WSAA 11

Andrzej Szymarnski
Some applications of tiny sequences

In: Zdenék Frolik (ed.): Proceedings of the 11th Winter School on Abstract Analysis. Circolo
Matematico di Palermo, Palermo, 1984. Rendiconti del Circolo Matematico di Palermo, Serie II,
Supplemento No. 3. pp. [321]-328.

Persistent URL: http://dml.cz/dmlcz/701322

Terms of use:

© Circolo Matematico di Palermo, 1984

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/701322
http://dml.cz

SOME APPLICATIONS OF TINY SEQUENCES

Andrze j Szymariski

We introduce the notion of a tiny sequence (see the definition
below) and we show that there exists a compact Hausdorff extrem-
ally disconnected separable space in which there exists a tiny se-
quence., The existence of such a space is used then to show that
there is a compact Hausdorff separable space which is not co-abso-
lute with dyadic space as well as to show that under Martin’s axiom
(MA} there is a separable closed subspace of w*(-[&w-w) which is
not a retract of ﬁw. The first result gives a negative answer to
a question raised by B.Efimov [2] and the second one generalizes
a result obtained by M.Talagrand [8].

1. Spaces with tiny sequences. Let X be a topological space. We
say that a sequence {Pn} of open families in X is a tiny_se-
quence in X if

(1) UPn is dense in X for all new, and

(ii) if Fn is a finite subfamily of l'!,l for each new, then
U{UFnlz necw} is not dense in X.

Let us observe that if the cellularity of X, c(X), is uncounta-
ble, then there is a tiny sequence in X. Indeed, let P be an un-
countable maximal family consisting of disjoint open subsets of X.
Then UP is dense in X and it suffices to set Pn = P for all neow.

On the other hand, if either the m-weight of X, M(X), is coun-
table or, under MA, if c(X)$ w and W(X)< 2%, then there are no
tiny sequences in X, Indeed, let {Pn}new be a sequence of open
families in X such that UPn is dense in X for all new. In
the case TT(X)< w we proceed in the following way: let R = {Un:

: neo} be a M-base in X. Let us choose V & P such that V ~ U 4
# 0, whenever U, £ O, Thus if we set F = {V,} for new, U{UF 2
t new} is dense in X.

In the case c(X)<w and M(X)< 2% and MA holds we proceed in

the following way: by ccc of X we can choose a countable subfamily

necw
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Qn from Pn such that UQn is dense in X for each necw. Then consi-
der the set S of all finite functions s such that dom(s)c o and
s(n) €0, for all n edom(s). Partially order S by reverse inclu-
sion, Then S is a ccc poset, Now, let B be a mr-base in X such that
|Bl <2, For any U€&B, U 4 f, and new the sets Dy = {s eS:
:3dnedomes)(s()nU 4 P)fand D = {seS: nedon(s)} are dense
subsets of S. Any generic subset of S yields a function t such
that dom(t) = @, t(n) €Q, for all new and Vg 4 UeB Inew(t@)n
AU A p). Hence U{t(n): necw} is a dense subset of X.

Sa, in both cases {Pn3new cannot be a tiny sequence in X.

These two easy observations suggest the following question:
does there exist a space with a tiny sequence which is ccc? or
separable? We shall give an example of a separable space with
a tiny sequence which is, in addition, compact Hausdorff and ex-
tremally disconnected, Before some next easy facts.

We say that a function f: X — Y is irreducible if f is con-
tinuous, f(X) is dense in X and for every proper closed subset F
of X, clf(F) is a proper subset of Y.

Lemma 1. Let f: X —> Y be irreducible., Then there is a tiny
sequence in Y iff there is one in X.

Proof, Let {Q ]neca be a tiny sequence in Y. Then the sequence
iP dneo wWhere P, - {f (U) UeqQ, { is a tiny sequence in X.

Let {Pn}n be a tmy sequence in X. For ne o, let Q -{U:

: U is open in Y and £~ (U)CV for some VeP 3 Then {Q
a tiny sequence in Y,

The embedding i: X oy is an irreducible map, whenever X is
dense in Y. Hence

Lemma 2. If X is a dense subspace of a space Y, then there is
a tiny sequence in Y iff there is one in X.

Theorem 1. There exists a separable compact Hausdorff extre=
mally disconnected space in which there exists a tiny sequence.

