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1. Introduction

As it is well known, the third-order differential equations are derived from many

different areas of applied mathematics and physics, for instance, the deflection of

buckling beam with a fixed or variable cross-section, the three-layer beam, the elec-

tromagnetic waves, the gravity-driven flows and many other applications, see [1],

[5], [13] for more details. The investigation of the qualitative behavior of solutions

such as the stability, the boundedness, the asymptotic behavior and the square in-

tegrability are very important aspects in the theory and applications of differential

equations.

In the present paper, the boundedness, the square integrability and the uniform

asymptotic stability are studied for the non autonomous neutral differential equation

of the third order with delay of the form

(1.1)

[x′(t) + ̺1x
′(t− r) + h(x) + ̺1h(x(t− r))]′′ + P (t)x′′(t) +Q(t)x′(t)

+R(t)[g(x(t)) + ̺2g(x(t− σ))] = ψ(t, x(t), x(t − σ), x′(t), x′(t− σ), x′′(t))

c© The author(s) 2024. This is an open access article under the CC BY-NC-ND licence cbnd

DOI: 10.21136/MB.2024.0001-24 291

https://creativecommons.org/licenses/by-nc-nd/4.0
http://dx.doi.org/10.21136/MB.2024.0001-24


for all t > t1 = t0+max{r, σ}, wheremax{̺1, ̺2} = ̺ < 1, r, σ, ̺1 and ̺2 are positive

constants, and P,Q,R ∈ C1(R+, (0,∞)), R+ = [0,∞), g ∈ C1(R,R), h ∈ C2(R,R),

ψ ∈ C(R+ × R
5,R) and g(0) = 0.

Many authors have investigated the stability and the boundedness of solutions for

certain differential equations of the third order with delay [2]–[4], [7]–[9], [11], [12].

The achievement of the results in this paper for equation (1.1) is motivated by the

results concerning the main equations investigated in the articles [2], [6], which can

be considered as a special case of equation (1.1).

In particular, for the case of h ≡ 0, ψ ≡ 0 and ̺1 = ̺2 = ̺, equation (1.1) is

given by

[x′(t) + ̺x′(t− r)]′′ + P (t)x′′(t) +Q(t)x′(t) +R(t)[g(x(t)) + ̺g(x(t− r))] = 0,

which is equivalent to the equation considered in [6]

[x(t) + βx(t− r)]′′′ + a(t)x′′(t) + b(t)x′(t) + c(t)f(x(t− r)) = 0,

and for the case of ̺1 = ̺2 = 0 and ψ ≡ 0, equation (1.1) is given by

[x′ + h(x)]′′ + P (t)x′′(t) +Q(t)x′(t) +R(t)g(x(t)) = 0,

which is exactly the equation investigated in [2].

Before that, in the article [10], the author has studied the nonlinear differential

equation of third order

x′′′(t) + a(t)x′′(t) + b(t)x′(t) + c(t)f(x(t− r)) = 0,

which can be obtained from equation (1.1) in the case of ̺1 = ̺2 = 0, h ≡ 0 and

ψ ≡ 0.

In 1892, a fundamental method has been proposed by Lyapunov for studying the

problem of stability of motion for a differential equation; this method called the Lya-

punov second method works by constructing scalar functions known as Lyapunov

functions. The second method of Lyapunov is widely used in literature in inves-

tigation of qualitative behaviors in large classes of several categories of differential

equations, which makes it very useful in theory and application.

By solution of (1.1) we mean a continuous function x : [tx,∞) → R for tx > t1
which satisfies equation (1.1) in [tx,∞) and such that

x(t) + ̺1x(t− r) ∈ C3([tx,∞),R).
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2. Assumptions and main results

The following hypotheses on the functions appearing in equation (1.1) will be

useful in next subsequent sections. Assume that there are positive constants p0, p1,

R0, R1, q0, q1, ξ1, ξ2, ξ3 and γ such that the following conditions are satisfied:

(i) 0 < p0 6 P (t) 6 p1, 0 < q0 6 Q(t) 6 q1, 0 < R0 6 R(t) 6 R1,

Q′(t) 6 0, R′(t) 6 0 ∀ t > t1;

(ii) g(0) = 0, ξ1 6 g(x)/x 6 ξ2 (x 6= 0) and |g′(x)| 6 ξ3 for all x ∈ R;

(iii)
∫

t

t1
(|P ′(s)| −R′(s)) ds 6 γ.

Equation (1.1) is equivalent to the system

(2.1)











































x′(t) = y(t)− h(x(t)),

y′(t) = z(t),

Z ′(t) = − P (t)z(t) + P (t)h′(x)ϑ(t) −Q(t)ϑ(t) − (1 + ̺2)R(t)g(x)

+ ̺2R(t)

∫

t

t−σ

(y(s)− h(x(s)))g′(x(s) ds

+ ψ(t, x(t), x(t − σ), x′(t), x′(t− σ), x′′(t)),

where

y(t)− h(x(t)) = ϑ(t), y(t) = x′(t) + h(x(t)),

Z(t) = y′(t) + ̺1y
′(t− r) = z(t) + ̺1z(t− r).

