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Abstract. In this paper we give some existence results obtained by V.
Benci, P. d’Avenia, D. Fortunato, A. Masiello and L. Pisani about a model
of Lorentz-invariant nonlinear field equation in three space dimensions
which gives rise to topological solitary waves.
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1 Introduction

A solitary wave is a solution of a wave equation whose energy is finite and travels
as a localized packet; a soliton is a solitary wave which preserves its shape after
interaction, having so a particle-like behavior.

The soliton solutions occur in many questions of mathematical physics (non-
linear optics, classical and quantum field theory, plasma physics), chemistry and
biology (see [7,8,9,10]).

For some equations, the existence of soliton solutions is guaranteed by topo-
logical constraints.

In one space dimension, the simplest example of topological solitons is given
by the sine-Gordon equation

¢tt - ¢zw + Sin?/) =0. (]-)
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If we look for finite-energy solutions, we put the asymptotic conditions

Y (—o0,t) = 2hm
{¢(+oo,t)=2k7r hkez

and just the difference h — k represents the topological constraint.
It is well known that the only static solutions of the sine-Gordon equation

ug (z) = 4arctan (e*+¢) + 2hm
uak () = 4arctan (e‘““/) +2h'm

give rise to one-soliton solutions.
Indeed, since the sine-Gordon equation is Lorentz-invariant, we consider the
“travelling” solutions

bar o) = war (T2

with v € R, |v| < 1.

Moreover, there exist other solutions of (1) which represent the superposition
of these basic solutions.

This kind of results lead Derrick to look for stable, time-independent, localized
solutions of the nonlinear wave equation

Yy — AP+ V' (1) =0 (2)

in three space dimensions.
In [6] he proves that the corresponding static equation

—Au+V'(u)=0

has not finite-energy stable solutions.
In the same paper he proposes several ways to avoid this difficulty.
One of them is the following.
The equation (2) is the Euler-Lagrange equation related to the action

S Z/ Lidxdt
where,
1
L= —EU—V(w),
being

o= [Vy[* — [
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Derrick suggests to take a Lagrangian density
Ly=—-a(o) =V (¥)

which gives rise to Lorentz-invariant equation, but he concludes that such kind of
Lagrangian density lead to a very complicated differential equation. Indeed, in the
60ties, the methods of Nonlinear Analysis were not sufficiently developed to face
quasilinear equations.

In this review, we recall some existence results concerning a nonlinear wave
equation which is similar to the one proposed by Derrick.

2 The model

Let us consider the internal parameter space
M=R" (§)

where

£€=1(1,0,0,0).

The topological solitary waves introduced in [3] are fields
PR3 xR — M.

The authors of [3] take the Lagrangian density

Ly = —% (a+ %0’3) -V (@)

where € > 0 and
V:M-—R.

We notice that this Lagrangian density is the one related to (2) plus the cor-
rection term
€ 3
——0".

6
The Euler-Lagrange equation related to the action

51 = / ﬁldl‘dt

is

%((IHGQ) ) =V ((1+e02) Vi) + V' (1) = 0. 3)

Since M has non-trivial topology (75 (M) = Z), if we suppose that the fields
1) are smooth and
lim (LU, t) =0, (4)

|z]— 00

we can classify them in the following way.
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Definition 1. For every ¢t € R, the topological charge of ¢ (-, t) is

ch (¢ (1)) =deg((Poy) (1), K (¥ (1)), N)
where ¢ E
€% +¢

is the projection into the unitary sphere centered in &,

P§|—>|E|

N =2¢
is the north pole of this sphere and
K@) ={zeR|[Y(,t) ()] >1}.
If (4) is uniform with respect to ¢, the charge does not depend on ¢.

The existence results of topological solitary waves can be generalized to an
arbitrary number of space dimensions with a more general choice of Lagrangian
density as in [1]. The three space dimensional case is necessary to interpret the
fileds ¥ as charged relativistic particles.

