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EIGHTH WINTER SCHOOL ON ABSTRACT ANALYSIS (1980)

Disjoint refinement and related topics

a.-Balcar. P. Simon, P, Vojtés

We shall try to mention eome interrelations bstween the
disjoint refinement property and some other properties of
Bo.olun algebras or of compact topological spaces. The sim of
the present paper is to give a spirit of a global picture rat-
her than the most general formulations or the pracue. proofs,
which will sppear = or have appeared ~ slsewhere., The langua-
ge of the paper is & mixture of Boolean and topological terms:
the reader 1is ‘requested to keep in mind the Stone duality du-
ring the reading.

Let us stert with the basic notion, If & 1s & Boolesn
algebra, k£ cardinsl, A -{n‘ : ¢t<n} a family of non-
-zero members of A , then the family (d,‘ A< x.} of non-
-zero members is a disjoint refinement of WA , if de\ dg =
=0 for esch a<p<K and dy < 84 for each A< .
Of course, the notion of the disjoint refinement is meaning=
ful not only for Boolean algebras = one may ask e.g. whether
scae given family of open sets in a topological space has a
disjoint .refinement by open subsets as well.

If X 4s a topological space, xEX and Kk cardinsl,
call @ point x io be a8 K -point, if there is a family
{u, t A< lc} of pairwise disjoint open subsets of X with
x€U, for ‘each &<y . We remind Comfort snd Hindman‘s ob- _
servations

Let X be a topﬂtul epace, XEX , %(x)Sx and supe
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T
pou that uch non=void opon oot in’ x eontn.ns -t hut k-’

non=void purul.u du;lotm: open subsets. ‘l‘hon X u a lc-po:.nt
if and only if some nughborhood bau of x has - dujoint

refinement, S

Indeed, 1f. x u"l ' ic-point. ehoou A-{B.‘ : ¢< lc} )
an -rbi.trlry noﬂ.ghborhood base of x ,.let {U.‘ 1 A< k.} be
s pairwige disjoint collection of open sets with xEU,‘ for
each & <K ., Then {u,‘n B'ﬂ K a'<n.} is the desired die-
joint refinement. If {0 t X< ik} 4s the disjoint refinement '
of some no!.ghb'orhood ban_ _ {B-“ : &< K} of the point ‘x,
choose & pairwise dt.ojoint f..ny' {b ‘3 5< g} for each
a< K, where D,‘! is open, A 4 D‘! C 0, . For _! < K,
define U! by the ru).e Uj 'U{D".! 1t A< K.}

The notion of a - k -point may bn gonorauzod or rephrnod
by various waye. Call a set - M. 'in a topologtul epace X to
be a u:-ut, if there is a family of pairwise d!..jo:lnt open
subsets {Uy ¢ A<k} with MCUy for every. d <k .

Cell a femily A of .non-zo'ro menbers of a Boolean algebrs )
@ (of non-empty- open subsets of a topological epace X) to .
be strictly k -decompossble, af t'hero'n a feaily {IJ,( 2 A< K-}
of pairwise disjoint non-zero members of _6 (non-empty open
subsets of X) such'that ANU, # © (1s non-void) for each
AEA and each «<ic . (There s & co.nonly used notion of
K.-deco-pou.bility due to Chang [Ch] . our definition is &
strengthening of it,.) c].ea'rly [ ] p'otnt x€& X it & ke=point
iff its nughborhood -ylto- is .trtetly n-decupcubh;
set MCX .is a K=sot iftf a family {BCX s+ B 1o opon and
BNM ¥ ’} is ntrlctly l\'.-docupoubh. )

Call a point xEX . to be a seai- K ~point :L'f there is a '’

Lo
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fanily {Uq : o\<«:} cf non-votd open oubnetu of X such’
thet xEUy for esch A<k , but - x¢m whenever & <
< /3< K, c].urly every x-pun: is e seni- sc-point. but not
vice versa, For instence, each ‘'XER (= the resl lins) is a
..-1-2" «point, though it cannot be (more then w )-point.

To. de-omtuta the basic tachnl.quu .nd rutoning und in

this area of problems, let. us prove that each point xE B (N) -
- N 'is an Ww,-point. The fact is not as interesting as a

: proof of it, since we shall nhou lator that more is true,
' ‘rho crucisl oburvation l.a s follonx Suppon {x,‘ 19SS D}
to bs - set of non-void clopon subsets of P(N) « N such that
Xy x/', for sach o < PSw . 1f some clopen set M C’Q(N) -
= N mests X, =~ X, .  for infinitely msny -x‘s, then MN
f\!ntn{Xq cd<w } - Xy is non-empty, Indeod, let Yy , K
bo ‘subsets of N r-prounu.ng x,( . M Choose some x EKN
n{\’w ' g:‘:x} = (Y ,3U Yy ) 4f possible; from tha aseunp-
‘tions we l:nou that we can find an- infinite ut L of those
xy's . Now . ﬂ ¥ °1MN)L - LCMnIntﬂ{xq s ¢<w}- x., ’
It lhoul.d be noted thlt rophe:.ng w by’ Kk nnyuhoro ( K re=’
gular), we obtain an oulogouo oburvntl.on for U(x) , the
space of all unzfon ultr-u:l.ton an x .