The first main result of this work is the following theorem, where h 6= 0 and ψ 6= 0.

Theorem 2.1. In addition to assumptions (i)–(iii), assume that there are positive

constants δ, ϕ1 and D1 such that the following conditions are satisfied:

(H1) |h′(u)| 6 δ for all u ∈ R and δ < min{2kR0ξ1/(R1ξ
2
2), (2p0 − 3k)/(p1 − k)},

(H2) |ψ(t, x(t), x(t − r), x′(t), x′(t− r), x′′(t))| 6 ϕ(t) 6 ϕ1 and
∫

t

t1
ϕ(s) ds 6 D1.

Then there exists a finite positive constant η such that all the solutions x(·) of (1.1)

and their derivatives x′(·) and x′′(·) fulfill:

(I) |x(t)| 6 η, |x′(t)| 6 η and |x′′(t) + ̺1x
′′(t− r)| 6 η for all t > t1,

(II)
∫

∞

t1
(x2(s) + x′2(s) + (x′′(s) + ̺1x

′′(s− r))2) ds <∞ provided that

(2.2) ̺ < min
{2(k + δ)q0 −R1(2ξ3 + δ)− k(1 + 2p1)− δ(p1 − k)

R1ξ3[(2 + 3k)σ + 2] + q1 + k +R1δ
,

2kR0ξ1 + δR1ξ
2
2

R1(ξ3σk + ξ22)
,

2p0 − 3k − δ(p1 − k)

2R1(ξ3σ + 1) + 3k + 8p1 + q1

}

,
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where

(2.3)

k < min
{p0

2
,
q20
4p21

,
q0
4

}

, q0 > max
{R1(2ξ3 + δ) + k(1 + 2p1) + δ(p1 − k)

2(k + δ)
,
4R1ξ3
k

}

.

The second main result is the following theorem, where h ≡ 0 and ψ ≡ 0.

Theorem 2.2. Suppose that assumptions (i)–(iii) hold. Then every solution

of (1.1) is uniformly asymptotically stable provided that

(2.4) ̺ < min
{ 2kq0 − 2R1ξ3 − k(1 + 2p1)

R1ξ3[(2 + 3k)σ + 2] + q1 + k
,

2kR0ξ1
R1(ξ3σk + ξ22)

,
2p0 − 3k

2R1(ξ3σ + 1) + 3k + 8p1 + q1

}

,

where

(2.5) k < min
{p0

2
,
q20
4p21

,
q0
4

}

, q0 > max
{2R1ξ3 + k(1 + 2p1)

2k
,
4R1ξ3
k

}

.

P r o o f of Theorem 2.1. Boundedness: Our main tool is the continuously differ-

entiable function V = V (t;x; y; z) defined by

(2.6) V =W exp

(

−1

Γ

∫

t

t1

∆(s) ds

)

,

in which ∆(t) = |P ′(t)| −R′(t), the function W =W (t;x; y; z) is given by

W =
1

2
Z2 + kϑZ +

k

2
P (t)ϑ2 + (1 + ̺2)kR(t)G(x) + (1 + ̺2)R(t)ϑg(x) +

Q(t)

2
ϑ2

+ kxZ +
1

2
kQ(t)x2 + kP (t)xϑ + µ

∫

t

t−r

z2(s) ds+ λ

∫ 0

−σ

∫

t

t+s

ϑ2(τ) dτ ds

with Γ, µ and λ being positive constants to be determined later in the proof and

G(x) =
∫

x

0
g(u) du. Rewrite W as

W =W1 +W2 +W3 +W4 + µ

∫

t

t−r

z2(s) ds+ λ

∫ 0

−σ

∫

t

t+s

ϑ2(τ) dτ ds,

where

W1 =
1

4
Z2 + kϑZ +

1

2
kP (t)ϑ2,

W2 = (1 + ̺2)kR(t)G(x) + (1 + ̺2)R(t)ϑg(x) +
1

4
Q(t)ϑ2,

W3 =
1

4
kQ(t)x2 + kP (t)xϑ+

1

4
Q(t)ϑ2,

W4 =
1

4
Z2 + kxZ +

1

4
kQ(t)x2.
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In view of conditions (i), (ii) and (2.3) we have

W1 =
1

4
Z2 + kϑZ +

1

2
kP (t)ϑ2

=
1

4
[(Z + 2kϑ)2 + 2k(P (t)− 2k)ϑ2]

>
1

2
k(p0 − 2k)ϑ2 > k1ϑ

2,

where

k1 =
1

2
k(p0 − 2k).

Rearranging W2 we obtain the estimate

W2 = (1 + ̺2)kR(t)G(x) + (1 + ̺2)R(t)ϑg(x) +
1

4
Q(t)ϑ2

= (1 + ̺2)kR(t)G(x) +
Q(t)

4

[

ϑ2 +
4(1 + ̺2)R(t)g(x)ϑ

Q(t)

]

= (1 + ̺2)kR(t)

∫

x

0

g(u) du

+
Q(t)

4

[(

ϑ+
2(1 + ̺2)R(t)

Q(t)
g(x)

)2

− 4(1 + ̺2)
2R

2(t)

Q2(t)
g2(x)

]

> (1 + ̺2)kR(t)

∫

x

0

g(u) du− (1 + ̺2)
2R

2(t)

Q(t)
g2(x)

> (1 + ̺2)kR(t)

[
∫

x

0

g(u) du− 2(1 + ̺2)
R(t)

kQ(t)

∫

x

0

g(u)g′(u) du

]

> (1 + ̺2)kR0

∫

x

0

(

1−
4R1ξ3
kq0

)

g(u) du = (1 + ̺2)kR0

(

1−
4R1ξ3
kq0

)

G(x).