3 The static solutions
The static solutions u = u (x) of (3) solve
v ((1 te \Vu\4) w) LV (1) =0

or, briefly,
—Au—eAgu+ V' (u) = 0. (5)

Assume that

(V1) V € C* (M, R);
(V2) V (£) >V (0) = 0 and the Hessian matrix V" (0) is non-degenerate;
(V3) there exist ¢, > 0 such that

€l <r=V(E+E) =cll™.

We can obtain solutions of (5) looking for critical points of the functional
1 2 € 6
E(u) = —|Vul”" + = [Vu]” + V (u)| dz.
R3 2 6

In order to get

1
/RS {5 IVul® + % |Vu|6] dr < 400,
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we consider the Banach space
H=H"(R*RY) nW"° (R R?).

By Sobolev embedding theorems we can say that the elements of H are con-
tinuous functions which go to zero at infinity.
For every u in the open subset

A={ucH|V¥zeR®: u(z)#E)}

the topological charge is well defined and the condition (V3) implies that if u ¢ A,
then
E (u) = +o0.

Although the functional F is weakly lower semicontinuous, we cannot minimize
it in the connected components

Ag ={ue€ Alch(u) = K}

since the domain R3 is not compact and A are not weakly closed.
The first existence result can be stated as follows (Theorem 2.2 of [3]).

Theorem 2. IfV satisfies (V1), (V2), (V3), then there exists a weak solution of
(5) obtained as minimum of the functional E in

A" ={ue A|ch(u)#0}.

This result is proved by using a Splitting Lemma in the spirit of concentration-
compactness principle.
Moreover we have the following result.

Theorem 3. If V satisfies (V1), (V2), (V3) and for every g € O(3), and £ =
(€,¢,¢%,¢%) e M
Vv (é—O’g : (517£2a§3)) =V (50751752753) ;

then for every N € Z there exists un non-trivial solution of (5) such that ch (un) =
N.

For N # 0, the existence of a non-trivial solution is proved in [1]. The au-
thors use a suitable invariance of the functional E in order to avoid the lack of
compactness.

For N = 0 the existence of a nontrivial solution is obtained in [5] using the
Hopf invariant.

A function which satisfies all these conditions is

€|*
V(&) =wi <|£2+ _6>.
€ - ¢
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4 Interaction with the electromagnetic field

4.1 Charge density and current density

If we want to interpret the fields ¢ as charged relativistic particles, it is natural
to attribute to the topological charge the meaning of electric charge.
In [2], the authors introduce the fields
J(@):R* = R3
p(¥):R* - R

with the meaning of charge density and current density generated by .
Let

3
n=> 0 (E)dEO AL AdEF AL A dE?
k=0

be the unique 3-form closed but not exact on M, where the hatted symbols are
omitted,

1 (e
nk(&)_‘2| |£_g|4

and | Y| is the measure of the unitary sphere in R*.
Let ¥*n denote the pullback of i by .
The Hodge operator applied to ¥*n gives a 1-form on R*

* (). (6)

The fields (J, p) introduced in [2] are the components of (6).
Indeed we can verify that

(v (.0)= [ pt)dr

(see Appendix of [4]).
On the other hand, since 7 is closed, the pullback 1*n is closed and then

d(¥*n) =0.
This can be written as the continuity equation

dp
VI+—=0.
"o
Remark 4. When we consider static fields u = u (), since in the expression of

Ji (1) appears the factor 8%:, we have

J=o,

namely, as it is natural, in this case there is not electric current.
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4.2 The system solitary wave-e.m. field

Let (A, ¢) denote the gauge potential associated to the electromagnetic field.
Using (A, ¢), we can define the electric field E and the magnetic induction field
B as follows

E=—(A¢t+V9) (7)
B=VxA. (8)
By (7) and (8) we get immediately the first two Maxwell equations
VXE+B;=0
V-B=0.

