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N A T U R A L O P E R A T O R S L I F T I N G F U N C T I O N S 

T O C O T A N G E N T B U N D L E S 

OF L I N E A R H I G H E R O R D E R T A N G E N T B U N D L E S 

W . M . Mikulski 

Abstract. All natural operators C°°(M) -> C°°(T*Tir)M) for n-dimensional 

manifolds are determined, provided n > 3. 

A M S Classification: 58 A 20, 53 A 55 

0. From now on we fix two natural numbers r and n. Given a manifold M we 

denote the space of all r-jets of maps M —> R with target 0 by Tr*M = Jr(M, R)o-

This is a vector bundle over M with the source projection. The dual vector bundle 

(Tr*M)* of Tr*M is denoted by T^r)M and called the linear r-tangent bundle of M, 

cf. [2]. Every embedding <p : M —> N of two n dimensional manifolds (n-manifolds) 

induces vector bundle homomorphisms Tr*<p : Tr*M -> Tr*N over tp defined by 

composition of jets and T ( r )v? - T ( r ) M -> T ( r ) N dual to Tr*<p~l. 

In this paper we study the problem how a map L : M —> R on a manifold M can 

induce canonically a map AM(L) : T*T^r)M -> R. This problem is reflected in the 

concept of natural operators T ( 0 ' 0 ) -> T ( 0 ' 0 ) ( T * T ( r ) ) for n-manifolds, cf. [2]. 

Definit ion 0.1. A natural operator A : T ( 0 ' 0 ) -> T ( 0 ' 0 ) ( T * T ( r ) ) for n-manifolds 

°This paper is in final form and no version of it will be submitted for publication elsewhere 
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is a family of functions 

AM : C°°(M) -> C°°(T*T{r)M) 

for any n-manifold M satisfying the following conditions: 

(1) For any embedding ip : M -> N of two n-manifolds and any map L : N —> R 

we have AM(L o y?) = AN(L) o T*T ( r )(^ . 

(2) If Lt : M —> R, t G R, is a smoothly parametrized family of maps (i.e. the 

resulting map L : R x M —> R is smooth), then so is AM(LI). 

E x a m p l e 0 . 1 . For every vector bundle E —> M, x G M and y € Ex we have a 

natural linear isomorphism between the fibre F?x of £7 over x and the vertical space 

VyE := TyEx of E at y given by u —> -j-: | t = 0 (y A- tv). For any vector space W we have 

< , >: W* x W -> R, < a,v >= a(v). Denote 

S(r) = {(sus2) G (N U {0})2 : 1 < s, + s2 < r} . 

Let ($i,S2) € S(r) and let L : M —» R , where M is an n-manifold. 

Define A<S l 'S 2 >(L) : T*T^M -y R by 

A< s " 3 2 > (L)(a) : = < (.4<*1-'->(L) 0 7r)(a),g(a) > , 

where c/ : T*T^r)M —> T^r)M is the cotangent bundle projection, 

A < J - ' S 2 > (L ) : (T ( r ) M)* -> (T{r)M)* is a fibre bundle map over idM given by 

A<s^>(L)(jr
xl):=jr

x(1^(L^L(x)Y% 7 : M - > R, 7(x) = 0, xeM , 

and 7r : T*T^r) M -> ( T ( r ) M ) * is a fibre bundle map over ic?M given by 

n(a) := a\Vq{a)T
{r)M=T^r)M, a G ( T * T ( r ) ) x M , x G M . 

Clearly, given a pair (si,s2) G 5( r ) the family A < 5 l ' J 2 > = {A^ f
S l 'S2>} of functions 

A < a i ' a 2 > : C°°(M) -> C°° (T*T ( r ) M) , L -> A < 5 l ' S 2 > (L) 

for any n-manifold M , is a natural operator T ( 0 ' 0 ) -> T ( 0 ' 0 ) (T*T ( r ) ) for n-manifolds. 

Given L : M -> R we have the vertical lifting Lv : T*T^r)M -> R of L defined 

to be the composition of L with the canonical projection T*T^r)M -> M . The 

correspondence "L -> L ^ " gives a natural operator T ( 0 ' 0 ) -> T ( 0 ' 0 ) (T*T ( r ) ) for n-

manifolds 
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If H : R 5 ( r ) x R -> R is a map, then the family A ( / f ) of functions .A^} : 

C°°(M) -> C°°(T*T^M), 

A^\L):= H O ( ( A < ' l ^ > ( L ) ) ( J l i . a ) € S ( r , , L K ) 

for any n-manifold M, is also a natural operator T ( 0 ' 0 ) -> T ( 0 ' 0 ) (T*T ( r ) ) for n-

manifolds. 

