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Abstract. In the study of the solutions for a given class of neutral third order differential
equations with delay, a suitable conditions are given based on the Lyapunov second method
by considering convenable Lyapunov functional to guarantee the uniform asymptotic sta-
bility, the boundedness and the square integrability.
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1. INTRODUCTION

As it is well known, the third-order differential equations are derived from many
different areas of applied mathematics and physics, for instance, the deflection of
buckling beam with a fixed or variable cross-section, the three-layer beam, the elec-
tromagnetic waves, the gravity-driven flows and many other applications, see [1],
[5], [13] for more details. The investigation of the qualitative behavior of solutions
such as the stability, the boundedness, the asymptotic behavior and the square in-
tegrability are very important aspects in the theory and applications of differential
equations.

In the present paper, the boundedness, the square integrability and the uniform
asymptotic stability are studied for the non autonomous neutral differential equation
of the third order with delay of the form
(1.1)

[#'(t) + 012" (t — r) + h(z) + o1 h(z(t — 7)) + P(t)2" (t) + Q(t)2’ (¢)

+ R(t)[g(x(t) + 029(x(t — 0))] = ¢(t,2(t), 2(t — 0),2'(t), 2 (t — 0), 2" (£))
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forallt > t; = top+max{r, o}, where max{p1,02} = 0 < 1,7, 0, 01 and g are positive
constants, and P,Q, R € C1(R*,(0,00)), RT = [0,00), g € C}(R,R), h € C*(R,R),
1 € C(RT x R?,R) and g(0) = 0.

Many authors have investigated the stability and the boundedness of solutions for
certain differential equations of the third order with delay [2]-[4], [7]-]9], [11], [12].
The achievement of the results in this paper for equation (1.1) is motivated by the
results concerning the main equations investigated in the articles [2], [6], which can
be considered as a special case of equation (1.1).

In particular, for the case of h = 0, ¢ = 0 and 1 = g2 = o, equation (1.1) is
given by

[2/(t) + o' (t — )" + P(t)2" (t) + Q(1)2'(t) + R(t)[g(x(t)) + eg(x(t — 1))} =0,
which is equivalent to the equation considered in [6]
[z(t) 4+ Ba(t — )" + a(t)z” (t) + b(t)z'(t) + c(t) f(x(t — 7)) =0,
and for the case of o1 = po = 0 and ¢ = 0, equation (1.1) is given by
[+ h(x)]" + P(t)" (t) + Q(t)2' (t) + R(t)g(x(t)) =0,

which is exactly the equation investigated in [2].
Before that, in the article [10], the author has studied the nonlinear differential
equation of third order

2 (t) + )" (t) + b()a' (t) + c(t) f(z(t — 7)) =0,

which can be obtained from equation (1.1) in the case of 91 = 9o = 0, h = 0 and
P =0.

In 1892, a fundamental method has been proposed by Lyapunov for studying the
problem of stability of motion for a differential equation; this method called the Lya-
punov second method works by constructing scalar functions known as Lyapunov
functions. The second method of Lyapunov is widely used in literature in inves-
tigation of qualitative behaviors in large classes of several categories of differential
equations, which makes it very useful in theory and application.

By solution of (1.1) we mean a continuous function z: [t,,00) — R for ¢, > 1
which satisfies equation (1.1) in [¢,, c0) and such that

z(t) + o12(t — r) € C¥([ts, 0), R).
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2. ASSUMPTIONS AND MAIN RESULTS

The following hypotheses on the functions appearing in equation (1.1) will be
useful in next subsequent sections. Assume that there are positive constants pg, p1,
Ry, R1, qo, q1, &1, &2, €3 and -y such that the following conditions are satisfied:

(i) 0<po<P(t) <p1,0<q <Q) <q1,0< Ry < R(t) < Ry,
Q'(t) <0, R(t) <0 Vt=>ty;

(ii) ( )=0,& < g(x)/z <& (x#0) and |¢'(z)| < & for all z € R;
(ii) ft (|P'(s)| — R'(s))ds < 7.