.Now let pr(N) -N, Thorc is & rlguhr uncountable car-
dl.ml A enda fenily of e:l.opcn -ubun {xﬂ 3 A< 7«} with -
the following prnporuou For cvory 4( <f<A,XOX Px .
and bedn{x,‘ VK< A} s If 'x 1s » P-potnt then such a
family cun be fonnd onl.‘.ly. 8o ouppou it u nots There is a
' parts.uon {A" 'y ne w} of N ‘siich that l{n< w. :lﬂnAnl "

Lz w}l =0 ‘for neh Hex . Thuo if £ 1» a mapping from @
to W -nd af x, donotn tho sot {neu 1At nEA , then

- . W X — . -

[ w4
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->f(n)} . :mn x,ex . Ordor au by - f<g 1t fn)z g(n)
for finitely nny ‘n's” onl.y; thon thoro 1s some uncountablo
, regular A and e .et {f ) ol< 2\} uh:leh has . no upper bonnd
in Y0 » moOreover, . o <ﬂ<4\ nplsu f,‘<fp amt .11 funce
tions are 1ncrusing. 1t remains ca define X 4 -c P(“)xfﬁ- N,
Aecording to our’ otarung obumtion. the set {v\< A ' o
un(mﬂ{x p<d } - x“) ,l ] is w-cloud ‘and unboun- .
ded in A+ for each clopen 7 contl:l.m.ng x i By Fodor’s ' v
theorem, the ut Al eln ‘be doeonpoud mto pum:lu dujotnt
sete {z I S< A} weh that each Z_' meete sach w-elooed
unbounded subset of A . Now. deﬂ.ne u! ‘- U(Intﬂ{Xﬁ i
/b<¢}- Xy aezs} clurly xGUl for each, _§<A , us
is non-empty open and ujnu,, ] ﬂx. which nu to bo proved.
Analysing the proof juot gsven. one cln obtlin more 1nfor- -
mation than stated. ’ '
At'firit, le; {'A' T n< u} be a pai.nv:l.u dnjo:l.nt fni.- '
ly of non-void clopen ouboett of ./3(.N) -N. Then the flluy
{MCpM) - N M 1o clopen and I{n<w IR
is strictly - a)l-deconpoublc (in flet, strictly’ A-decompo-
sable). ; o ._‘_ e R
Second, .there is no reason for dealing with o only. Lot
.k be @ regular cardinal, let {A,‘ 1 d<n} be & pai.rwue
dieJoint family of non<void clopen subsets of U(k) . Then
the femily {MCU(Kk) : M 1s-clopen end [{a<k :mna, » -
# ﬂ}l ] K.} is strictly Kk -deconponhle (in fect, strictly
')\K-doco-ponble. 1f one definn Alc tor -"‘x' similarly
as ) wae defined for w ). PRENERS ‘ L
Third, let ‘UI be o fnuy of clopen lubcota of BN)-N.. -
Suppose that thcn is a roguhr 7( ‘and a fnuy {x“ |d< 7\}



of clopen subsets of P‘N) - N -ut:l.lfyl.ng. t.h'o_fouo-ings
Xy dX g for a<f< A, UNXy ¥ @ for sach UE % end each
a<A , U -ﬂ{x,‘ : R<A}lﬂ for each UE 1, , Call such
] fahl.ly a tower for W . Then W 1e at_r.:lctly A=decoaspo-
sable. - '

As in the prwiouo cases, we can -ork :I.n "U(k) as well,
If K is a regular uneountlblo cardinal, thon the family

{c‘l p(k)sﬁl.l(oc) :S is @ stationary -subset of" K} is strict-

ly x‘-decomposable. To oho- this, notice that the family of

closed unbounded sets in Kk 1is closed under the dhgoncl in-
teructiom, hence therc ie a tower for the g:.vnn system in
U(Kk) » the length of which is at least k' . As a corollary

we deduce that for ﬂuhr uncountable 'k , each ultrafilter

extending the filter of closed unbounded sets .:I.c s «'-point

in U(K) ; in fact the same holds for an.arbitrary xEU( k),

but we omit the proof here. .

Fourth, each point xE€ A(N) = N’ s a 2% point. We know
that there is a tower {x,( k< A} for x in P(N) -N.,
Every set Q -ﬂ{x/, : ,5<o(}.- Xg 1s cloaoq Gy when-
ever cf(a) = & ., Using sssentially the same srgument which

enabled us to prove that ‘there is a tower for non-P=-point, we

can find a tower {x?l {5< J\} with xl‘;CQ“. denote Q,
o

- ﬂ{x v (¥< /5} -X ) for ﬁ ‘with countable cofinality.

Repeating tho reasoning further, we shall f:l.nd for each k< .
and “1"‘2""'“! with cf(ot )= b, 1<A ,.8 closed

Gy ~sot Q":."z . euch that Q, “2""*kc q“z“z"“"k-z .

moreover, if M dies clopen in ‘S(H) - N and MN

Nbd ' . th M. ts Int Q for
o“ “z"‘“k-:. ‘. ? en -” .” n ‘1“2. o.ﬁk

.