Note that by (ii) we have

ξ21 6
g2(x)

x2
,

which implies

ξ21
2ξ3

x2 6
1

2ξ3
g2(x) =

1

ξ3

∫

x

0

g(u)g′(u) du 6 G(x),

so

W2 > k2x
2,

where

k2 =
ξ21
2ξ3

(1 + ̺2)kR0

(

1−
4R1ξ3
kq0

)

.
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We have also

W3 =
1

4
Q(t)ϑ2 + kP (t)xϑ+

1

4
kQ(t)x2

=
1

4
Q(t)

[(

ϑ+
2kP (t)

Q(t)
x
)2

−
4k2P 2(t)

Q2(t)
x2 + kx2

]

=
1

4
Q(t)

[(

ϑ+
2kP (t)

Q(t)
x
)2

+ k[1−
4kP 2(t)

Q2(t)
]x2

]

>
1

4
q0k

[

1−
4kp21
q20

]

x2 > k3x
2,

where

k3 =
1

4
q0k

[

1−
4kp21
q20

]

.

Rearranging W4 we get

W4 =
1

4
kQ(t)x2 + kxZ +

1

4
Z2 =

1

4
kQ(t)

[

x2 +
4

Q(t)
xZ +

1

kQ(t)
Z2

]

=
1

4
kQ(t)

[(

x+
2

Q(t)
Z
)2

+
1

Q(t)

(1

k
−

4

Q(t)

)

Z2
]

>
1

4
k
[ 1

k
−

4

q0

]

Z2
> k4Z

2,

where

k4 = k
[1

k
−

4

q0

]

.

Since

µ

∫

t

t−r

z2(s) ds+ λ

∫ 0

−σ

∫

t

t+s

ϑ2(τ) dτ ds > 0,

it follows that

(2.7) W > k5(x
2 + ϑ2 + Z2),

where

k5 = min{k1, k2, k3, k4}.

By (iii) we conclude that

(2.8) 1 > exp

(

−1

Γ

∫

t

t1

∆(s) ds

)

> exp
(−γ

Γ

)

.

Using (2.7) and (2.8) we obtain

V > k6(x
2 + ϑ2 + Z2),

where

k6 = exp
(−γ

Γ

)

k5.
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For the time derivative of the function W along the trajectories of system (2.1),

a straightforward calculation yields

(2.9) Ẇ(2.1) =W5 +W6 +W7

such that

W5 = (k − P (t))z2 + h′(x)ϑ[(P (t) − k)Z − (1 + ̺2)R(t)g(x)−Q(t)ϑ]

+ ̺1kzz(t− r) − ̺1Q(t)ϑz(t− r) − ̺1P (t)zz(t− r)

− ̺1(1 + ̺2)R(t)g(x)z(t − r)− kQ(t)ϑ2 + (1 + ̺2)R(t)g
′(x)ϑ2 + kϑZ

− k(1 + ̺2)R(t)g(x)x + kP (t)ϑ2 + µz2 − µz2(t− r) − λ

∫

t

t−σ

ϑ2(s) ds

+ λσϑ2 + [k(x+ ϑ) + Z]ψ(t, x(t), x(t − σ), x′(t), x′(t− σ), x′′(t)),

W6 = ̺2R(t)[z + ̺1z(t− r) + kϑ+ kx]

∫

t

t−σ

g′(x(s))ϑ(s) ds and W7 =
∂W

∂t
.

By conditions (i), (ii) and by applying the estimate 2st 6 s2 + t2,

W6 6 ̺2R1

[

ξ3σ

2
z2 +

ξ3
2

∫

t

t−σ

ϑ2(s) ds+ ̺1
ξ3σ

2
z2(t− σ) + ̺1

ξ3
2

∫

t

t−σ

ϑ2(s) ds

+
ξ3σ

2
kϑ2 +

ξ3k

2

∫

t

t−σ

ϑ2(s) ds+
ξ3σ

2
kx2 +

ξ3k

2

∫

t

t−σ

ϑ2(s) ds

]

6 ̺R1

[

ξ3σ

2
z2 +

ξ3
2

∫

t

t−σ

ϑ2(s) ds+ ̺
ξ3σ

2
z2(t− σ) + ̺

ξ3
2

∫

t

t−σ

ϑ2(s) ds

+
ξ3σ

2
kϑ2 +

ξ3k

2

∫

t

t−σ

ϑ2(s) ds+ (1 + ̺)
ξ3σ

2
kx2 +

ξ3k

2

∫

t

t−σ

ϑ2(s) ds

]

.