Equation (1.1) is equivalent to the system

a'(t) = y(t) — h(x(t)),
y'(t) = 2(1),
(2.1) Z'(t) = — P(t)z(t) + PN (2)0(t) — Q(E)I(t) — (1 + 02) R(t)g(x)

+02R(t) [ (y(s) = h(x(s)))g (x(s) ds

t—o

+ 1/)(15755(75)755(75 - U)a {E’(t),:[:l(t - O’),:L’”(t)),

where

y(t) — h(z(t)) =9(t), y(t) =2'(t) + h(z(t)),
Z(t)=y'(t) + oy (t —7) = 2(t) + e12(t — 7).

The first main result of this work is the following theorem, where h # 0 and 3 # 0.

Theorem 2.1. In addition to assumptions (i)—(iii), assume that there are positive
constants §, @1 and D such that the following conditions are satisfied:
(H1) |h/(u)] <6 for all u € R and § < min{2kRo&1/(R1£3), (2po — 3k)/( - k)}
(H2) |9(t,x(t), z(t —r), 2’ (t),2'(t — r), 2" (t))] < (t) < ¢1 andft s)ds <
Then there exists a finite positive constant n such that all the so]utlons z(-) of (1.1)
and their derivatives x'(-) and =" (-) fulfill:

(@) fa(t )I 77, |2 (1)] < n and [z (t) + ora”(t — )| <7 for all t > ty,

(II) ft )+ 22(s) + (2" (s) + 012" (s — r))?) ds < oo provided that

[ 2(k+0)g0 — R1(283 +6) — k(1 +2p1) — 6(p1 — k)
2.2 < ,
(2:2) ¢ mm{ Ri&s[(2+3k)o +2] +q1 + k + Rio

2kRo&1 + 6 R1&3 2pg — 3k — 0(p1 — k) }
Ri(&30k +&3) "2R1(§30 + 1) + 3k +8p1 + ¢
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where

(2.3)
2
k< min{%, f—;%, %0}, qo > max{

R1(283 +6) + k(1 + 2p1) + 6(p1 — k) 43153}
2(k+0) kT

The second main result is the following theorem, where h = 0 and ¢ = 0.

Theorem 2.2. Suppose that assumptions (i)—(iii) hold. Then every solution
of (1.1) is uniformly asymptotically stable provided that

2kqo — 2R1&3 — k(1 + 2py)
Ri&[(2+3k)o+ 2|+ q1 + K’
ZkRofl 2p0 -3k
TGt + &) G T )T T e )

(2.4) 0< min{

where

2
(2.5) k<min{%,4q—;2,%o}, qo>max{
1

2R1&3 4+ k(1 +2p1) 4R&3 }
2k ok '

Proof of Theorem 2.1. Boundedness: Our main tool is the continuously differ-
entiable function V' = V (¢; z;y; z) defined by

-1 rt
(2.6) V= Wexp(T / A(s) ds>7
ty
in which A(t) = |P'(t)] — R'(t), the function W = W (t; z;y; 2) is given by

Q)
2

0yt
2%(s)ds + )\/ / 92(7)dr ds
—o Jit+s

with I', 1 and A\ being positive constants to be determined later in the proof and
G(z) = [y g(u) du. Rewrite W as

W= %ZQ + k97 + gp(th’ + (1 + 02)kR(t)G(x) + (1 + 02)R(t)Vg(x) + 92

1 t
+kaZ + 5kQ(t)x2 + kP(t)zd + u/

t—r

t 0 t
W:W1+W2+W3+W4+u/ 22(8)d8+)\/ 92(1)drds,
t—r

—o Jit+s

where

W, = 322 + k97 + %kP(t)q?Q,
Wo = (1+ ) kR(NG() + (1 + 02)R(1)g(x) + 1Q()9,

Wy = ikQ(t)a:Q + kP(t)z0 + iQ(t)ﬂQ,

1 1
Wy = 122 +kaZ + ZkQ(t)a:Q.
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In view of conditions (i), (ii) and (2.3) we have

1
Wy =-2Z2+k9Z + 5kP(t)q92

— s | =

[(Z + 2k0)* + 2k(P(t) — 2k)9?]

