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We consider two cr-algebras (KL) and (LK) of sets in the plane, associated with the respective 
mixed measure-category Fubini products of ideals. We show that each set from (KL) (resp. (LK)) 
is contained in a special simple set from (KL) (resp. (LK) such that the difference of the sets is 
small. 

Let I = [0, 1] and let ju denote the Lebesgue measure on I. By K and L we denote, 
respectively, the cr-ideals of meager sets and Lebesgue null sets in I. For x el and 
B £ I2, we write 

B[{x}] = {xeI:<x,y}eB}. 

Consider the following Fubini-type product 

IK ® L = {A £ I2: there is a Borel B 2 A such that 

{xeI:B[{x}]$K}el} 

and let L ® IK be defined analogously. Then IK ® L and L ® IK are cr-ideals. There 
are some interesting results on them (see [M], [CKP], [CP], [G], [F l ] , [F2]). 

Let us denote 
(LM) — the family of Lebesgue measurable sets in I2, 
(BP) — the family of sets in I2 with the Baire property, 
(KL) — the cr-algebra generated by Borel sets in I2 and by sets from IK ® L, 
(LK) — the cr-algebra generated by Borel sets in I2 and by sets from L ® IK. 

The aim of the paper is to present some properties of (KL) and (LK). 
The first proposition is a consequence of the known results obtained in [M], [G] 

and [F l ] . 

Proposition 1. We have: 

(a) (KL)\(LK) * 0, (LK)\(KL) =f= 0, 
(b) (LM) n (BP) \ ((KL) u (LK.)) 4= 0, 
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(c) (KL) n (LK) \ ((LM) u (BP)) * 0, 
(d) (KL) and (LK) are invariant under Suslin's operation, 
(e) (KL) and (LK) are not invariant under the symmetry with respect to the diagonal 

y = x. 

Proof. Let A and B be disjoint Borel subsets of I such that A e K9 BeL and 
A u £ = I (cf. [0]). Let H g / 2 b e a Bernstein set (i.e. PnH-#0andP\H=i=0 
for each perfect set P in I2; cf. [0]). We have 

Hn(A x 7 ) e (KL ) \ (LK ) , Hn (B x l)e(LK)\ (KL) , 

ffn((4 x B)KJ(B x A))e(LM)n(BP)\((KL)v(LK))9 

Hn((A x A)u(B x B)) e (KL) n (LK) \ ( (LM)u(PP)) , 

which gives (a), (b) and (c). For instance, let us show the first of the above relations. 
Since A x I e K ® L, the condition H n (A x I) e (KL) is obvious. Observe that 
Hn(Ax I) $L®K since H[{x}] £ K for all x e A. Suppose that Hn(A x l)e 
e (LK). Thus H n (A x I) = D u C for some Borel set D and for C e L ® IK. 
Since D is not in L ® K9 it must be uncountable and thus contains a perfect set 
(cf. [Ku], § 33,1). Hence D \ H =f= 0, which is impossible. 

A slight modification of the standard construction leads to the Bernstein set 
symmetric with respect to the diagonal y = x. Then we have 

H n (A x I) e (KL) but Hn(l x A)£ (KL) 
and 

Hn(B x I)e(LK) but H n(l x B)$(LK) , 
which gives (e). 

To prove (d), recall that any disjoint subfamily of (KL) \ IK ® L is countable 
(see [G], [Fl]). The standard argument (see e.g. Lemma 1H (b) in [Fl]) shows that 
(KL) is a Marczewski algebra, so it is closed under Suslin's operation (see [Ku], § 11, 
VII). The proof for (LK) is analogous. 

Remarks, (l) It follows from (d) that all analytic subsets of I2 are in (KL) n (LK). 
(2) We can consider IK and L in the whole line U and thus (KL) and (LK) are 

defined for R2. Then the equivalent form of (e) states that (KL) and (LK) are not 
invariant with respect to the rotation around the origin at the angle n\2. What 
about other rotations? 

The following result is derived from [F2]. 

Proposition 2. If B e L ® K9 then there are a Lebesgue null set C £ 1 (of type G3) 
and an Fff set F c J2 with meager vertical sections, such that _B c (C x J) u F. 

We shall prove a certain generalization. 

Theorem 1. If B e (LK), then there are a Lebesgue null set C c / (of type G3) and 
an Fa set F _= I2 such that B £ (c x I) u F and (F \ B) [{*}] is meager for each 
xel. 