From conditions (i), (ii), (H1), (2.2), (2.3) and the estimate u 6 |u| 6 u2 + 1,

W5 6 (k − p0)z
2 +

δ

2
[(p1 − k)(Z2 + ϑ2) + (1 + ̺2)R1(g

2(x) + ϑ2)− 2q0ϑ
2]

+
̺1k

2
z2 +

̺1k

2
z2(t− r) +

̺1
2
q1ϑ

2 +
̺1
2
q1z

2(t− r) +
̺1
2
p1z

2

+
̺1
2
p1z

2(t− r) +
̺1
2
(1 + ̺2)R1ξ

2
2x

2 +
̺1
2
(1 + ̺2)R1z

2(t− r)

− kq0ϑ
2 + (1 + ̺2)R1ξ3ϑ

2 +
k

2
ϑ2 +

k

2
z2 +

̺1k

2
ϑ2 +

̺1k

2
z2(t− r)

− k(1 + ̺2)R0ξ1x
2 + kp1ϑ

2 + µz2 − µz2(t− r) + λσϑ2 − λ

∫

t

t−σ

ϑ2(s) ds

+ [k(x2 + ϑ2 + 2) + Z2 + 1]|ψ(t, x(t), x(t − σ), x′(t), x′(t− σ), x′′(t))|

− 2̺1P (t)|zz(t− r)|+ 2̺1P (t)|zz(t− r)|+ (̺1 − ̺21)P (t)z
2(t− r)
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6 (k − p0)z
2 +

δ

2
[(p1 − k)(Z2 + ϑ2) + (1 + ̺2)R1(g

2(x) + ϑ2)− 2q0ϑ
2]

+
̺1k

2
z2 +

̺1k

2
z2(t− r) +

̺1
2
q1ϑ

2 +
̺1
2
q1z

2(t− r) +
̺1
2
p1z

2

+
̺1
2
p1z

2(t− r) +
̺1
2
(1 + ̺2)R1ξ

2
2x

2 +
̺1
2
(1 + ̺2)R1z

2(t− r)

− kq0ϑ
2 + (1 + ̺2)R1ξ3ϑ

2 +
k

2
ϑ2 +

k

2
z2 +

̺1k

2
ϑ2 +

̺1k

2
z2(t− r)

− k(1 + ̺2)R0ξ1x
2 + kp1ϑ

2 + µz2 − µz2(t− r) + λσϑ2 − λ

∫

t

t−σ

ϑ2(s) ds

+ [k(x2 + ϑ2 + 2) + Z2 + 1]|ψ(t, x(t), x(t − σ), x′(t), x′(t− σ), x′′(t))|

+ ̺1P (t)z
2 + 2̺1P (t)z

2(t− r) − 2̺1P (t)|zz(t− r)| − ̺21P (t)z
2(t− r).

Therefore

W5 +W6 6 −
[

(k + δ)q0 −
̺

2
(R1ξ3σk + q1 + k)− (1 + ̺)R1

(

ξ3 +
δ

2

)

−
k

2
(1 + 2p1)−

δ

2
(p1 − k)− λσ

]

ϑ2

− (1 + ̺2)
[

kR0ξ1 −
δ

2
R1ξ

2
2 −

̺R1

2
(ξ3σk + ξ22)

]

x2

−
[

p0 −
̺

2
(R1ξ3σ + k + 5p1)−

3

2
k − µ

]

z2 +
δ

2
(p1 − k)Z2

+
[̺

2
(R1ξ3σ + q1 + 2R1 + 2k + 3p1)− µ

]

z2(t− r)

+ [̺R1ξ3(1 + k)− λ]

∫

t

t−σ

ϑ2(s) ds+ d(x2 + ϑ2 + Z2)ϕ(t)

+ 3dϕ(t)− 2̺1p0|zz(t− r)| − ̺21p0z
2(t− r).

By taking

λ = ̺R1ξ3(1 + k), µ =
̺

2
(R1ξ3σ + q1 + 2R1 + 2k + 5p1), d = max{k, 1}

and by (2.7),

W5 +W6 6 −
[

(k + δ)q0 −
̺

2
(R1ξ3[(2 + 3k)σ + 2] + q1 + k +R1δ)−R1

(

ξ3 +
δ

2

)

−
k

2
(1 + 2p1)−

δ

2
(p1 − k)

]

ϑ2

− (1 + ̺2)
[

kR0ξ1 −
δ

2
R1ξ

2
2 −

̺R1

2
(ξ3σk + ξ22)

]

x2 +
δ

2
(p1 − k)Z2

−
[

p0 −
̺

2
(2R1(ξ3σ + 1) + 3k + 8p1 + q1)−

3k

2

]

× [z2 + 2̺1|zz(t− r)| + ̺21z
2(t− r)] + d(x2 + ϑ2 + Z2)ϕ(t) + 3dϕ(t)
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6 −
[

(k + δ)q0 −
̺

2
(R1ξ3[(2 + 3k)σ + 2] + q1 + k +R1δ)−R1

(

ξ3 +
δ

2

)

−
k

2
(1 + 2p1)−

δ

2
(p1 − k)

]

ϑ2

− (1 + ̺2)
[

kR0ξ1 −
δ

2
R1ξ

2
2 −

̺R1

2
(ξ3σk + ξ22)