DO | |

> —k(po — 2k)9? > k192,

where )
k‘l = ak(po - 2]4))

Rearranging Wy we obtain the estimate

Wo = (1 + 02 kRG() + (1+ ) R()g(x) + 7Q(1)7?
L+ ) RO(e)9]

= (14 02)kR(t)G(x) + Qit) [192 + 4(

Q)
= (14 )R [ gtu)du
Q) 2(1 + 02)R(2) 2 S R2(t)
0+ =g e) — A0 o) o @)
T 2
> (14 bRl [ glu)du= 1+ 0P )
! R(t) [* /
> (1 ebrt)| [ g du =201+ )0 [ gtug'(w)
z 4R1€ 4R1€
>(1+92)kR0/0 (1- kqo3)g(u)du=(1+gg)kRo(1— kq03)G(:c).
Note that by (ii) we have
ff < 92(55)7
which implies
ﬁxQ LQx—iggu'uu x
st < gedt@) = ¢ [ sl du < Gla)
Wo > ko,

where
2

4R &3
ky = 21-(1 kRo(1— .
2 2§3( + 02) Ro( o )
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We have also

W3 = lQ(t)ﬁQ + EP(t)20 + ik‘Q(t)xQ

4
— i@(t) {(19 + 21221(1(;) :c)2 - 412;i§t) 24 kx2]
= 500[(0+ T -k~ T
> i%k{l - %gp%}a? > k3a?,

where

kg = iqok:[l — 4’;%’%]

Rearranging W, we get

Wa = QU +keZ + 12° = QW[+ + e + g 2]

- ool(e+ 252 s i (k- )7

1 11 4
> k|- ——|Z% >k 2?
4 |:k? q01| 4 )
where 1 A
b=kl = o
Since
t 0t
u/ 22(5)d8+)\/ / 92(7)drds > 0,
t—r —o Jt+s
it follows that
(2.7) W > ks(2? + 9% + Z?),

where
k5 = min{kl, kQ, kg, k‘4}

By (iii) we conclude that

—1 ¢/t —y
> — > !
(2.8) 1> exp< A A(s) ds) > exp( T )

Using (2.7) and (2.8) we obtain
V> kg(l‘Q + 9% + ZQ),
where

ke = exp(%’y)kg;.
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For the time derivative of the function W along the trajectories of system (2.1)
a straightforward calculation yields

(2.9) Wia.1y = Ws + We + W-

such that

Ws = (k= P($)22 + K (@)0[(P(t) - K)Z — (1 + 02) R(t)g(x) — Q(t)Y)
+ o1kzz(t—71) — 1Q()Vz(t — 1) — 1 P(t)zz(t — 1)
—01(1+ 02)R(t)g(x)2(t — ) — kQ(t)0* + (1 + 02) R(t)g' (2)9* + kO Z
— k(1 + 02)R(t)g(x)x + EP(t)0? + pz? — pu2(t —r) — A 9?(s)ds

+

+ Aot + [k}({E + 19) + Z]i/)(t,x(t),x(t - U)a {E/(t),:[:/(t - U),:L‘H(t)),

¢
We = 02R(t)[z + 012(t — 1) + k9 + k] / g (x(s))I(s)ds and Wy = 8811/
t—o

By conditions (i), (ii) and by applying the estimate 2st < s + 2,

¢
Ws < 02R1 [g‘; %3 ﬁz(s)ds—i—m% 2t — )+91€23 9?(s)ds
t o t—o
’53%92 &k [0 92y ds + ’53—% 2, bk ﬂz(s)ds}
2 t o 2 t—o
¢
< oRy &0 22 5—3 9?(s)ds + 953—022(75 —o)+ g§—3 9?(s)ds
2 2 o 2 2 Ji_s
¢
’53%92 gzk 9% (s)ds + (1 + g)&'—k + % 92(s) ds}
t—o t—o

