
EQUADIFF 8

Roman Koplatadze
On asymptotic behaviour of solutions of functional differential equations

In: Pavol Brunovský and Milan Medveď (eds.): Equadiff 8, Czech - Slovak Conference on Differential
Equations and Their Applications. Bratislava, August 24-28, 1993. Mathematical Institute, Slovak
Academy of Sciences, Bratislava, 1994. Tatra Mountains Mathematical Publications, 4. pp. 143--146.

Persistent URL: http://dml.cz/dmlcz/700100

Terms of use:
© Comenius University in Bratislava, 1994

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz

http://dml.cz/dmlcz/700100
http://project.dml.cz


TATRA 
Tatra Mountains Math. Publ. 4 (1994), 143-146 - T W U " I C I A H i 
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ON ASYMPTOTIC BEHAVIOUR OF SOLUTIONS 
OF FUNCTIONAL DIFFERENTIAL EQUATIONS 

ROMAN KOPLATADZE 

ABSTRACT. Sufficient (necessary and sufficient) conditions are given for a func
tional differential equation to have properties A and B. 

Consider the equation 

«<">(*) + F(u)(t) = 0, (1) 

where F: C n _ 1 ( R + ; R ) —> Li o c (R+;R) is a continuous operator. Everywhere 
below we shall assume that a nondecreasing function a: R+ •—> R+ exists such 
that lim a(t) = +oo and for any t E R+ 

t—>+oo 

F(x)(t) = F(y)(t) if x,yeCn-l(R+;R) 

and 

x(s) = y(s) for s > a(t). 

For any t 0 G R+ let Mto denote the set of u G C n _ 1 ( R + ; R ) satisfying 

u(t) ^ 0 for t > t*, where t* = min{to,<r(to)}. The following assumption will 

always be fulfilled: either 

F(u)(t) u(t) > 0 for t > t0, for any t0 G R+ and u E Mto , (2) 

OГ 

F(u)(t) u(t) < 0 for t > ío, foг any í0 Є K+ and u Є M t o . (3) 

AMS S u b j e c t C l a s s i f i c a t i o n (1991): 34K15. 
Key words : functional differential equations, properties A and H, oscillation of solutions. 
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DEFINITION 1. Let t0 G R+ . A function u: [*o,+oo[—• R is said to be the 
proper solution of the equation (1) if it is locally absolutely continuous up to 
the order n — 1 inclusively, there exists a function u G C n - 1 ( R + ; R ) such that 
u(t) = u(t) for t > t0, almost everywhere on [£n>+oo[ 

uin)(t) + F(u)(t) = 0 

and 
sup{|w(s)|: s G [t, +oo[} > 0 for any t G [£0.+oo[. 

DEFINITION 2. We say that the equation (1) has the property A provided 
any of its proper solutions is oscillatory if n is even and either is oscillatory or 
satisfies 

\u^(t)\ [0 as t | + o o (i = 0 1 . . . 1 n - l ) (4) 

if n is odd. 

DEFINITION 3 . We say that the equation (1) has the property B provided 
any of its proper solutions either is oscillatory or satisfies (4) or 

\u{i)(t)\]0 as t j + o o (t = 0 , . . . , n - l ) (5) 

if n is even and either is oscillatory or satisfies (5) if n is odd. 

Conditions for an ordinary differential equation to have the properties A and 
B are studied well enough (see [1, 2] and references therein). The analogous 
problems for the equations with deviating arguments are investigated in [3, 4]. 