]

x2

−
[

p0 −
̺

2
(2R1(ξ3σ + 1) + 3k + 8p1 + q1)−

3k

2
−
δ

2
(p1 − k)

]

Z2

+ d(x2 + ϑ2 + Z2)ϕ(t) + 3dϕ(t)

provided that

̺ < min
{2(k + δ)q0 −R1(2ξ3 + δ)− k(1 + 2p1)− δ(p1 − k)

R1ξ3[(2 + 3k)σ + 2] + q1 + k +R1δ
,

2kR0ξ1 + δR1ξ
2
2

R1(ξ3σk + ξ22)
,

2p0 − 3k − δ(p1 − k)

2R1(ξ3σ + 1) + 3k + 8p1 + q1

}

.

Hence, there exists a positive constant S such that

(2.10) W5 +W6 6 −S[x2 + ϑ2 + Z2] + d(x2 + ϑ2 + Z2)ϕ(t) + 3dϕ(t)

6 (dϕ1 − S)(x2 + ϑ2 + Z2) + 3dϕ(t),

where S > dϕ1 and

S = min
{

(k + δ)q0 −
̺

2
(R1ξ3[(2 + 3k)σ + 2] + q1 + k +R1δ)−R1

(

ξ3 +
δ

2

)

−
k

2
(1 + 2p1)−

δ

2
(p1 − k), (1 + ̺2)

[

kR0ξ1 −
δ

2
R1ξ

2
2 −

̺R1

2
(ξ3σk + ξ22)

]

,

p0 −
̺

2
(2R1(ξ3σ + 1) + 3k + 8p1 + q1)−

3k

2
−
δ

2
(p1 − k)

}

,

also,

(2.11)

W7 =
1

2
kP ′(t)ϑ2 + (1 + ̺2)R

′(t)g(x)ϑ + k(1 + ̺2)R
′(t)G(x)

+
1

2
Q′(t)ϑ2 +

1

2
kQ′(t)x2 + kP ′(t)xϑ

=
1

2
kP ′(t)ϑ2 + (1 + ̺2)R

′(t)[g(x)ϑ + kG(x)] +
1

2
Q′(t)(ϑ2 + kx2) + kP ′(t)xϑ

6
1

2
k|P ′(t)|ϑ2 + (1 + ̺)|R′(t)|

[1

2
g2(x) +

1

2
ϑ2

]

+
1

2
k|P ′(t)|(x2 + ϑ2)

6
1

2
k∆(t)(x2 + 2ϑ2) +

1

2
(1 + ̺)∆(t)[ξ22x

2 + ϑ2] 6 ω∆(t)(x2 + ϑ2 + Z2),

where

ω =
2k + (1 + ̺)(ξ22 + 1)

2
.
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By (2.7), (2.10), (2.11), expression (2.9) can be rewritten as

Ẇ(2.1) 6 −M(x2 + ϑ2 + Z2) +
ω

k5
∆(t)W + 3dϕ(t),

where M = S − dϕ1.

The derivative of the functional V along the trajectories of system (2.1) is given by

V̇(2.1) =
[

Ẇ(2.1) −
1

Γ
∆(t)W

]

exp

(

−1

Γ

∫

t

t1

∆(s) ds

)

6

[

−M(x2 + ϑ2 + Z2) +
ω

k5
∆(t)W + 3dϕ(t)−

∆(t)

Γ
W

]

exp

(

−1

Γ

∫

t

t1

∆(s) ds

)

.

Let Γ−1 = ω/k5, hence

V̇(2.1) 6 [−M(x2 + ϑ2 + Z2) + 3dϕ(t)] exp

(

−1

Γ

∫

t

t1

∆(s) ds

)

.

By inequality (2.8)

(2.12) V̇(2.1) 6 −N(x2 + ϑ2 + Z2) + 3dϕ(t),

where N =M exp(−γ/Γ). By integrating (2.12) from t1 to t, where t > t1,

(2.13) V (t) 6 V (t1) + 3d

∫

t

t1

ϕ(s) ds 6 D2,

where D2 = V (t1) + 3dD1. By (2.6)

W = V exp

(

1

Γ

∫

t

t1

∆(s) ds

)

and from (2.8) and (2.13)

W 6 D2 exp
(γ

Γ

)

.

Due to the boundedness of W, there exists a positive constant η such that

(2.14) |x(t)| 6 η, |ϑ(t)| 6 η and |Z(t)| 6 η.

We have

|x′(t)| = |y(t)− h(x(t))| = |ϑ(t)| 6 η.

Thanks to the boundedness of x(t) and (H1),

|x′′(t) + ̺1x
′′(t− r)| = |Z(t)− h′(x(t))x′(t)− ̺1h

′(x(t− r))x′(t− r)|

6 |Z(t)|+ |h′(x(t))||x′(t)|+ ̺1|h
′(x(t − r))||x′(t− r)| 6 η1,

where η1 = η(1 + (1 + ̺1)δ). Finally, x, x
′ and x′′(t) + ̺1x

′′(t− r) are bounded.
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Square integrability: We show that the solutions and their derivatives belong

to L2.We define the function

(2.15) E(t) = V (t) + α

∫

t

t1

(x2(s) + ϑ2(s) + Z2(s)) ds ∀ t > t1, α > 0.