From conditions (i), (ii), (H1), (2.2), (2.3) and the estimate u < |u| < u? + 1,

Wi < (k= po)2? + 511~ K2 +0%) + (14 02)Ra(*(2) + 0%) — 2000”)

k k
+ 8227+ %z%—r) + 2t + Lzt - )+ S

+ %plzz(t —r)+ (1 + 92)R1£2x + (1 + gg)Rlz (t—r)

k:
— kqo?* + (1 + 92)R1§3ﬁ2 + 5192 + =

Qlkﬁ2 QlkZQ(t —r)
2
t
— k(1 + 02)Roé12? + kp19? + pz? — p22(t —r) + Ao?? — )\/ ¥2(s)ds
t—o

+ k(2 + 0% +2) + 22 + 1 (t a(t), ot - 0),2'(t), ' (t = 0), 2" (t))]
= 201P()]z2(t = )| + 201 P(#) | 22(t = 1) + (01 — 1) P(t)2*(t — 1)
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< (k—po)z® + g[(pl — k) (Z2 +9%) + (1 + 02) R1 (% () + 9?) — 2go0?]

ko, ok
+ % + %zz(t —7)+ —q1192 76112 t—-r)+ %Ple
01

+?p122(t—7“)+ > L(1 4+ o) Ri&3a” + & 5 (14 09) Ry 22(t — 1)

— kqo¥* + (1 + 02) R1&39% + 2192 + §z2 + %kﬁ@ + %sz(t —r)
t
—k(1+ Qg)Rofla:Q + kp19? 4 p2? — p2(t — r)+ Ao — A 192(5) ds

t—o

+ [k(2® + 0% 4+ 2) + Z2 + 1| (t, x(t), 2(t — o), 2/ (t), 2" (t — o), 2" (1))
+ 01 P(t)2% + 201 P(t)22(t — 1) — 201 P(t)|22(t — 1)| — 02 P(t)2*(t — r).

Therefore
5
Ws 4+ Ws < [(k+5) q — —(lezok+Q1 +k)—(1+0) <§3+ 5)
k 5 )
~5(1+2) = 51— k) = Ao
R
(1t 0o) [kRoEs — SEnEE 91@w+@ﬂ
0 J 2
- [po - —(R1€30+ k+5p1) — —k? - H}Z + 5(p1 - k)Z
[g(mgm +qu+ 2Ry + 2k + 3p1) — } 22(t— 1)
t
+ [oR1&(1 + k) — N V2 (s) ds + d(z* + 92 + Z2)p(t)
t—o
+ 3dp(t) — 201polzz(t — )| — oipo2®(t — 7).
By taking
A= oRi&3(1+ k), p= g(R1f3J +q1+ 2R +2k+5p1), d=max{k, 1}
and by (2.7),
0 1)
Ws + We < [(k-+5 G0 — Z(Ra&[(2+ 3k)0 + 2] + 1 + b+ Fu) - 31(53 + 5)

2(1‘1‘2}71)— g(}h )}192

L o) [kBos — € — 2 &5k + )] + 2 (o — B)2°

=
3k
[ Po—5 2R1(f30+1)+3k+8p1+fh)_7}

x [2% + 20122 (t = 1) + 012%(t — )] + d(a® + 9 + Z%)p(t) + 3dip(t)
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< — |(B+d)q — g(R1€3[(2+3k)0+2] +q1+k+ Ri0) — Rl(§3 + é)

2

—

k 5 )
— 5 +2p) = 5 — k)| 9
5 R
~ (1+ 02) [bRogs — SRag — S (Gook +€5)]o”
3k 6
= {po - 5(231(630+ D43k +8p1+a1) — o — 51— k)}ZQ

