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POUHTH WINTER SCHOOL (1976) 

DECOMPOSITIONS OP ADJOINT SITUATIONS 

by 

K. HU§EK 

As it is known, reflections and coreflections are spe

cial cases of adjunctions. The (adjoint) composition of re

flections is again a reflection and similarly for coreflec

tions. Clearly, the composition of a reflection and a core-

flection (or in the converse order) need not be either re

flection or co reflect ion. What are the adjunctions which 

can be expressed as such compositions? 

Theorem 1. Any adjunction (ijf& ): P—I G: ( d f B ) is 

a composition of a full monoreflection CL-..,^r): Jg—* C: 

: («6,:B) and a full epireflection (y ,1- ): H—iJ1:(/t9^f ). 

The i)r is epi iff e is epi (i.e., iff G is faithful) and y 

is mono iff ̂  is mono (i.e., iff P is faithful). 

An adjunction (ij , €» ): P—• G is called normal, if <̂ G 
r 

i s iso ( i . e . , i f GP/IJ* *i GP or i f P*4{ i s iso or i f GeP i s 

i so , e t c . ) . 

Moreover, we can prove that (^J,6 ) i s not normal i f f no pro-

longation of 1*. * <*? contains an iso (by a prolongation of 

the *i we mean any left-continuous functor 3£ on ordinal 

numbers into functors ft—*& idth 3C< oc, cC + .1> * 

« (GF)n i£36(p) for an n <<a>ot (5 « cC - n); the same for g 
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aeoreur Z9 An adjunction is isomorphic to a composi

tion of a full corefleetion, an equivalence .and a full re

flection iff it is normal* The corefleetion is <aono iff the 

counit is mono, and the reflection is epi iff the unit is 

epio 

~m,,mir As in the case of epireflective hulls one may nowprove 

the existence of adjoint hulls if we restrict ourselves to 

adjunctions with the unit being epi (thus the adjunctions 

are normal). 

Denote Iry FOTC the jaetacategary the objs eta of which are 

functors into categories with cointersections and terminal 

objscts, and morphisma <5—-»G# are pairs <K fE> with: 

HG « G*Kf if G is full and faithful in JL from the left, then 

G# is .full and faithfull in KA from the left, and 

BT tepirefl G Cft3 3 c epirefl G#C 0/1 • (For the existence 

of epireflective hulls it suffices that the category has co-

inter sect ions and £© eowall - powered.) Denote ty ADJ the full 

sub-metacategory of FOKC generated by those functors which 

are right adjoints (if G: (L — > 31 are objects of AJDJ, 

*Z • are the corresponding categories epireflective in 35^ 

and coreflective in CL̂ , then < KfH> : Gj--> G-> iff HG-̂  « 

-V^--y 

Theorem 3 . ADJ i s reflective in FOTC. 

ß̂ K and Ä / қ s 1 / ? : ^ — * Ч ř 2 ) . 
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The condition on preserving epireflective bulla cannot 

be omitted (in that case the "reflection" has not the exten

sion property); it ia fulfilled if H is right continuous on 

complete categories. If we omit the condition on preserving 

"full and faithful left objects"f then the "reflection" has 

the extension property but not unique* We may change the equ

ality HG « G#K to a transformation X i HG-*-*a*K (then mar-

phisms are triples < X»H, 4£ > ); in this case we also loss 

unicity. 