We are going to prove 

T h e o r e m 0 . 1 . Let A : T ( 0 ' 0 ) -> T ( 0 ' 0 ) (T*T ( r ) ) 6e a natural operator for n-

manifolds. If n > 3, tten there exists the uniquely determined smooth map H : 

RS(r) x R -* R such that A = A ( H ) . 

We see that any constant natural operator T ( 0 ' 0 ) -> T ( 0 ' 0 ) (T*T ( r ) ) is a natural 

function on T*T^r) in the sense of [1] or [3]. On the other hand any natural function g 

on T*T^r) for n-manifolds determines a natural operator A : T ( 0 ' 0 ) -> T ( 0 ' 0 ) (T*T ( r ) ) , 

AM (L) — QM- Thus we have reobtained the following result of [3]. 

Coro l lary 0 .1 . All natural functions on T*T^r) for n-manifolds (n > 3) are of 

the form { /Yo(A^ ' > , •••, A ^ r , 0 > ) } , where H G C°° (R r ) is a function of r variables. 

1. The proof of Theorem 0.1 will be given in Item 2. In this item we prove some 

lemmas. 

Let g, 7T be as in Example 0.1. The usual coordinates on R n are denoted by 

x1,...,xn and the canonical vector fields induced by xx,...,xn on R n by 9 i , . . . , 9 n . 

For any vector field X on M the complete lift of X to T{r)M is denoted by T ( r ) X . 

It is clear that T ( r ) ( ( x 1 ) r 9 i ) is vertical over 0. We recall that 

J o V ) € T0
r*Rn =(Vj ,T ( r )R n )* for any y G T0

( r )Rn . We have. 

L e m m a 1.1. The set 

{y 6 T0
(r)R" :< T ( r ) ( (x 1 ) r a 1 ) (y) , j 0

r (^) >+ 0} 

iз dense in T 0

( r ) R n . 
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Proof. Let <pt be the flow of (xl)rd\ near 0. Then we have 

< ^((xYftXvUoV) > =< ||<=oT0
(rV.(«/).j0V) > 

= |<T( rVt(y),ioV)>lt=o 

= - - <yJo(xl °<pt) > |i=o 

= < y , j o ( ^ ( a ; 1 « ? « ) ( - . ) > 

= < y , i o ( ( * 1 ) r ) > 

for any y G T0 R n . Hence our lemma is obvious. • 

Now we prove the following lemma. 

L e m m a 1.2. Fe* A,B : T ( 0 ' 0 ) -> T ( 0 ' 0 ) (T*T ( r ) ) be two natural operators for 

n-manifolds. Assume that n > 2 ana1 £ha£ 

ARn (xn + a)(a) = 5 R n (xn + a)(a) 

for all a G R and a// a G ( T * T ( r ) ) 0 R n witfi 

(1.1) 7 r ( a ) = i r ( x 1 ) . 

( ( T * T ( r ) ) 0 R n 25 tfie yi6re over 0 O/ tAe 6tmdZe T * T ( r ) R n -> R n . J Then A = £ . 

Proof. Consider F : R n —> R. Using the invariancy of A and B it suffices to show 

that Ann(L) = BKn(L) over 0 G R n . 

Let a G ( T * T ( r ) ) 0 R n . We can write n(a) = j j f r ) for some 7 : R n -> R with 

j(0) = 0. Consider two cases. 

(1) Suppose that the rank of the differential 0*0(7,L) of (7,-L) at 0 is maximal. 

Then by the rank theorem there is an embedding <p : R n —> R n , <p(0) = 0, such that 

(1,L)o<p = (x\xn + L(Q)) 

on some neighbourhood of 0. Then 7r(T*T^r)<p"l(a)) = JQ(X\ and Lo<p = xn+L(0) 

on some neighbourhood of 0. Now, using the invariancy of A and B with respect to 

<p and the assumption of the lemma we deduce that A^n(L)(a) = Bjin(L)(a). 

