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ON ISOMETRIC DOMAINS OF POSITIVE OPERATORS ON ORLICZ SPACES

Ryszard Grzasdlewicz

The purpose of this note is to establish a characterization
of Lp-spaces ,» where 1< p<+e , in class of Orlicz spaces in
terms of positive operators acting on them.

Given real Banach space E, we denote by §(E) the Banach sp=
ace of all bounded linear pperators from E into E. For an operator
T e S(E)Y we define its isometric domain M(T) as

{feE: ITLU=)TI Ie §
(see [2]) .

Let \: xR+->‘R+ be a convex strictly increasing fundétion
with 4¢(0)= O . We denote by I"ﬁ the corresponding Orlicz space
equipped with the norm |||y , sometimes called the Luxemburg norm
of Ly « That is, Ly is the linear space of all equivalence claw
sses of Lebesgue measurable functions f: R —> R such that
S ¢(lf(x)] /o) dx <o for some «>0 and

el =inf {«>0: JQ(Ifmi/a)ax¢ 1 |
As well known, Ly is a Banach lattice (for details see [3] .

In case (= tP , where 14p<o (fie. Lg=L ) , WD)
is a linear sublatticeoFL? for every positive operator Te .L(IQ
(see [2],Theorem 2) . We shall prove a converse of this result.

Theorem., If M(T) is a linear subspace of L\g for every positive
operator T € LLL\,\ , then \9(t)=Ctp,where C>0 and 1< p¢e®
Proof, We may and do assume that y(1)=1. For every a,b,c,d € R
and f e L? we put

b
Uabre,a f = (5% {r 8x ) 1(e,q] '
where 1[c,d] denotes the characteristic function of the interval
[c,d) . By Jensen’s inequality , Ua,b,c,d €ed Ly .
Fix a,b,c>0 and put for =u,§20
51" Mo,m ! / "1[0,c] I '
Rog =1Y-a,0,-a,0 * § Uo,b,0,c .
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Jensen’s inequality yields I§1 Uo b.0 cu =1, Obviously, l\R.,L,g\\»oo
’ ’ ’

as g"*“’ for fixed W and URg¢l»>e as m>> for fixed € .We put
R fall
h () = I Req A
€ L

( f
for v,€% 0, pelo,1] , where £, =(1=p) 1[_3’0] "fﬂ[o,b] . Note
that hm‘g o) is continuous as a function of p,% ,§ and
I R*z-g W= H..l'g where
H m.& =8up h'z-g“” .
Indeed, since,obviously, H"l:i < IlR.h(ll , we need to show that
« To this end fix a nonnegative fé€ Ly and put

Ryl SO Hog e
A=%— ( fdx and B=% § fdx . We may and do assume that
-a 0
A+B> 0 ., Putting =B /(A+B) we have
IRy fU=0(A+B) Ry fall¢  Hpe 0 (A+B) £l
Hence,by Jensen’s inequality, u R"l.% fal «Hye W f W.Clearly,Hpq
is continuous as a function of M and % _.For every 7, g > O there
exists e[0,1] with hn.g(c’) =Hupe o
Step I. Suppose that 1rt15f h1’ %1((5) =1. Then ht,ﬁim) =1
for all pe(0,1] .
Indeed, in view of the definition of h1 . ,We have
’
(X NA-p) 10 o1+ e, To,e] V2 M=p 1oyt p Y
for all e el0,1 . Note that equality in (%) holds for ® =0
and 1. Consider now S € & (Lg) defined by
5= U a,0,-a,0 * ' &1 Uo,c,0,0
Observe that S =1 . To this end fix a nonnegative function fe Ly

0 c
and put A=~ § £ dx and B= - { fdx . We may and do
a _a c& o

8

assume that A+B > O, By (%) with = B /(A+B) and Jensen’s

inequality we get
WSEI=AY_ . o1 + Blg pyl € VAT o7 + B &y (g o1l € VLU
It follows that 1(—3,0] , 1[0'01 € M(S) . Since , by assumption
M(S) is linear space , in ( ®) equality holds for all p€(0,1]
and we are done .
Step II. There exist v , £> 0 such that hmg attains
its supremum at least two distinct points ( i.e. there exist
by By, in [0,1] with Hoe = hyg(y) » i=1,2) .Suppose,
to get a contradiction , that for every pair % ,§ there exists
a unique (» such that h"z.g (P = H’Z'g . Thus we can define a
function k: RXR —[0,1] by h, ¢ ( k(%n,¢>) = Hyeo
The function k as a function of € for fixed m is contin-
vous. Indeed, let & — %0 . We put o =k(n,€.),n>»0.
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Suppose that some subsequence {p,} of {P’nl‘ converges to .We
have “R'LE = Ry, &n fhn- / wf 6 AU and L Ry M llR,g.Ii,
80 \R ‘, =l Ry, %o .ll / W fg . By uniquness of such P we get