+ d(z® + 9% + Z%)o(t) + 3de(t)
provided that

2(/(3 + 5)q0 — R1(2€3 + 5) — k?(l + 2p1) — 5(])1 — k?)
Ri&[(2+3k)o+ 2]+ q1 + k+ Rio ’

2kRo&1 + SR1£2 2po — 3k — d(p1 — k) }

Rl(fgo'k-i-f%) ’ 2R1(£30+ 1) +3/<:+8p1 +q1 '

0 < min{

Hence, there exists a positive constant S such that

(2.10) Wi + W < —S[2® + 9 + Z2] + d(2® + 9> + Z?)p(t) + 3dp(t)
(dpy — S) (2% + 92 + Z2) + 3dyp(t),

where S > dy; and
. 0 é
S:mln{(k+5)qo — S(Ri&l(2+3K)0 + 2] + g1 + k + Rd) —31(53 + 5)
k 1) 1) R
— 5(1+2p1) — 5(p1 — k), (1 + 02) | kRo&1 — 53153 - %(fzak +€§)},

2 2
3k 6
po—§(2R1(€30+1)+3k+8p1+6h)——— pl—k)}

7 3
also,
(2.11)
1

Wr = SkP'/(1)0° + (1 + 02)R'()g(2)0 + k(1 + 02) R'(1)G(x)
+ %@’(W + %k‘@'(tw + kP (t)zd

= lkp'(tw? + (14 02) R (t)[g(x)V + kG (x)] + %Q’(t)(ﬁQ + ka®) + kP’ (t)2d

2
1, ! 1 1.,
< gkIP (D)0 + (1 + 0)|R (1)) [592(96) + 5192 +SkIP (O](2* +9?)
< %k;A(t)(mQ + 209%) + %(1 + 0)A()[Ex? + 97 < wA(t) (2 + 9% + Z?),
where

Y 2k + (1+0)(& +1)
2
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By (2.7), (2.10), (2.11), expression (2.9) can be rewritten as
Wity < —M(2® + 9% + 22) + %A(t)w + 3dp(t),
5

where M =S — dy;.
The derivative of the functional V along the trajectories of system (2.1) is given by

. . 1 -1 [t
Vi) = [W(Q.l)—fA(t)W} exp(—F / A(s)ds)
t1

< [— M(z* +9* + 7% + %A(t}W + 3do(t) — &W} exp(%l ) A(s) ds).

Let I'~! = w/ks, hence

Vigt) < [~ M(a? + 0% + 2%) + 3de(t)] exp<%1 /tt Als) ds>.
By inequality (2.8)
(2.12) Vizay < =N(@® + 9% + Z%) + 3d(1),

where N = M exp(—~v/T"). By integrating (2.12) from ¢; to ¢, where t > 1,

¢
(2.13) V() <V(t1)+3d | ¢(s)ds < Do,
t1
where Dy = V(1) + 3dD;. By (2.6)
1t
W = Vexp(— A(s) ds)
/e,
and from (2.8) and (2.13)
~y
< L
W < Do exp(F).

Due to the boundedness of W, there exists a positive constant 7 such that
(2.14) [z()] <m, [9()] < nand [Z(T)] < 7.

We have
2" (O)] = ly(t) = hx(®)] = [9(B)] < n.
Thanks to the boundedness of z(¢) and (HI),

2" (t) + 12" (t = )| = |Z(t) = B (x(t))2’ () — erh/ (@ (t — )2’ (£ — 1)
<1Z@)]+ I (@@®)l|2" ()] + ea | (x(t — )l (t = )] <,

where m = n(1 + (1 4 01)d). Finally, z, 2’ and 2" (¢) + 012" (t — r) are bounded.
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Square integrability: We show that the solutions and their derivatives belong
to L?.We define the function

(2.15) E(t) =V(¢) +a/t(x2(s) +9%(s) + Z%(s))ds Vit >=t1, a>0.

t1

According to (2.12)
E(t) < V() + a(z®(t) + 0%(t) + Z%(t)) < (a — N)(@2(t) + 923(t) + Z2(t)) + 3de(t).
If we take @ < N, then

(2.16) E(t) < 3dyp(t).

