1)
(r,G) < N(r,0;G — dg) + N(r,00;G) + N(r,0;G — d1/E) + S(r, 91)
< N(r,0:91) + N(r,0; az2g7™ + bag" + c2) + N(r, 00 91)

+N(r,0: /1) + N(r,0;a1 fi™ + b fi" + e1) + S(r, 91)

1
< -
< (2m+2+ T 1)T(r,g1) +S(r,91),

a contradiction as n > 2m + 3.
Subcase 2.2.2. Let do — d1/E = 0. Now

(3.22) 1 2m(alf +bifi" 1) = 9?727”(@39%7” +b3g7" + c3),

where a3 = Fasg, b3 = Ebs and c3 = Ecy and b3 = 4azcy implies b3 = 4azcs.
Now from above we have

(3:23)  (@ff - aagl) + (buff™ — bagl™™) + (e f" " = cagl ™) =0
= gfm(alh" — Clg) + g{n(blhnim — bg) (Clhn 2m Cg) =0,

where h = f1/g1.
Subcase 2.2.2.1. Let h be a non-constant meromorphic function and finally
from (3.23) we get

bih™™™ — bs m Clhn72m —C3

—— =0.
alh" — as 91 +

2m
+
91 aq hn — as
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Using the facts b? = 4ajc; and b3 = 4agcs, from above we get
(3.24)
( m b h"™™ — b3 )2 . (blhnim — b3)2 — 4(a1h” — a3)(clh"*2m — 63)
L 2(a1h™ —a3)/ 4(ar1h" — a3)?
. hn_Qm(4a163h2m — 2b1b3h™ + 4a301)
- 4(a1h" — a3)2
_ h"‘me%(ZLal(c?,/b%)th — le(bg/b%)hm + 4&36/[)?)
4(&1]]" — a3)2
_ hnime%((Cg/Cl)h?m — 2(b3/b1)hm + a3/a1)
a3 (h™ — (as/a1))?
_ hanmb%C*(hm _ b*/C*)2 _ hn72mc3(hm _ 6)2
4a?(h™ — ay)? ai(h™ —a.)?

where a. = ag/a1, b = b3 /b1, cx = c3/c1 and by /c. = f.
Subcase 2.2.2.1.1. Suppose n is even. Assume n = 2r. From (3.24) we have

m DA™ — a2 hn—QmC hm — 6 2

(gl C+ ! n 3 ) = :( D) ) ’
2a1(h"™ — ay) ar(h™ — ay)

b h2r =™ — b _ (0_3)1/2 AT (A — )

2a1(h?" — a,) h2r —a,

m
g1 + a1

ie.,

B bthT—m _ b3 N (63/a1)1/2hr—m(hm _ ,8)
2a1(h?" — ay) h?r — a,
_ (kT —bs) 2a1(c3/a1)Y/?h" =™ (h™ — B)
2a1(h?" — a.) '

(3.25) g =

Now it can be seen that the numerator and denominator can have at most r +m
common factors. Therefore the denominator has at least r — m distinct zeros, say,
Y15Y2s« -« + s Yr—m- Now using the Second Fundamental Theorem we have

(r—m—2)T(r,h) < %nﬁ(r, 0;h — )+ S(r, h)

i=1

1 r—m
< —F— N y i =734 ’
mE D) 2 (r,0;h — ;) + S(r, h)
T—m r—m
<7T ’ ) g T ’ ) ’
Y (r,h) 4+ S(r, h) (r,h) 4+ S(r, h)

a contradiction.
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Subcase 2.2.2.1.2. Suppose n is odd. Again b?/(4aic1) = 1 = b3/(4ascs) and we
have

(3.26) e _ asgi™ + bag" + c3 _ as(gy" + bs/2as)?
g arfim 4 b ft e al(fit +b1/2a1)?

(91" + b3/2a3)? a (97" + b3 /2a3)*
S+ b1 /2a1)? Fhn=2meL(fm by [2a0)2

Since n is odd, it follows that n — (2m + 1) is even and we can have a meromorphic

N ) = h =

function o such that

(97" + bs/2a3)? 2

h = ay =
BRI 1 b f2a)?

As f1, g1 and h are meromorphic, so also is 0. Putting h = 0% in (3.24) we have

( . b10.2n72m _ bg )2 _ 02(n72m)63(02m _ 6)2

51 2a1 (0% — a,) a1 (02" — ay)?
So,
b10.2n—2m _ b3 cs 1/2 O.n—Qm(UQm _ ,8)
o1 py O (o) |
( ) gt 2a1 (02" — a.) a1 o2 —q,

From (3.27) we have

(3.28) g7 =

b10.2n72m _ b3 N (Cg )1/2 0n72m (UQm _ 6)

B 2a1 (02" — ay) a o2 — q,

Now for all cases in (3.28), if the numerator —(b;o?" 2™ — bg) + 2(c3/a1)"/%a; x
o"=2m(g?™ — ) and the denominator 02" — a, have any common factor o —z, then x
will be a zero of —(byax. — b3z?™) £2(c3/a1)/?a32"(2*™ — ). Hence, the numerator

2n _ g, has at

and denominator can have at most n 4+ 2m common factors. Hence, o
least 2n — (n + 2m) = n — 2m factors, say 0 — p;, (i = 1,2,....n — 2m), which are

not factors of numerator. Again,

(n—2m—2)T(r,0) < _z: /N(r, wis o)+ S(r,o)

i=1

n—2m
1
< - .
~N m(k—l— 1) ; N(T, ,LL’L?J) +S(7", U)
n—2m n—2m
\77’ 9 ) < ) ) )
i+ 1) (ryo) + S(r,0) 5 T(r,0) + S(r,o)

since o is not rational, it implies a contradiction for n > 2m + 4.
Case 2.2.2.2. If h is a constant, then we get f; = hg;. O
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