@ = k(m ,&) . Thus, by compactness of [0 1, we obtain B, —=> p. .
By an analogous argument, the function k(- ,%) ( for fixedé) is
continuous.

We have ‘;,(Oh 1,6, (1)=1 , so Ir!1 €, > 1.
’ ’
Put Q"max= k(1,§,) ; obviously h hmmax) > 1 . By Step I
inf h, S (O < 1. Choose (. € (0, 1) "with h, 1,6 (®pin) =
inf h %(pn. There are two possibilities: (a) 0 < <
or U» 0 < (Bmax< Gmin< T .
In case (a) consider k(1,€) as a function of§. We have

<1,

¢ min (b max

k(W)F ppin for all (e[0€,] becawe|R, & Tonin" ' &, and
I Ri 64 i >4 . This contradies the Darboux property of the continu-
ous function k(1,*) on [0,%] , because k(1,§,) = Ppax &nd

k (1,0) =0 . 1In case (b) consider k (”Z-éi) as a function of7m.,
By similar arguments we obtain a contradiction, because k(‘l,g,) =

® »  k(0,€) =1 and  k(9,€,)# (b, forall melo,i.

max
Step III. We have

"""" M-pY Ieg,01 * P& Mo, 1 = WP Tg 0 + 00,1l

for all (¢[0,1] . Indeed, by Step II there exist %, € , p,, Po
such that llR,,L'e’ foll llR,.llgll I fpl  for all p[0,1] and equal-
ity holds for p,, (3, . Thus foq f ¢2 € M(R,,l'g\ . Since,
by assumption, M(ng) is a linear subspace , we have llR..ll% foll =
UR || U fau for all pelo,1]. In particular, for p =0 and 1. we
obtain vl=llR,,l%\l and %:Hﬁ.lgll €, . Therefore R1.§, -R%/HR“M
and U R, € fal = Wf0 for all pelo,1]
’
Step IV. Put y =1 "' . We have
1 b =y (1 1
\ATJ) v (cuub)) v (c) v ( a+b)

indeed, for every g,h €R with g < h we note that
W gt ! /¥ ( 1/ \h-gd).
Moreover, we have E1= $Uu/e) / $\U/b) . By Step III  with
b= 1/2 , we get \ Tt-a,01 * §11[0’c]ll =1 /vy (1/w@m)
It follows that

2 g[v (5] + o ¢ [¥5 v ()] -

which yields the desired equality.
To prove the Theorem, apply Step IV first with b=1 and then
with c=1 ., Taking into account that (1)=1 , we get
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1 1 1 1 1 b
W(c a+1 ) = W(E) \P( a+1) ' \P(a+b) = \-\’tg) w(a&-b
It follows that
vits) = plt) Wis)
for all t,s> 0. Since Y 1is , moreover , continuous, w(t)= t1/p
( (1], 2.1.2) . Hence )= tP . In view of the convexity of 4 ,

we have p3 1. Since, as easily seen, the assumption of the Theorem
fails for L1 , we conclude that p> 1.

Remark 1. The proof above uses the assumption of the Theorem
for a certain family of two-dimensional operators, only.

Remark 2. The Theorem remains valued if we consider Lg¢ on
some measurable subset @ of R with m(R)> 0. Then, i the our
proof, we should use instead of the intervals {-a,0) , (0,b] , [0,d]
subsets X,Y,Z of &2 such that XAY = ¢ and XnZ = § . Conseq=~
uently, yi(st) =w(s)V(t) would hold for t>0 , 8 > 1/ m® .It is
easy to see that vty = t 1/p for t>0 , too .

The author wishes to thank Dr. Z.Lipeckli whose suggestions
improved the text.
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