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UNIFCRM ATOMS ON <.
P. SIMON
Praha

Consider the lattice of all uniformities on the given set X,
A uniformity is called a uniform atom on X, if it is non-discrete
and if the discrete uniformity is the only uniformity finer than
it. The aim of the present paper is to give some examples of uni-
form atoms. The proofs are shortened as much as possible; fcr the

details, see [S].

C. Let us call a uniformity to be proximally discrete, if the in-
duced proximity is discrete. Let ¥ be a non-prircipal ultrafilter on
an infinite set X, denote by %(F) the uniformity consisting of all co-
vers ¥ such that €~ F + @.

The following facts can be found in [PR) (for 0.4, sze also [V]):

C.l. Any proximally discrete atom cn an infinite set X is uniform-
ly finer than some ULF) for a suitable non-principal ultrafilter ¥
on X.

C.2. If the set X is countable, then U(F) is a uniform atom if
and only if F is selective.

C.3. (Ultrasum of atoms). Let X be an infinite set, let ¥ be a
non-principal ultrafilter on X. For each xe¢X 1let U, be a uniferm
atom on a set Y, with |y \=2.

Defire a uniformity F-Z U, on the set Z{Y&: xeX} (=
= {<x,y> : x€X,yef,") by the following: 4 cover € belongs
to $-Z WU, iff the set of all xeX such that the trace of ¢ on £,
belongs to U, is a member of ¥ .

Then %-2 ux is a uniferm atom on Z. {I%: x €X }. iloreover,
any proximally non-discrete atom is uniformly isomcrphic to some f-ZZé‘k
with % non-prircipal and | Y, | = 2 . fcr each xeX .

C.4. Every uniferm atom on w has a basis consisting of point-fi-

nite covers.

l. For the rest of the paper, let us restrict our attention tc the
case X = w . Theorems C.2. and C.3. give some examples of uniform a-
toms; accerding to C.l., if we want to obtain an essentially new example,
we need to search it below some YU(F) with F non-selective and of
minimal type in Rudin-frclik’s order. The main tool will be Lemma 1.3.

1.1. Defirnition. et R ={k, : n'< w} be a partition of w . e
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shall c¢all % to be an admissible partition if esch by is finite and

sup {IRnl P n<wls w.

1.2, Definition. ret {P{x) : k<w?} be a family of prcperties
of finite subsets of w . Call a family {P(k) : k <w} to be nice,
if the following holds:
(i) There exists a k<w such that the empty set has nct T_P(k),
(i1) if ¥ € £, (w) satisfizs  [P(k), then M satisfies TP(k-1).
(1i1) for every k <w, if M, « € £ (W) and M C Q, then J has
TP (x) whenever M has TP(k),

(iv) there exists a mapping f:w-—>W such that for each k < w
the fcllewing is true: If M, v M, € %, (@) has TP£(k)),
then either M, or M, has TP(k).

1.3. Lemma. Let ® be an admissible partition of w , R = {i,:
n<wl}, let {P(k): k<w3y be a nice family of properties of fi-

nite subsets of wW , Let 1P be the property of subsets of W defined
by

(v) M cw has P iff for every k < W and for every n.< w

there is some n>n, such that MaR  has P,

Then the follcwing holds:

A. If % is a filter on w with a countable basis, if every
Fe F has T and if M is a subset of w , then there exists a filter
Ig with a countable basis such that ¢ 2 F , each member of g has

and either M€ ¢ or (w-M € (.

B. If % is a filter on w with a countable basis and if every
Fe F has [P , then there exists a subset M C W such that |k - F|<
<w and MnF has P for each Fe F.

C. Let { 8&.: x <2} be a family of properties of subsets of
W , Suppose that for every filter & with a countable basis whose
members satisfy P  there exists a subset M,C W such that M, has
3,‘ and M, N F has P for everyFé.‘f.

Then,assuming (CH), there exists a P-ultrafilter q such that
every U€q hes P 2and for every o« < 2“ there is a set U, € q satis-
fying Sx .