According to (2.12)

Ė(t) 6 V̇ (t) + α(x2(t) + ϑ2(t) + Z2(t)) 6 (α−N)(x2(t) + ϑ2(t) + Z2(t)) + 3dϕ(t).

If we take α < N , then

(2.16) Ė(t) 6 3dϕ(t).

Integrating (2.16) from t1 to t we obtain

(2.17) E(t) 6 E(t1) + 3d

∫

t

t1

ϕ(s) ds 6 E(t1) + 3dD1.

We use (2.15) and (2.17) to get

α

∫

t

t1

(x2(s) + ϑ2(s) + Z2(s)) ds 6 V (t) + α

∫

t

t1

(x2(s) + ϑ2(s) + Z2(s)) ds

6 E(t1) + 3dD1,

while from E(t1) = V (t1) it follows that

∫

t

t1

(x2(s) + ϑ2(s) + Z2(s)) ds 6
V (t1) + 3dD1

α
= D2.

Therefore,

(2.18)

∫

t

t1

x2(s) ds 6 D2,

∫

t

t1

ϑ2(s) ds 6 D2 and

∫

t

t1

Z2(s) ds 6 D2

and we have
∫

t

t1

x′2(s) ds =

∫

t

t1

ϑ2(s) ds 6 D2.
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By (2.18) and (H1) we have

∫

t

t1

[x′′(s) + ̺1x
′′(s− r)]2 ds

=

∫

t

t1

[Z(s)− h′(x(s))x′(s)− ̺1h
′(x(s− r))x′(s− r)]2 ds

=

∫

t

t1

[Z2(s) + h′2(x(s))x′2(s) + ̺21h
′2(x(s − r))x′2(s− r)

− 2Zh′(x(s))x′(s)− 2̺1Zh
′(x(s− r))x′(s− r)

+ 2̺1h
′(x(s))h′(x(s − r))x′(s)x′(s− r)] ds

6 (1 + δ(1 + ̺1))

∫

t

t1

Z2(s) ds+ (δ2(1 + ̺1) + δ)

∫

t

t1

x′2(s) ds

+ ̺1δ(1 + δ(1 + ̺1))

∫

t

t1

x′2(s− r) ds

and from (2.14)

∫

t

t1

x′2(s− r) ds =

∫

t−r

t1−r

x′2(u) du 6

∫

t1

t1−r

x′2(u) du+D2 6 η2r +D2.

Finally
∫

t

t1−r

[x′′(s) + ̺1x
′′(s− r)]2 ds 6 (1 + δ(1 + ̺1))D2 + (δ2(1 + ̺1) + δ)D2

+ ̺1δ(1 + δ(1 + ̺1))(η
2r +D2).

The proof of Theorem 2.1 is completed. �

P r o o f of Theorem 2.2. In this case, equation (1.1) becomes

(2.19) [x′(t)+̺1x
′(t−r)]′′+P (t)x′′(t)+Q(t)x′(t)+R(t)[g(x(t))+̺2g(x(t−σ))] = 0.

Equation (2.19) is equivalent to the system

x′(t) = y(t), y′(t) = z(t),(2.20)

Z ′(t) = −P (t)z −Q(t)y − (1 + ̺2)R(t)g(x) + ̺2R(t)

∫

t

t−σ

y(s)g′(x(s)) ds,

where

Z(t) = y′(t) + ̺1y
′(t− r) = z(t) + ̺1z(t− r).

The proof depends on some fundamental properties of a continuously differentiable

functional V = V (t, x(t), y(t), z(t)) defined by

V =W exp

(

−1

Γ

∫

t

t1

∆(s) ds

)

,
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in which ∆(t) = |P ′(t)| −R′(t), the function W =W (t;x; y; z) is defined by

W =
1

2
Z2 + kyZ +

1

2
kP (t)y2 + (1 + ̺2)kR(t)G(x) + (1 + ̺2)R(t)yg(x) +

Q(t)

2
y2

+ kxZ +
1

2
kQ(t)x2 + kP (t)xy + µ

∫

t

t−r

z2(s) ds+ λ

∫ 0

−σ

∫

t

t+s

y2(τ) dτ ds

with Γ, µ and λ being positive constants to be determined later in the proof. Rewrit-

ing W as

W =W1 +W2 +W3 +W4 + µ

∫

t

t−r

z2(s) ds+ λ

∫ 0

−σ

∫

t

t+s

y2(τ) dτ ds,

where

W1 =
1

4
Z2 + kyZ +

1

2
kP (t)y2,

W2 = (1 + ̺2)kR(t)G(x) + (1 + ̺2)R(t)yg(x) +
1

4
Q(t)y2,

W3 =
1

4
kQ(t)x2 + kP (t)xy +

1

4
Q(t)y2,

W4 =
1

4
Z2 + kxZ +

1

4
kQ(t)x2,

with a similar steps to the previous proof we obtain the next results.

Firstly let us show that W is positive definite.