. . . es” Ca, s, .,,.- ,
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A =meny ork'c . Hoxt. i.f .9 - (0(1. z....) :l.o an l.nﬂ.uto .
sequence of ordinals . J Ry ni.tll o(1<a s Sf( “i’ - w . the«
re is an open set Ps - Intﬂ{Q.N‘ : n< w}. A .tra:l.ght- :
forward brenching argusent shows that uch c].opon m:l.ghborhood
u of x noto 2"’ o‘ot- Pg'e .

It remains to not:l.co that tho foll.cn!.ng trivially holdu
If 8 1s e Boolean algebra, x 'en infinite cardinal, {-‘ -3
R< lt} a set of non-zero nuhon of ® and. # & pairwise
disjoint feamily of non-zoro nubon of A 'guch tlut [{pe e :
ad/\p .«o}[z KR for uch &< K, thon {-,‘ : ¢t<n} has
a disjoint roﬂnoiont. so whon noting that in P(N) -N, uch
family A of c].opgn sets has a d,iojo:.nt roftnannt Af and on-
ly 1t A is otr:.ctly 2"’-deeolponblo. tho proof will be come
plete then, ' o ‘ '. s :

F:.fth we hava prwsd a btt -ora aga:ln- ‘Lot . {A s n< w}
be a pu.r-:ln diujoi.ut fnﬂ.y of clopen oot. ia I“N) -N.
Then the fanily {UCP(N) - n 3 u h elopcn and ]{n< W'
uﬂA o ¢}l - w} has a di.joi.nt raf:.nuont. in tho other
words, it is strictly g -dcco-pmbh. or oquivahntly.
de{A : n<w} ise 2"’-..:.- R

This leads to tho questions [Hc_] : Is each nowhere dcan
subset of P(N) - N a zu-ut ? Ih:lch fn:ll.!.u of clopon
subsets of P(N) - ll aro otrictly 2% -doeo-pmblo ?

Up to now we "Know the fnuo-ing (n uoual.ly edopted M*
denotes the set dﬁ(") - N) : )

(a) Let {A : n<w} be & part:l.tiou of N into finite
sets with’ luplA l- @ . Then the fn:lly {N : .up]ﬂnAnl
- w} 1. strictly- 2"’ -deco-poubh‘ N o

(b) Suppon thoro is o nxml ds.njoint conocuon of clo=
pen sets A in p(n) - N. of eardmuty w, . Then N -Uﬁ-
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(c) Let f be @ bijection of N onto Q (=the rationsl
numbers). Then {M'* t f[n] has infinitely nny sccumulation
points in R} is strictly 2% _decomposable.

" (d) Let «x bg a cardinsl, KX 2@, '.l‘hon. there exists an
slmost d!.ojo!.nt.fanaly A of countable subsets of x such
.that esch uncountable eubset of k contains some member of 4.

Now, let us turn our lttel‘ltim.l to semi= K =points. Suppose
X to be a compact H.utdofff space, 'G'(X) ite absolute, J%:
6(X)—»X the projaét:l.,oq. If xEX ds & seni- k ~point, then
the oublpc;ce ¥ '1(x) of G(X) hae 'eéuuhrny' at least K .
Indeed, &f {U,(' 1 X< k} 'nifﬁoueo for x being @ somi- K=
=point, .thon 1'1[0,\]- (-'{péé(x')': 1(p)EUy ) are open
subsets of G(X) end . I"‘[Ud]'n' z'i[up]n I”l(:.t) g but
I un5dx) ¥ 9. : ' '

We shall show that under CH , each point in A(N) - N
is & oenhzc-poinf. Enumerate a'a '{Ud o< ‘"1} .'elopen

-nel.'ghborhood' basis of x end choose a tower {XS_ ig < “’1}
for x . An easy induction givee ue a pairwise disjoint esystem
{Aﬂ 1tk < wl} of -clopen subsets of P(N) =N end e '.et
{5(6\ yra< “’1} of ordinals with the following properties:
if </b< wy o then U“DAﬂ, glx)< g(/b) and A N
ﬂxs(m = @ , Choose a -.nx:lnl almost disjoint femily {z VI
N< 2°} of uncountable aubuu.lof Wy » Then {v,, =

- {AP ? /562,,} : < 2°} is the system of open sub-
eote of A(N) = N with xEVa for each 7 , x¢'\'l';,-ﬁ_\7;,7
for 1 ¢ 7. ,

" Up to now.we have dealt with particular exsmples of Boole-

an slgebras. Let us briefly consider the general case.



follows from the fact that each extremally disconnected com=

pact space X can be mapped onto -2"(X) « Neosdless to say

that the proof of the last result is yet another example of &

careful examination of the disjoint refinement properties.

The list of references given below is far from being com=

plete. A more comprehensive set of titles may be found e.g.
in the paper [psvz] "

[er]
[erm]

[osv,]
[esv]
[on]
[or]
[¢]
[ie]

[r,]
[r.]
[err]
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