И « ) ( - ) | > 2 / | « ( * Ж r . ( t . я ) fort>t0, UЄMt{ 

THEOREM 1. Let (2) ((3)) hold and let for any t0 G R+ 

<fi(t) 

' t o , (6) 
L€Ti(t) 

where the measurable functions ri(t,s) (i = 1 , . . . , m) are nondecreasing in s, 
Gi,Gi G C( .R+;R+), (Ti(t) <cri(t) (i = l , . . . , m ) for t > 0 and 

lim - ^ > 0 (t = l , . . . 1 m ) . (7) 
t->+oo * 

Suppose, moreover, that there exists e > 0 such that for any / G { l , . . . , n — 1} 
and A G [/ — 1, / [ where I + n is odd (even) the inequality 

+?° m **«> n-1 

lim tl~x / r - ' - ' l C / ^sr,(e,S)^> J] l^-il+e 
^+°° t i=1

< T4) i=0'̂ Z 

holds. Then the equation (1) has the property A (B). 
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THEOREM 2. Let (2), (6), (7) ((3), (6), (7)) hold. Suppose, moreover, that 
( n - 2 ) / 2 ( n - 2 ) / 2 

there exists e > 0 such that for any AG IJ [2k, 2k + 1[ (A G IJ [2k -
;..—n i, ._i k=0 k=l 

( n - l ) / 2 ( n - 3 ) / 2 ( n - l ) / 2 ( n - 3 ) / 2 

l,2fc[) if n isevenandfor any AG | J [2fc-l,2fc[ (AG IJ [2fc,2ife + 1 [ ) 
k=i k=o 

if n is odd the inequality 

+°° m CTiiC) n-1 

/

m X n — 1 

r -A-2j- / ^d.r^,8)de> JJ|A-*|+e 
j — i "t ,—n 

hoids. Then the equation (1) has the property A (B). 

COROLLARY 1. Let (2), (7) ((3), (7)) hold and let for any t0eR+ 
m 

|^)(0|>5Zft(*)h(^(«))| for * > * o , u e M , 0 , 
i = l 

where Pi G L l o c ( R + ; R + ) , ^ G C ( R + ; R + ) , a^t) < t (i = 1, . . . , ro). Suppose, 
moreover, that there exists e > 0 such that for any A G [ n — 2 , n ~ l [ (for any 
\ ^. [n — 3, n — 2[ U [0,1[ if n is odd and for any AG [n — 3, n — 2[ of n is even) 
the inequality 

Ч-oo ^ ^ , 1 
« m n — 1 

Иm t / Г-A-a£ft(0-W(0«-£> П 
-»+°° 7 i = 1 i = 0> 

| A - i | + є 

* • • ~ t 

holds. Then the equation (1) has the property A (B). 

COROLLARY 2. Let (2) ((3)) hold and let for any t0 G R+ , 

at 

|.F(u)(«)| > ^ T f\u(s)\ds for t > t 0 , u G M t o , 

where 0 < a < a , and 

c > m a X { - ( A + l ) A ( A - l ) . . . ( A - - n + l ) ( a A + 1 - a A + 1 ) : A G [ 0 , n - - l ] } 

( c > m a ^ { ( A + l ) A ( A - l ) - - . ( A - n + l ) ( a A + 1 - a A + 1 ) : A G [ 0 , n - l ] } ) ( 8 ) 

Then the equation (1) has the property A (B). 
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COROLLARY 3. Let a > 0 and c G ]0,+oo[ (c G ] - o o , 0 [ ) . Then the 
condition 

c > max{ -a~ AA(A - 1) • • • (A - n + 1): A G [0, n - 1]} 

(r. < - max{cT A A(A - 1) • • • (A - n + 1) : A G [0, n - 1]}) 

j.s necessary and sufficient for the equation 

uin)(t) + ^u(ai) = 0 

to have the property A (B). 

COROLLARY 4. Let 0 < a < a and e G ]0, +oo[ (e G ] - o o , 0 [ ) . Then the 
condition (8) 

( c < -max{(A + l )A(A- 1). .. (A - n + l ) ( a A + 1 - a * * 1 ) " 1 : AG [ 0 , n - l ] } ) 

is necessary and sufficient for the equation 

at 
( n ) (0 + -^T [u(s)ds = 0 «w(0 + ^ y * 0 0 

to have the property A (B). 
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