Proof. Let C[cwo®]be the space of all compact non-empty sub-
sets of the irrationals «® equiped with the Pixley-Roy topology,
i.e., by taking for each compact set K ¢ w®all sets of the form
[K,U] = {C: C is a compact subset of w*“ and KC C CU}, where U is
open in ©®, to be a neighborhood base for K in Cl[w®]. It is
easily seen that the basic sets [K,U] are closed-open and that
N {(k,U1: U is an open neighborhood of K} = {K} for every K from
C[o®], In consequence, the space C[w®]is T1 and completely re-
gular. We shall construct a tiny sequence in C[w®]. Let us in-
troduce a ( standard) notation: Ny = [s: st n =P}, <® =

} is
ninew
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- U{%o: new} and if sew?, D = {tew?: scT}. Under this no-
tation, for n.ecw let us deflne P - {Ix, U{Ds: s €eF}l: KeClww]
and F is a finite subset of - }

Claim. The sequence {P }, .. 18 a tiny sequence in ClLw®],
Since {D: se¢™w}is an open cover of the space w® for every
neo, each of the families P 1s even an open cover of CLw®L. Now

let us choose finite subfamilies Fn from P for each new. Let
F, = {IKY, UD_: s eFI {1, (X7, VD : sepgg]....,[xgn. U{D_: se

e ¥y §1}. For every newand j<m, F? is a finite subset of "t

n
Hence E = U{F <m } is a finite subset of n”w for each neo.

There 15 a tt:ta such that t[n+1 ¢E for each new, Indeed, since
("ol e o and E C1c.) is finite, there 1s at e1w-EO. Assume we
have defined t el w-E . Since |{s e 2@: tncs“ =, there is
a the n+2w En+1 such that tnc tn+1’ It suffices to put t =

= Uqt : newj, We shall show that [{t},w®]n U{UF : new} = p.
Assume otherwise. Then there is a compact subset K of «* and

a pew such that t €KX and XK € UF_. Hence there is a J< such
that Ke[xg U{D_: s ngg] This means that xf_j’cxc U{D,: p s eFIJ?}.
Since t ek, there is an s er such that t eDs. In consequence,
sCt, so t|p+1 =8 eFlj) (_Ep. But t|p+,14Ep. a contradiction., Now,
since [{t},o®]is a non-empty open subset of C[w*], U{UFn:newl
is not dense. The claim is proved.

The basic closed-open subsets of the space C[w®] can be di-
vided into countably many centered families. To do this, let us
take a countable open base B in the space w* closed under finite
unions. For UeB let BU = {[X,V]: KCUCV}. Clearly, each of the
families BU is centered and each basic closed-open subset of
C[eo®] 1lies in some such BU. In other words, we have shown that
the space C[cw"] has a G-centered base. In consequence, there is
a separable Hausdorff compactification of the space C[w*] (see
(11). Let bC[wo®] be such a compactification. In virtue of Lemma 2
and of the claim, there is a tiny sequence in the space bC[w®].
Taking the Gleason space over bC[w®] we get, by Lemma 1, the re-
quired space.

We have checked previously that spaces of countable TT-weight
are without tiny sequences. However we have constructed also
a separable compact Hausdorff space with a tiny sequence., Hence

Corollary_1. There is a regular countable space with a tiny
sequence.

Although there is a separable space with a tiny sequence, in
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general, for ccc spaces it is not the case.

Theorem 2. Dyadic spaces are without tiny sequences.

Proof. Let X be a dyadic space and let {P_},., D€ @ sequence
of open families in X such that UP is dense in X for each new.
Since X is ccc, we can construct an open refinement Q  of P such
that H = X-\JQn is a closed nowhere dense and Gs subset of X. Let
f: D*—> X be a continuous surjection from the Cantor cube of
weight w. Then f-1(Hn) is a G5 closed subset of D* for each new.
Hence there is a countable subset S of x and there are closed sets
K ¢ 1° such that f-1(H ) =K~ D*75 for each new. Let A = {a;:
:11ij be a countable dense subset of DS-(J{K newj. Then
A xD* -5 is a dense subset of D*- \J{f (H ): new}. In consequence,
f(AxID ) is dense in X- \J{H new}l and thus in X, For every
ael, f({a}x ) is a compact subset of X covered by each of
the families Q . Hence, for each new there is a finite subfamily
F_ of P such that £({a, ] * D7) ¢ UF,. Hence £(AxD*"5)c U{uUr :

: nc.wj is dense in X. Therefore the sequence {P 3, c., cannot be
a tiny sequence in X,

In virtue of Lemma 1, no irreducible preimage of a dyadic space
cannot have a tiny sequence. In particular, the Gleason space over
any dyadic space is without tiny sequence. In [7], B.Ponomariov
and L.éapiro posed the question ( Problem 17), atributed to B.Efi-
mov (2], as to whether every separable compact Hausdorff space is
co-absolute with dyadic space. Since we have constructed a separa-
ble extremally disconnected compact Hausdorff sgpace with a tiny
sequence, this space cannot be co-absolute with dyadic space. So
the Efimov-Ponomarion-éapiro question has negative answer.