Proof. It suffices to consider the case when B is Borel. Let B* = {xel: B[{x}~\ e 
e IK}, B* = B n (B* x /) and £** = B \ B*. Since B* is Borel (cf. [V]), we have 
B* e L ® IK. Hence, by Proposition 2, there are a set Q e L (of type Gd) and an Fa 

set F* c /2 with meager vertical sections, such that B* = (C* x / ) u F t , Now, 
consider £**. Let {^: n e co} be a base of open sets in I. If -B[{x}] is nonmeager, 
there is Vm such that Vn \ B[{x}] is meager. Thus we have / \ B* = (J An where 

new 

An = {xel: Vn\B[{x}]eK} for new, It is known that the sets An are Borel 
(cf. [V]). For each neco, choose an Fa set Fn £ An such that ft(An \ Fn) = 0. Put 
F** = (J(Fnx K) and C** = (I\B*)\ \j Fh. Observe that C** e L (it can be 

neco neco 

enlarged to a Gd set from L) and (F**\B) [{*}] e IK for each x e / . Finally, consider 
B \F#*. It belongs to L ® IK since it is Borel and all its vertical sections are meager. 
Hence, by Proposition 2, we can find the respective sets C*** and F*** such that 
B\F** = (C*** x /) u F***. Put C = Q u Q # u C*** and F = i 7

t u F ^ u 
u F***. Then the assertion holds. 

The analogous theorem is true for (KL). 

Theorem 2. If B e (KL), then there are a meager set C £ I (of type Fff) and a Ĝ  
set .4£/2 such that B £ (C x I)u A. and ,u((A.\5) [{*}]) = 0 for each x e / . 

The proof is based on the lemma. 

Lemma. Let 5 g J2 be a Borel set. The following property holds: 
(*) for each e > 0, there are a sequence <£/„: neco} of open sets in 7, and a sequence 

<GW: neco} of open sets in I2 and a meager set C c J of type F,, such such that if 

A = (J((Unxl)nGn), 
neco 

then .5c(Cx/)u.4and n((A \ B) [{x}~]) < e for each x e I \ C. 

Proof. It is enough to show three facts: 

(1) property (*) holds for open sets B £ I; 

(2) property (*) holds for B = IJ Bm if it holds for Borel Bms; 
meco 

(3) property (*) holds for B = f) Bm
 i f -t h o l d s f o r B o r e l Bm

9& such that Bm+1 c £w. 
meco 

To show (1), put Un = I and Gn = B for all n e o> and let C = 0. 
To show (2), consider any Bm and, for e/2m+1, choose - by (*) - the respective 

sequences <JJmn: n e co>, <GmB: neco} and a set Cm. Put 

mn 
meco 

tl„ = Ut!„™. G, = UG, 
meco 

for n e co and let 

c = uc 
meco 

Now, it is clear that (*) holds for B. 



To show (3), consider any Bm and, for g/2, choose — by (*) — the respective 
sequences <JJnm: n e c0>, (Gmn. neco} and a set Cm. Put 

Em = {xeI:n((Bm\B)[{x}-])<el2}. 
We have 

I = U I4 • 
meco 

The sets Em are Borel (cf. [Ke]) and Em s Em+1 for m e G>. Let D0 = F0 and Dm = 
= Em\Em-l for m > 0. For each L>m, there is an open Um such that DOT A Um 

(the symmetric difference) is meager. Of course, 

and 

Thus 

where 

and 

I = U t l m ^ U ( A , A U m ) 
meco meco 

B^f]((Cmxl)u[j(UmnxI)nGmn). 
meco něco 

B £ (C x I) v A 

C = [JCmu(DmAUm) 
meco 

A = \J [)(((UmnUm„) xI)nGm„) 
meco něco 

(the set C can be enlarged, if necessary, to an Fa meager set). Let xeI\C. There is 
a unique meco such that x e Dm n Um\ Cm. Thus we have 

H((A N B) [{«}]) = n(( U Gmn x B) [{x}] = ' 
neco 

= /*(( U Gm„ s Bm) [{x}]) + n((Bm \ B)) < e/2 + e/2 = e . 
neco 

This ends the proof. 

Proof of Theorem 2. It suffices to consider the case when B is Borel. We define 

C = U Cn and A = f] An \ C 
«eo> neco 

where 4̂M and C„ are obtained by Lemma for e = 1/n. 

Corollary. If B e (K ® L, then there are a meager set C £ I (of type F^) and a G3 

set A s J2 with vertical sections of measure zero, such that 5 c ( C x / ) u i 
Observe that the converses to Theorems 1 and 2 are also true. Thus we have the 

characterizations of (KL) - and (LK) — measurability. 
I would like to thank Professor D. Fremlin for helpful remarks and discussions. 
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