Integrating (2.16) from ¢; to t we obtain

(2.17) E(t) < E(t;) + 3d / t o(s)ds < E(ty) + 3dDx.

t1

We use (2.15) and (2.17) to get

t1 t1

a/ (22(s) + 92(s) + Z%(s)) ds < V(£) + a/ (22(s) + 92(s) + Z%(s)) ds
< E(t1) + 3dDq,

while from E(t1) = V(t1) it follows that

t
D
[ @)+ 0206 + 225 s « LD,
ty
Therefore,
t t t
(2.18) / a:2(s) ds < Do, / 192(5) ds < Dy and / Z2(s) ds < Dy
t1 t1 t1

and we have

t t
/ z'*(s)ds :/ ¥9?(s)ds < Ds.
t1

t1
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By (2.18) and (H1) we have

/ [z (s) + 012" (s — r)]* ds

31

= /t [Z(s) — I (x(s))2(s) — o1h (x(s — 1))z’ (s — r)]* ds

= /t [Z°(s) + h"™(x(s))a" (s) + 0ih"* (x(s — )2 (s — 1)
— 270 (x(s8))x' (s) — 201 Zh (x(s — 7))z’ (s — 1)
+ 2010 (z(8))h (x(s — 7))2’(s)2' (s — 7)) ds

< (1+5(1+Q1))/t22(s)d8+(52(1+Q1)+5)/tx'2(s)ds

ty
t
+Q15(1+(5(1+Q1))/ 2(s —r)ds
t1

and from (2.14)

t t—r t
/x'Q(s—r)ds:/ x’2(u)du</ 2" (u) du + Dy < r + Da.
t1 t t1—7r

Finally

t
/ [z (5) + 012" (s — 7)]*ds < (14 6(1 + 01))Da + (6%(1 + 1) + 8) D2
t1—r
+010(1+6(1 4 01))(*r + D2).
The proof of Theorem 2.1 is completed. ([
Proof of Theorem 2.2. In this case, equation (1.1) becomes

(2.19) [2'(t)+ 12’ (t=7)]" + P(t)a" () +Q(1)2' () + R()[g(z(t)) + 029(x(t—0))] = 0.

Equation (2.19) is equivalent to the system

(220) xl(t) = y(t)a y/(t) = Z(t),
Z'(t) = —P(t)z = Q(t)y — (1 + 02) R(t)g(x) + 02 R(t) /t_ y(s)g'(x(s)) ds,
where

Zt) =y )+ o1yt —7) = z2(t) + o12(t — 7).
The proof depends on some fundamental properties of a continuously differentiable
functional V' = V (¢, x(t), y(t), 2(¢)) defined by

_ t
V= Wexp(%/ A(s)ds),
ty
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in which A(t) = |P'(t)] — R'(t), the function W = W (t; z;y; 2) is defined by

W= %ZQ +kyZ + %kP(t)yQ + (14 02)kR()G(x) + (1 + 02) R(t)yg(w) + @Zf

1 ¢
+ kxZ + ng(t)xQ + EP(t)xy + u/ s)ds + /\/ / T)drds
t—r -0 +9

with T, 4 and A being positive constants to be determined later in the proof. Rewrit-
ing W as

t
W:W1+W2+W3+W4+u/ dS—l—)\/ / deS
t—r —0 +9
where
1,9 1 2
1
Wa = (1+ 02)kR(H)G () + (1 + 02) R(t)yg (@) + 7 Q(t)y*
1 1
W3 = ZkQ(t)QTQ +kP(t)ry + ZQ(t)Zf
Wy = 322 + kxZ + ik@(t)xQ

with a similar steps to the previous proof we obtain the next results.
Firstly let us show that W is positive definite.