In the vacuum, with a suitable choice of the physical constants, the second pair
of the Maxwell equations

VE = 4mp
VxB—-E;,=4nJ

can be obtained as the Euler-Lagrange equations related to the action

Semy = // (Lo + L3) dxdt
where ; 1 ) )
2= = (1B - B*)
is the Lagrangian density of the electromagnetic field and
L3 = (JA) = po.

Hence, if we consider the system solitary wave-electromagnetic field, the total
action is

S = S(¢,A,¢) = 81 (7/)) +Semf (%Aﬂb) .

The Euler-Lagrange equations in the static case are

— Au—eAgu+V'(u) =G (9)
VXx(VxA)=0 (10)
—A¢ = 47mp (u) (11)

where G derives from the interaction term and depends on u, ¢ (and their deriva-
tives).
We have the following results:

Theorem 5. IfV satisfies (V1), (V2), (V3), then there exist
u € H and ¢ € DV? (Rg,R)

such that
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— ch(u) # 0;

— (u,0,¢) is solution of (9, 10, 11).
(Theorem 1.1 of [2])
Theorem 6. If V satisfies (V1), (V2), (V3), and for every g € O(3), and £ =
(€2,¢",6%.6%) e M

V(g (.62,6) =V (,¢,6.¢),
then for every N € Z there exist
un € H and ¢ € D"? (R R)

such that

— ch(uny) = N;
— (un,0,0n) is a non-trivial solution of (9, 10, 11).

(Theorem 7 of [/])

The static solutions of (9, 10, 11) are obtained as critical points of the functional

1 1
f(u,qb):/RB <§|Vu2+%Vu6+V(u)> dx—i/Rs|V¢|2dx+/Rg¢p(u)dx

which is strongly indefinite.
Then the solutions are obtained using the reduced functional

J(u) = [ (u,®u])
where @ [u] is implicitly defined by

or _

0o
Remark 7. If @ is the non-trivial static solution of (5) having ch(@) = 0 found in
Theorem 2 of [5], an immediate calculation shows that (4, 0,0) is a solution of (9,
10, 11) (Theorem 4 of [5]).

This is a further confirmation of the model’s coherence: indeed an uncharged par-
ticle does not create any electromagnetic field.

0.

References

1. V. Benci, P. d’Avenia, D. Fortunato, L. Pisani, Solitons in Several Space Dimension:
Derrick’s Problem and Infinitely Many Solutions, Arch. Rat. Mech. Anal. 154 (2000),
297-324.

2. V. Benci, D. Fortunato, A. Masiello, L. Pisani, Solitons and the electromagnetic field,
Math. Z. 232 (1999), 73-102.



Infinitely Many Solitary Waves in Three Space Dimensions 127

10

. V. Benci, D. Fortunato, L. Pisani, Soliton like solution of a Lorentz invariant equation
in dimension 3, Reviews in Mathematical Physics 3 (1998), 315-344.

P. d’Avenia, D. Fortunato, L. Pisani, Topological Solitary Waves with Arbitrary
Charge and Electromagnetic Field, preprint.

P. d’Avenia, L. Pisani, Remarks on the Topological Invariants of a class of Solitary
Wawves, to appear on Nonlinear Analysis TMA.

G. H. Derrick, Comments on nonlinear wave equations as models for elementary par-
ticles, J. Math. Phys. 5 (1964), 1252-1254.

R.K. Dodd, J. C. Eilbeck, J.D. Gibbon, H. C. Morris, Solitons and Nonlinear Wave
FEquations, Academic Press, London, New York, 1982.

S. Kichenassamy, Non linear wave equations, Marcel Dekker Inc., New York, Basel,
Hong Kong, 1996.

R. Rajaraman, Solitons and instantons, North Holland, Amsterdam, Oxford, New

York, Tokyo, 1988.

. G.B. Witham, Linear and nonlinear waves, John Wiley and Sons, New York, 1974.






		webmaster@dml.cz
	2012-09-13T06:19:08+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