W1 > k1y
2, W2 > k2x

2, W3 > k3x
2, W4 > k4Z

2,

where

k1 =
1

2
k(p0 − 2k), k2 =

ξ21
2ξ3

(1 + ̺2)kR0

(

1−
2R1ξ3
kq0

)

,

k3 =
1

4
q0k

[

1−
4kp21
q20

]

, k4 = k
[ 1

k
−

4

q0

]

.

Since

µ

∫

t

t−r

z2(s) ds+ λ

∫ 0

−σ

∫

t

t+s

y2(τ) dτ ds > 0,

it follows that

(2.21) W > k5(x
2 + y2 + Z2), where k5 = min{k1, k2, k3, k4}.

By (iii) we conclude that

(2.22) exp

(

−1

Γ

∫

t

t1

∆(s) ds

)

> exp
(−γ

Γ

)

.
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We use (2.21) and (2.22) to obtain

V > k6(x
2 + y2 + Z2), where k6 = exp

(−γ

Γ

)

k5.

Also, it is easy to see that there is a positive constant δ1 such that

(2.23) V 6 δ1(x
2 + y2 + Z2) + µ

∫

t

t−r

z2(s) ds+ λ

∫ 0

−σ

∫

t

t+s

y2(τ) dτ ds

for all x, y and Z, and all t > t1.

For the time derivative of the function W along the trajectories of system (2.20),

a straightforward calculation yields

Ẇ(2.20) =W5 +W6 +W7

such that

W5 = (k − P (t))z2 + ̺1kzz(t− r)− ̺1Q(t)yz(t− r) − ̺1P (t)zz(t− r)

− ̺1(1 + ̺2)R(t)g(x)z(t − r)− kQ(t)y2 + (1 + ̺2)R(t)g
′(x)y2 + kyZ

− k(1 + ̺2)R(t)g(x)x + kP (t)y2 + µz2 − µz2(t− r)

+ λσy2 − λ

∫

t

t−σ

y2(s) ds,

W6 = ̺2R(t)[z + ̺z(t− r) + ky + kx]

∫

t

t−σ

y(s)g′(x(s)) ds and W7 =
∂W

∂t
.

By conditions (i), (ii) , (iii), (2.4), (2.5) and by applying the estimate 2uv 6 u2 + v2

we obtain

W5 +W6 6 −
[

kq0 −
̺

2
(R1ξ3σk + q1 + k)− (1 + ̺)R1ξ3 −

k

2
(1 + 2p1)− λσ

]

y2

− (1 + ̺2)
[

kR0ξ1 −
̺R1

2
(ξ3σk + ξ22)

]

x2

−
[

p0 −
̺

2
(R1ξ3σ + k + 3p1)−

3

2
k − µ

]

z2

+
[̺

2
(R1ξ3σ + q1 + 2R1 + 2k + 5p1)− µ

]

z2(t− r)

+ [̺R1ξ3(1 + k)− λ]

∫

t

t−σ

y2(s) ds

− 2̺1p0zz(t− r)− ̺21p0z
2(t− r).

Let

λ = ̺R1ξ3(1 + k), µ =
̺

2
(R1ξ3σ + q1 + 2R1 + 2k + 5p1),
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̺ < min
{ 2kq0 − 2R1ξ3 − k(1 + 2p1)

R1ξ3[(2 + 3k)σ + 2] + q1 + k
,

2kR0ξ1
R1(ξ3σk + ξ22)

,

2p0 − 3k

2R1(ξ3σ + 1) + 3k + 8p1 + q1

}

.

The last inequality becomes

W5 +W6 6 −S(x2 + y2 + Z2),

where

S = min
{

kq0 −
̺

2
(R1ξ3[(2 + 3k)σ + 2] + q1 + k)−R1ξ3 −

k

2
(1 + 2p1), p0, (1 + ̺2)

×
[

kR0ξ1 −
̺R1

2
(ξ3σk + ξ22)

]

, p0 −
̺

2
(2R1(ξ3σ + 1) + 3k + 8p1 + q1)−

3k

2

}

,

W7 =
1

2
kP ′(t)y2 + (1 + ̺2)R

′(t)g(x)y + (1 + ̺2)kR
′(t)G(x)

+
1

2
Q′(t)y2 +

1

2
kQ′(t)x2 + kP ′(t)xy

6 ω∆(t)(x2 + y2 + Z2)

and ω = (2k + (1 + ̺)(ξ22 + 1))/2.

The above estimates lead to

Ẇ(2.20) 6 −S(x2 + y2 + Z2) + ω∆(t)(x2 + y2 + Z2).

Finally, by (2.21) the derivative of the functional V along the trajectories of sys-

tem (2.20) is given by

V̇(2.20) =
[

Ẇ(2.20) −
1

Γ
∆(t)W

]

exp

(

−1

Γ

∫

t

t1

∆(s) ds

)

6

[

− S(x2 + y2 + Z2) +
ω

k5
∆(t)W −

1

Γ
∆(t)W

]

exp

(

−1

Γ

∫

t

t1

∆(s) ds

)

.

Let Γ−1 = ω/k5, so

(2.24) V̇(2.20) 6 −S(x2 + y2 + Z2) exp

(

−1

Γ

∫

t

t1

∆(s) ds

)

.