Wi = kiy?, Wa > kea®, Wi >ksa?, Wi k22,

where
1 & 2R &3
k1 = 5/‘5(}70 —2k), ko= 2—53(1 + 92)/‘630(1 " ko ),
B 4l<:p1 B 4
ks = ook =T k=g - o]
Since .
u/ s)ds + /\/ / 7)drds > 0,
t—r —0o +9
it follows that
(2.21) W > ks(x® +y* + Z%), where ks = min{ky, ko, k3, k4 }.
By (iii) we conclude that
(2.22) exp -1 /t A(s)ds | > exp(j)
. T, > )
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We use (2.21) and (2.22) to obtain

V > ke(2® +y* + Z?), where k¢ = eXp( )k5

Also, it is easy to see that there is a positive constant d; such that

t
(2.23) V<51(x2+y2+Z2)+,u/ ds—l—)\/ / 7)d7ds
t—r —0o +~;

for all x,y and Z, and all t > t;
For the time derivative of the function W along the trajectories of system (2.20),
a straightforward calculation yields

W(z.zo) = W5+ Ws + Wy
such that

W5 = (k — P(t))2° + o1kzz(t — ) — 01Q(t)yz(t — r) — o1 P(t)z2(t — 1)
—o1(1+ 02)R(t)g(x)2(t — 1) = kQ(t)y* + (1 + 02) R(t)g' (2)y* + kyZ
— k(1 + 02)R(t)g(x)z + kP(t)y* + pz® — p22(t —r)

t

+ oy — A y*(s) ds,

t—o

Ws = 02R(t)[z + 02(t — r) + ky + kz] /t_ y(s)g'(z(s))ds and Wy = ow

ot

By conditions (i), (ii) , (iii), (2.4), (2.5) and by applying the estimate 2uv < u? + v2
we obtain

fb

k
Ws +Wo < — [kao = S(Ra&aok + a1+ k) = (L+ 0)Ri&s — 5(1+2p1) = Aoy’

[\

—(1+02) [kRoél - —(53 k + 52)}
[Po — o (Ri&30 +k+3p1) — —I<; u}

+ [5 R1&30 + q1 + 2Ry + 2k + 5p1) —u}z (t—r)

t
Hlem&(+R) =N [ 4 ds
t—o

—201p022(t — 1) — 02po2(t — 7).

Let

A=oRi&(1+k), p=(Ri&0+q + 2R+ 2k +5p1),

\CRY
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2kqo — 2R1&3 — k(l + 2p1) 2k Ry,
Ri&[(2+3k)o+ 2] +q1 + k" Ri(Es0k +&3)
2pg — 3k }
2Ry (&30 + 1)+ 3k +8p1 + 1 )

0 < min{

The last inequality becomes
Ws 4+ Ws < —S(J?Q + y2 + ZQ),
where

. k
S = min {kQO - 5(3153[(2 +3k)o + 2] +q1 + k) — Ri1&3 — 5(1 +2p1), po, (1 + 02)

R 3k
X {kRofl - %(&Uk—f'ﬁ%) ,Po — §(2R1(€30+ 1) +3k+8p1+q1) — 7},

Wy = %kP’(t)yQ + (14 02)R'(t)g(x)y + (1 + 02)k R ()G ()
+ % Q'()y* + % kQ'(t)a? + kP (t)zy
< WA (@ + 12 + Z2)

and w = (2k+ (14 0)(&5 + 1)) /2.
The above estimates lead to

Wiao0) < —S(@% + 42 + Z2) + wA@) (22 + 42 + Z2).

Finally, by (2.21) the derivative of the functional V along the trajectories of sys-
tem (2.20) is given by

‘7(2.20) = {W(zzo) - %A(t)W} exp(%l /tt A(S)ds)
< [— S +1y>+ 2% + %A(t)W - %A(t)W] exp<%1 /tt A(s) ds).