(2) Otherwise, there exists a sequence tm (m = 1,2,...) of real numbers tending 

to 0 such that am = a + j£(tmxl) G ( T * T ( r ) ) 0 R n and Lm = L + tmxn satisfy the 

assumption of case (1) with a,L replaced by am,Lm for any m = 1,2,.... Then (by 

case (1) ) A-R,n(Lm)(am) = B^n(Lm)(am) for any m. If m —•> 00, then A^n(L)(a) = 

B-R.n(L)(a) because of the regularity condition. • 

Using Lemma 1.2 we prove. 
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L e m m a 1.3. Let A,B : T(0>0) -> T ( 0>0 )(T*T ( r )) be two natural operators for 

n-manifolds. Assume that n > 2 and that 

AKn (xn + a)(a) = J5Rn (xn + a)(a) 

for all a G R ana1 all a £ (T*T ( r ) )oRn satisfying the conditions (1.1) and 

(1.2) < a , T ( r ) 9 i ( g ( a ) ) > = 0 

/or i € { 3 , . . . , n } . ThenA = B. 

Proof Consider a G ( T * T ( r ) ) 0 R n with n(a) = JoO*1). Using Lemma 1.2 it is 

sufficient to show that ^Rn ( i n + a)(a) = BRn(xn + a)(a) for any a G R. We can 

assume that n > 3.(For, if n < 2, then {3, . . . , n} = 0.) 

Using the density argument one can assume that < a,T^r)d2(q(a)) > ^ 0. Define 

0 G T0*Rn by 

< 0,Z(O) > = < a ,T ( r ) Z(g(a ) ) > 

for all constant vector fields Z on R n . Then 

0 = / M o * 1 + /32d0x
2 + ... + /3nd0x

n 

for some /?i,. . . , /?n G R. By the above assumption /32 ^ 0. Let ifr = (xx,(i2x
2 + 

... + /3nx
n,xz,...,xn). Then ip : R n —> R n is an linear isomorphism, x1 o ip = x1, 

xn o \j> = xn and 

T0*i>(e) = Pld0x
1+d0x

2 . 

Let a = T*T<<r)ip(a). Since T^ip^x1)) = j ^ x 1 ) , a satisfies the condition (1.1) 

with a replaced by a. Moreover, 

< a,T(r)a,(g(a)) > =< a,T(r)((^-1)*ai)(g(a)) > 

=<0,( (^- 1 )*9 l ) (O)> 

=<T*0(0) ,^(O)>=O 

for i = 3, . . . ,n. Then by the assumption of the lemma ARn(a;n + a)(a) = BRn(xn + 

a)(a) for any a G R. Thus by the invariancy of A and B with respect to rj> we obtain 

-4Rn(xn + a)(a) = J5Rn(xn + a)(a) for any a G R. • 

Lemmas 1.1 and 1.3 imply the following assertion. 
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L e m m a 1.4. Let A,B : T ( 0 ' 0 ) -> T ( 0 ' 0 ) (T*T ( r ) ) be two natural operators for 

n-manifolds. Assume that n > 3 and that 

A R - (xn + a)(a) = 5 R » (xn + a)(a) 

for all a £ R ana7 a// a £ (T*T ( r ) )oRn satisfying the conditions (1.1) and (1.2) for 

i £ {2 , . . . , n} . Then A = B. 

Proof. Consider a £ (T*T{r) ) 0 R n with (1.1) and (1.2) for i £ {3 , . . . , n} . Let a £ R. 

By Lemma 1.3 it suffices to show that A R M ( i n + a)(a) = B^n(xn + a)(a). 

Using the density argument and Lemma 1.1 we can additionally assume that 

<T^((x1ra1)(9(a)),j0
r(x1)>=-^ 

for some (3\ £ R . 

Let < a,T{r)02(q(a)) >= 02. Since jr
0~\d2 - 0i32{xl)rdi) = jr

0~
l(d2), there 

exists an embedding y> : R n —> R n , y>(0) = 0, such that: j0(y>) — j0(id), xn oy> = xn, 

germ0(Tip o (d2 - /3i/32(x
1)rdi)) = germ0(d2 o y>), and 

germ0(Tip o di) = germ0(di ° y>) 

for i = 3 , . . . , n, cf. [2]. 