It is worthwile to mention that our compact Hausdorff separable
space with a tiny sequence shows that there may be a space which
is a continuous image of a space co-absolute with dyadic space but
which is not co-absolute with dyadic space. Indeed, the convergent
sequence is a dyadic space which is co-absolute with ﬂaaand any
separable compact space is a continuous image ofpaa.

It is tempting to show that compact Hausdorff spaces without
tiny sequences are precisely those which are co-absolute with
dyadic spaces. Although the answer to this conjecture is not known
we shall indicate that to solve this positively we will need some
additional axioms to ZFC. The following is for not hard to prove
and is left to the reader as an exercise.

Proposition. Any compactification of the Suslin line has no
tiny sequences and is not co-absolute with dyadic space.
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2. Retracts of Bco. It is a well known result, proved probably
first by Gleason [3], that any separable compact Hausdorff ex-
tremally disconnected space can be embedded in o as a retract of
Bo.The question arises, whether any separable closed subspace of
w® is a retract ofpa? It turns out that it depends on how these
sets are placed in X, M.Talagrand [8] was the first who gave an
example of a separable closed subspace of «* which is not a re-
tract of B, but his construction heavily depends on the continu-
um hypothesis. In spite of Talagrand’s example, any closed sub-
space of * with countable N-weight is a retract ofleo.

We are mainly interested on retracts of‘ﬂa which are P-sets in
¥, This is motivated by the fact, proved in [5], that if for
some regular uncountable cardinal x, U(x) contains a P-set which
is a retract of/Qn, then there is a measurable cardinal in some
transitive model of ZFC.

Let us start from recalling some basic facts concerning
Boolean algebras and their Stone spaces. If B1, B2 are Boolean
algebras and h: B, —> B2 is a homomorphism, there is a dual con-
tinuous map h*: st(B,) — St(B1) which is 1=-1 iff h is onto and
onto iff h is 1-1. Any right inverse to h, i.e., a homomorphism
g: B2 —_— B1xsu;h that hog = idB , is called a 1ift;ng to h.

In this case h'eg is a retraction®from St(B1) onto h (St(Be)).
We say that a Boolean algebra B has x-separated property if

whenever X and Y are subsets of ‘B of cardinality less than x such
that xay = O for every xeX and yeY, then there is a z2eB such
that xAz = 0 for every xeX and y-z = O for every yeY. We say
that an ideal I of B is almost x-complete if whenever ACI is of
cardinality less than kv, there is a bel such that a-b = O for

every a €A,

Lemma 3. If I is an almost x-complete ideal of a Boolean al=-
gebra B with a x-separated property and the quotient algebra B/I
is of cardinality s w, then the quotient homomorphism h: B —>
—> B/I has a lifting.

Proof., Let {c“: «< A}, A&, enumerates B/I. We shall approx-
imate the desired lifting by a sequence of homomorphisms on sub-
algebras of B/I. Thus define Cy» By» 4<2, 80 that:

(1) each C, is a subalgebra of B/I, |Cy|<x and g, is a homo-
morhism of Cy into B such that heg, = idq‘.

(2) ifusp, Gy CCpand &p extends g_,

(3) if od<r, c, eCy.

Conditions (1) - (3) guarantee that if we define g = U{8y*
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tof<2}, g is a 1ifting to h.