The proof of C. goes by transfinite induction using A, on the suc-
cessor steps and B, on the limit ones. The statements A. and B. are sim-
ple consequences of the definitions.

l.4. Theorem. Assume (CH), let L be a natural number. Then there
exists a P-ultrafilter g on w such that there are precisely L distinct
uniform atoms below W (q).
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We chall give a brief sketch of the prcof. The special case L = C
is stated in 0.2. In order to prove the theorem fcr L>C we want to use
Lemma 1.3.C, thus we need tc define an admissible partition R , a nice
family of properties “P(k)} and a family of prcperties {SK: << 2“’},
and to verify all the assumptions.

Call a set < = A, XA4,% ... XA_ to be an (L-dimensional) n-cube,
if 1al=la1=14,1= ... =1al= n. e may embed w into w' onto a union
) {Qn :n < w}, where each «, is an n-cube and the family R =
= {Qn :n < w} is pairwise disjoint. X, is obviously an admissible par-
tition of w .

Let M € %,(w"), let k < W . Define: The set M has [P(k) iff
M contains some k-cube. In order tc verify that LIP(k) : k <w} is ni-
ce, we need the following combinatorial statement due to Erdds ([ES]):

(¥) For each L,n < there exists an N < W such that if A, X4, X ...

1752
oo XA = CUD, wherela,I=la,\= ... =14 l= N, then there are B,C 4y,
\‘31‘ =n (i=1,2, ..., L) with B/x8,%... XB contained either

in C or in D .
(%) implies 1.2.(iv), the other items from 1l.2. are easy.

If Q is an L-dimensional cube, < = A, X A, x ... XA, , define
T () ={p17£4(x) : x€A; } , where pr; denotes the i th projection.
Next, define a partition .‘/: of @ by the rule 9; = U{ .Z-‘(«.fn) D Q€

cR}. :

Let € be a cover of W . The set M is called € -discrete iff
for each xeM, st(x,¥€)AM = {x}. Dencte by st®(x,€) the set
st(st(x,€),€).

Let € be a cover of W ., Then, by definition, the set W € w has
a precperty S% iff either M is ¥-discrete or there exists an ie€ {1,
2, <.+, L} and a sequence {x_r : Te .}, where x_€T, such that

+
st*(x,, T)D MaT for each T€ J;

The family {3@: €is a point-finite cover’of‘wS is a family
of cardinality at mest 2% . This family satisfies the assumpticns of
1.3.C. To see this, we need ancther combinatorial statement:

% %) For each L,n < W there exists an N < w such that the following
is true:
If Q= Ay XAy X el XA, ig an N-cube anld if ¢ is a cover of
2, then there exist B, C i, \Bi\ =n (i= 1,2, ..., L) such that
the cube < = Byx 3, x... X3 1is either € -aiscrate cr contained
in U{stz(xT,‘C) NT: Te€ 3;(4), TAQ +@} for some je 1,2,

s, L} and scme suitable choice x €T .



433

ing Lemma 1.3.C, we obtain some P-ultrafilter g, whose members
ntain roLtraﬂllJ large cubes. Therefore each unifermity JEG with a ba-
sis { LAV :Veliy)} (where TAYV ={TaV : Te9 , Ve IV} ) is not
unifornly discrete and it remains to check that each J@i (1i=1,2,...,
L) is an atom and that no other atom below Té(q) exisgts. But this is a
censejuencs of the fact that for each point-finite cover € of w there
is a member U of q 'satisfying 55e.

Cne may ask whether each proximally discrete atom on w can be ob-
tained simply by adding a suitable partition to 16(4), as it was the ca-
s2 in the theorem. This is not true in general, not even in the case of
C-dimensional atoms (i.2. atoms with a basis consisting of partitions),
as may be seen from the following two theorems. The proofs are omitted,
since both of them are the corollaries of Lemma 1.3. and the technique
is again combinatorial and similar to the proof of 1.4.

1.5. Theorem. Assuqu(Cd). Then there exists en ultrafilter q cn
W such that there are 22 distinct C-dimensional uniform atoms on W
velow UWU(q).

1.6. Theorem. Assume (CH). Then there exists a P-ultrafilter 3 on
& and a C-dimensional uniformity w on @ such that:

(a) W nas a countable basis A3,

{b) fer an arbitrary partition 57'0f w , a uniformity with a ba-
sis {TA UV : Ve U(q)} is never a uniform atom on W ,

(¢) there exists precisely one uniform atom below Zé(q) and its

basis equals to {€AU: € € B , Vel
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