Let a = T*T(r)c/?(a). Since ip preserves j0(x
l) and di for i = 3, . . . ,n, then a 

satisfies the conditions (1.1) and (1.2) for i = 3, . . . ,n. Moreover, 

< a ,T ( r ) a 2 (g (a ) ) > =< a,TT{r)y~l(T{r)d2(q(a))) > 

= < a ,T ( r ) 3 2 (a (a ) ) - 0l02T^r)((x1)rdl)(q(a)) > 

= /?2- !9i /?2^- = 0 

Then by the assumption of the lemma A^n(xn + a)(a) = B^.n(xn + a)(a). Now, 

by the invariancy of A and B with respect to </? we obtain that Ann(xn + a)(a) = 

Bnn(xn + a ) ( a ) . D 

Similarly, one can prove. 

L e m m a 1.5. Let A,B : T ( 0 ' 0 ) -» T ( 0 ' 0 ) (T*T ( r ) ) 6e toO naitAm/ Operators for 

n-manifolds. Assume that n > 3 and that 

ARn(xn+a)(a)=BRn(x
n+a)(a) 

for all a £ R ana7 a// a £ (T*T ( r ) )oR n satisfying the conditions (LI) and (1.2) for 

i £ { l , . . . , n } . Then ,4 = 5 . 
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Proof. The proof of Lemma 1.5 is a replica of the proof of Lemma 1.4. (In the 

text of the proof of Lemma 1.4 we replace d2 by d\, Lemma 1.3 by Lemma 1.4 and 

i = 3, . . . ,n by i = 2,. . . ,n.) • 

Now, we prove the main lemma. 

L e m m a 1.6. Let A,B : T ( 0 '0 ) -> T ( 0 ' 0 ) (T*T ( r ) ) be two natural operators for 

n-manifolds. Assume that n > 3 and that 

-4Rn (xn + a)(a) = S R n (xn + a)(a) 

for all a £ R and all a £ (T*T ( r ) )oR n satisfying the conditions (LI) and (1.2) for 

i £ {1, . . . ,n} and 

(1.3) < ^ ( a ) , i o
r ( ^ ) > = 0 

for all (3 = (/?i,...,/?„) £ ( N U { 0 } ) n with 1 < \/3\ < r and P2 + ... + /Jn_i > 1. Then 

A = B. 

Proof Consider a £ ( T * T ( r ) ) 0 R n satisfying the conditions (1.1) and (1.2) for 

i = 1, . . . ,n. Let a £ R. By Lemma 1.5 it is sufficient to show that ARM (x n + a)(a) = 

Bnn(xn + a)(a). 

Let ct := (x1,tx2,...,txn~1,xn) : R n -> R n , t ^ 0. It is easy to see that 

a° := Zz'mt_>0(T*T(r)ct(a)) satisfies (1.1), (1.2) for i = l , . . . ,n , and (1.3) for all 

/? = (/?!,...,/?„) £ ( N U { 0 } ) n with 1 < |/3| < r and/? 2 + ... + /?n-i > V Then using 

the invariancy of A and B with respect to ct we deduce that _4Rn(xn + a)(a) = 

AKn(xn + a)(a°) = B^n(xn + a)(a°) = BKn(xn + a)(a). D 

2. We are now in position to prove the theorem. Let A : T ( 0 ' 0 ) -> T ( 0 ' 0 ) (T*T ( r ) ) 

be a natural operator for n-manifolds. Define 

H : R 5 ( r ) x R -> R , H(£, a) = ARn (xn + a)(a^), 

where £ = (^(Sl)S2)) £ R S ( r ) and a^ £ ( T * T ( r ) ) 0 R n is the unique form satisfying'the 

conditions: 

(1.1); (1.2) for i = l , . . . ,n; 

(1.3) for all p £ (N U {0})n with 1 < \/3\ < r and f32 + ... + /? n _! > 1; and 

(2.4) <q(^)Jro((x1)^(xn)^)>=^S2) 
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for all ( s i , s 2 ) G S(r). 

It is clear that H is smooth . We see that 

AR,(xn + a)(at) = H o ( ( A < ^ > ( * » + a ) ( a € ) ) ( , l i J a ) € S ( r ) > ( * " + «)"(«,-)) 

= <?(*"+a)K) 

for all £ G R 5 ^ and all a G R . Hence by Lemma 1.6 we obtain A = A^H). (For, any 

a satisfying the conditions of Lemma 1.6 is of the form a$ for some £ as above. ) • 

R e f e r e n c e s . 
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