From (2.8) and (2.24) we have

(2.25) V̇(2.20) 6 −δ2(x
2 + y2 + Z2),

where δ2 = S exp(−γ/Γ).

We have established that the zero solution of (2.20) is uniformly asymptotically

stable. This fact completes the proof of Theorem 2.2. �
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3. Example

We consider the following third order non autonomous delay neutral diffential

equation:
[

x′(t) + 0.02x′(t− 0.5) +
1

5
sin(x(t)) +

0.02

5
sin(x(t− 0.5))

]

′′

+
(

5 +
2

π

arctan(t)
)

x′′(t) +
(

17 +
1

2 + t2

)

x′(t) +
(

4 +
1

π

arctan(−t)
)

×
[(3

5
x(t) +

x(t)

1 + x2(t)

)

+ 0.03
(3

5
x(t− 0, 2) +

x(t− 0, 2)

1 + x2(t− 0, 2)

)]

=
cos(t) sin(x′(t− 0.2))

1 + t2 + x2(t) + x2(t− 0.2)
.

For all t > t1 = t0 + 0.5 it is easy to see that:

4 = p0 6 P (t) = 5 +
2

π

arctan(t) 6 6 = p1,(i)

7

2
= R0 6 R(t) = 4 +

1

π

arctan(−t) 6
9

2
= R1,

17 = q0 6 Q(t) = 17 +
1

2 + t2
6

35

2
= q1,

Q′(t) =
−2t

(2 + t2)2
6 0, R′(t) =

−1

π(1 + t2)
6 0;

3

5
= ξ1 6

g(x)

x
=

3

5
+

1

1 + x2
6

8

5
= ξ2,(ii)

|g′(x)| =
∣

∣

∣

3

5
+

1− x2

(1 + x2)2

∣

∣

∣
6

8

5
= ξ3, g(0) = 0;

∫

t

t1

(|P ′(s)| −R′(s)) ds =

∫

t

t1

( 2

π(1 + s2)
+

1

π(1 + s2)

)

ds =

∫

t

t1

( 3

π(1 + s2)

)

ds(iii)

6

∫

∞

0

( 3

π(1 + s2)

)

ds 6
3

2
<∞;

|h′(x)| =
1

5
|cos(x(t))| 6

1

5
= δ ∀x ∈ R(H1)

and

1

5
= δ < min

{2kR0ξ1
R1ξ22

;
2p0 − 3k

p1 − k

}

= min{0.57; 0.78};

|ψ(t, x(t), x(t − 0.2), x′(t), x′(t− 0.2), x′′(t))|(H2)

=
∣

∣

∣

cos(t) sin(x′(t− 0.2))

1 + t2 + x2(t) + x2(t− 0.2)

∣

∣

∣
6

|cos(t)|

1 + t2
= ϕ(t) 6 ϕ1 = 1

and
∫

t

t1

ϕ(s) ds =

∫

t

t1

|cos(s)|

1 + s2
ds 6

∫

∞

t1

1

1 + s2
ds 6

∫

∞

0

1

1 + s2
ds =

π

2
= D1.
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For d = 1.5 we obtain

̺ = 0.03 < min
{2(k + δ)q0 −R1(2ξ3 + δ)− k(1 + 2p1)− δ(p1 − k)

R1ξ3[(2 + 3k)σ + 2] + q1 + k + R1δ
,

2kR0ξ1 − δR1ξ
2
2

R1(ξ3σk + ξ22)
;

2p0 − 3k − δ(p1 − k)

2R1(ξ3σ + 1) + 3k + 8p1 + q1

}

= min{0.5; 0.29; 0.0317},

where

k = 1.5 < min
{p0

2
;
q20
4p21

;
q0
4

}

= min{2; 2601; 4.25},

q0 = 17 > max
{R1(2ξ3 + δ) + k(1 + 2p1) + δ(p1 − k)

2(k + δ)
;
2R1ξ3
k

}

= max{15.41; 16}

and

S = 1.8873

= min
{

(k + δ)q0 −
̺

2
(R1ξ3[(2 + 3k)σ + 2] + q1 + k +R1δ)−R1

(

ξ3 +
δ

2

)

−
k

2
(1 + 2p1)−

δ

2
(p1 − k), (1 + ̺2)

[

kR0ξ1 −
δ

2
R1ξ

2
2 −

̺R1

2
(ξ3σk + ξ22)

]

,

p0 −
̺

2
(2R1(ξ3σ + 1) + 3k + 6p1 + q1)−

3k

2
−
δ

2
(p1 − k)

}

= min{32.810, 1.8873, 59.122}> 1.5 = dϕ1.

The given constants in the example guarantee the existence of the parameters ̺,

k, q0 and S which satisfy all the conditions of Theorem 2.1 and Theorem 2.2. Then

all the solutions are bounded and square integrable and if h ≡ 0 and ψ ≡ 0, they are

uniformly asymptotically stable.

A c k n ow l e d gm e n t s. The authors would like to express sincere thanks to the

referees for their carefully reading of the manuscript and their invaluable corrections,

comments and suggestions.
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