Let I~ = w/ks, so
. -1 rt
(224) ‘/(2‘20) < —S(.]?Q + y2 + Zz) exp (? A(S) dS) .
t1
From (2.8) and (2.24) we have
(2.25) ‘7(2.20) < —b(2® +y* + Z7),

where d2 = Sexp(—v/T).
We have established that the zero solution of (2.20) is uniformly asymptotically
stable. This fact completes the proof of Theorem 2.2. O
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3. EXAMPLE

We consider the following third order non autonomous delay neutral diffential
equation:

[@/(6) + 0.020'(¢ ~ 0.5) + % sin(z(t)) + % sin(a(t — 0.5))]”

+ (5 + % arctan(t))a:”(t) + (17 + L)x’(t) + (4 + %arctan(—t))

2+ t2
3 x(t) 3 x(t—0,2)
Sp(t)+ ——2—) +0.03(Za(t—0,2)+ ———2
. K5x<)+1+x2(t))+ (5x( ’ )+1+x2(t—0,2))}
~ cos(t)sin(2’(t — 0.2))
12+ 22(t) +22(t - 0.2)
For all t > t; =ty + 0.5 it is easy to see that:
2
(i) 4 =py < P(t) =5+ —arctan(t) < 6 = py,
T
7 1 9
3= Ry < R(t)=4+ - arctan(—t) < 5= Ry,
1 35
= < = —_
17 qdo X Q(t) 7+ 2+t2 S 9 q1,
—2t ~1
"(t) = <0, R(t <0;
Q ( ) (2+t2)2 ) ( ) TE(]. +t2)
. 3 glz) 3 1 8
e R A <=
(11) 5 51 X - 5 + 1—|—J)2 X 5 52;
3 1—a? 8
()] = |= <-= 0)=0
@I=]5+ gep] <5 =% 90 =0

@) [ e -renas= [ (o + ) o= [ () @

1 1

</w(4)ds<§<oo'
S o \n(1+s2) =2 ’

(H1) B ()] = %|cos(m(t))| < % —5 VreR
and
1 N . 2I€R0§1 . 2p0 — 3](3 _ . . .
5= 0 < mln{ e pik } = min{0.57;0.78};
(H2) W)(tv :L'(t), :L'(t - 02)7 x/(t)a {E/(t - 02)7 :L'//(t))|
B cos(t) sin(z'(t — 0.2)) lcos(t)| B
“TTeremr2t-02) S 1re FSe=

and

¢ " |cos(s)] < 1 <1 T
ds = ds < ds < ———ds === D;.
/tl‘p(s) )12 /t 11520 /0 1+s2 072771
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For d = 1.5 we obtain

. [2(k+6)q0 — R1(2§3+6) — k(1 +2p1) — 0(p1 — k)
0=003< mm{ Ri&[(2+3k)0+2]+q +k+ Rid ’
2kRo& — 6R1&3 2po — 3k — 6(p1 — k) }
Ry (§30k 4+ €3) " 2R1(&30 +1) + 3k +8p1 + ¢
= min{0.5;0.29;0.0317},

where

Po. G5 o
k=15< min{?; 4—;%; Z} = min{2;2601;4.25},

B Ri(263+0) + k(1 +2p1) +6(p1 — k) 2R1&3\ .

g =17 > max{ O L } = max{15.41; 16}
and
S = 1.8873

. 0 J
= mm{(k +0)qo — 5(R1§3[(2 +3k)o+2|+q +k+ Rid)— Ry (53 + 5)
k 5 5 R
= 5(1+2p1) = 5P — ), (1+ 02) [kRog — SRaS — 2 (Gaok + ).

3k 9
Po— S2Ri(Es0 + 1)+ 3k + 61 +a1) — 5 — S — k)|
= min{32.810,1.8873,59.122} > 1.5 = dy;.

The given constants in the example guarantee the existence of the parameters p,
k, go and S which satisfy all the conditions of Theorem 2.1 and Theorem 2.2. Then
all the solutions are bounded and square integrable and if h = 0 and ¢ = 0, they are
uniformly asymptotically stable.
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