@é_sﬁing out to the construction, let us note that if we put
00“‘1 to be the subalgebra of B/I generated by C&u {c.,(+13 and 0/3 -
= U{C, : «<pj for limit p, we will have |[Cy|<x and c, ¢ C _ for
all < 2, The question remains only, how to extends &y onto C 1
to guarantee (1). To do this, assume 1¢C and let D = {c eC :
=0}and E = {ceC,: c-c -O} Take d €B such that

o+ 1

. Then we put X = {dag (c): ceD} and Y = { g, (c)-d:

Peac g
h(d) = ¢  +1
: ceE}. Clearly, XvYCI and [XuY|<x. There is a weI such
that v-w = O for every veXuvY. There is also a z ¢B such that
zZAgu(c) = O for every ceD and g,(c)-z = O for every c eE. Hence
for a = (d=-w)v (za W), g(c)ra = O for every ceD and g, (c)-a =
= 0 for every c eE. It suffices to take 8 41 28 the extension of
8y 0 C 1y with the condition g +1Cisq) = 3

The space ©* is the Stone space over the algebra (®(w)/Fin. This
algebra has w1-separated property. Under the continuum hypothesis
for every almost u1-complete ideal I < P(w)/Fin, the space
St ((0)/Fin)/1) is a retract of ©* under the dual embedding.
Every closed P-set in w* is the image of St(((?(w)/Fin)/I) under
the dual embedding for some almost c,~complete ideal I in
®C)/Fin, Thus

Corollary 2 (J.van Mill [61). (CH) Closed P-sets in w* are
retracts of w*.

1

However not all ( separable) closed P-sets in w* are retracts
of /&w. Tiny sequence is an obstacle.

Theorem 2, If X is a P-set in " and there is a tiny sequence
in X, then X cannot be a retract of flw,

Proof, We shall first prove the theorem in the case of X
being dense in itself.

Suppose on the contrary that X is a retract of /30. Let
r: feo = X be a retraction and let {P } .,
in X. Let Fn = X=- UPn’ The sets Fn, necw, are S%osed and nowhere
dense in X. For each new, the set E = cl/m(r (F Jaw) is
a closed-open subset of fe contained in r (F,)» and thus dis-
joint with X, Since X is a P-set in w , there is a closed=-open
set UC pwsuch that XCU and [E nU|<w for each new. The set U
is of the form U = cl ,‘,D. where Dcw Hence r(D) must be dense
in X. Since |E AD\<w and E AD =1~ (F )nE AD =17 (F )~D,
[an r(D)|<cw for each neo. Now let A = r(D),\ U{Fn: new} and
B = r(D)-U{Fn: new}., Let us decompose A into the following
pieces: Ay = r(D)nFy and A, = (F _,-F )nr(D) for new.

be a tiny sequence

n+1
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Clearly, each of the sets An is finite and Anc \.}Pn_1 for nj 0.
Hence it is possible to choose a finite subfamily Sn from Pn in
such a way that AnC usn_1 for every n >0, necw. Part B of the
countable set r(D) is contained in the set /\{kJPn: necwj. Hence
for each necw it is possible to choose precisely one member Cn
from Pn in such a way that B(:CO\JC1 Uese o Enlarging previously
defined families Sn by adding Cn to Sn' we get a sequence {CO},
S1u {01}""Sn"{cn}"" of finite subfamilies of Pés. Note that
for every d er(D)—AO there is an ne w such that either d.eCO or
d eCn\J\an. Since r(D) is dense in X and AO is finite and X has
no isolated points, k}{L}(Snu {€ 3): new} is dense in X, which
is a contradiction.

Passing out to the general case, assume again that X is a P-
-set in o with a tiny sequence 1P }pe @nd that X is a retract
of fo. Hence X is separable and thus extremally disconnected and
compact., Let r:,Ga —> X be a retraction and let I be the set of
all isolated points of X. Then I is at most countable, 80 we can
choose one member from each Pn in such a way that I will be con-
tained in the union of all such chosen sets. Hence I cannot be
dense in X. Let Z = X-clI. Then Z is a non-empty closed-open
subset of X without isolated points. Clearly, Z is a P-set in w*
1(Z) onto Z. Since r-1(Z) is
a closed-open subset of,@au it is homeomorphic to ﬂa>and Z lies
as a P-set in the remainder of this copy of/ﬁw. It remains only

and rlr-1(Z) is a retraction from r~

to check that if we restrict the sequence &Pnzneca to Z we obtain
a tiny sequence in Z. In virtue of the first part of the proof,
this is a contradiction.

K.Kunen [4] showed that assuming MA, any extremally disconnec-
ted compact Hausdorff space of weightg 2“ can be embedded in w*
as a P-set., This together with Theorems 1 and 2 give

Corollary 3. (MA) There is a separable closed subspace of w*
which is not a retract ofﬁcu

The same conclusion under CH has been obtained by M.Talagrana
[8]. Using, in addition, Corollary 2 we get

Corollary_4. (CH) There is a separable closed subspace of w®
which is not a retract of/zo but which is a rezract ofco*.
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