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CRVESDE WIWTEK SCHOOL /1979/

ON THE SINGLEVALUEDNESS AND DIFFERENTIATION OF METRIC
PROJECTIONS
L.ZajiCek,Praha

Iet X be a real Banach space and M < X a closed
subset of X. For x e X denote by dM(x) the distance from
the point x to the set M. The metric projection PM of the
spice X on the set M ‘s defined as the /possibly/ multivalued
operator

Pu() = {yeM ; [x=yl = ayxy .
Denote by AM the set of the multivaluedness of PM.
Tae sets ay were investipated e.g. in 2] , [5] and [3].
Definition. Let o véEeX and Z be a topologicai complement
of Lin{v} . Let f be a Lipschitz function defined on 32, Then
the set M = {z + f(z2) v ; z&Z} is termed a Lipschitz hypersurface.
Thenrem 6 If X 1is a separable strictly convex Banach space
then AM can be always covered by.countably many of Lipschitz
hypersurfaces.

In the following the Frechet differentiability of multivalued
ocperators is consider in the natural generalized sense. By NM
we denote the set of all points at which PM is not Frechet differ-
entialls,The sets Ny, were investigated e.g. in [4] and [1] .

Oresvrem (71 There exists a compact convex sct MC'.R2

such that
37 - ( ML/NW) is a set of the first category.
M onren f?] If X 1is a two dimensional strictly convex Banach

»nace then N, is always a set of /Lebesgue/ measure zero.

M
Tr uren Eil Let X Dbe a finite dimensional space with a norm o
vrich belongs to the class CZ(X —(o}) and for which qu(x)(h,h) >0
Tor tny linearly independent xt#o,hfo. Then NM is always a set

. wr/ mezasure zero.



(11

(4
(3]
[4

(€]

[7]

105

REFERENCES

E.Asplund: Differentiability of the metric projection in

finite-dimensional Eucledian space,Proc.Amer.Math.Soc. 38

/1973/,218-219.
P.Erdos: On the Hausdorff dimension of some sets in Euclidean

space,Bull.Amer.Math.Soc. 52/1946/,107-109.

S.V.Konjagin: Approximation properties of arbitrary sets in
Banach spaces, Dokl.Akad.Nauk. SSSR, 239/1978/,No.2,261-264.
J.B.kruskal: Two convex counterexamples: A discontinuous
envelope function and a nondifferentiabie nearest-point
mapping,Proc.Amer.Math.Soc. 23/196S/,697-703.

S.Stelkin: Apbroximation properties of sets in normed linear

spaces, Rev.Math.Pures Appl. 8/1963/,5-18 /Russian/.

"LeZajiek: On the points of multivaluedness of metric projec-

tions in separable Banach spaces, Comment.Math.Univ.Carolinae
19/19718/,513-523.
L.Zajidek: On the differentiation of metric projections in

finite dimensional Banach spaces, to appear,



