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THE TOPOLOGY OF THE YANG-MILLS THEORY OVER TORUS

Stawomir Klimek-Chudy, Witold III Kondracki

ABSTRACT
Some results on the topology of the Yang-Mills theory over torus are
summarized. The interpretation of t Hooft electric and magnetic ‘

fluxes is given.

INTRODUCTION

One of the method of field quantization is the Shrodinger approach
(Hamiltonian formulation,Q-space...) very popular at early stages

of Constructive quantum field theory (see for éxample [1]). 1t is
the most effective method for the bound-state problems. [2],[3],[4].
In this approach one starts with the classical configuration space
‘™ and next consider the Hilbert space of states as L~ (Y7,du)
with a suitably defined measure u. The quantization program is
then the construction of Hamiltonian and quantum field operators in
L2 (W,du) or rather their reqularized (cut-off) versions. Two
kinds of regularizations are necessary-volume and ultraviolet ones.
Finally one should remove all cut-offs using the renormalisation
wrocedure i.e. redefining the bare parameters.

Only some steps in this direction was made with mathematical rigor-
ous in continuum (i.e. not on lattice) for the Yang-Mills field
theory [51,[6],[71,[8]. This is because the proper definition of the
(reqularized) measure u is still lacking. However the configura-
tion space ¥ for pure gauge theory was studied with the great
geometrical details [9]1,[10],[11]. The formal (i.e. acting on twice
differentiablle functions on ¥V ) regularized Hamiltonian was con-
structed [6],[7]. It was also suggested that well-defined, gauge in-
variant Wilson loops, may be used as field operators at least in the
axiomatic framework [12].

This notes are expanded and modified version of lectures at 12th
Winter School on Astract Analysis in Srni. We briefly summarized the
mathematically rigorous results on Schrodinger representation of

This paper is in final form and no version of it will be submitted for publication elsewhere.
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Yang-Mills theory. The original contribution is the discussion of
topological aspects (like @-vacua) of the theory in this framework.
Our main attempt is to relate some of the ideas of [13],[14],[15]
with the well-known mathematical constructions in order to have a
geometrical background for the (static) quark confinement consider-
ations.
The paper is organized as follows:
Section 1. The geometry of the configuration space

2. The topology of ™V .

3. The classification of the principal bundles over some low

dimmensional manifolds.

Finally, let us mention that some problems closely related to dis-
cuss in this paper, in particular
-Frohlich-Duurhus theorem
-'t Hooft and Wilson loops
-Hamiltonian in the presence of electric fluxes,
are omitted in order to describe rather the topological structure of
Yang-Mills field theory.

I

A volume cut-off is introduced in these notes by working with
periodic boundary conditions. Thus we take the space-like surface

M to be a torus T3. G stands for a compact, connected Lie group.
Our main choice is G =SU(N)/Z(N).

Gauge potentials are, by definition, connections in principal bundle
P(M,G) and gauge trahsformations are automorphisms of this bundle
[161,017].

The true configuration space for the Yang-Mills theory is then the
orbit space for the action of authomorphism on connections.

To be more specific, let * denotes the space of c” connections
and %L the group of C° gauges.

For technical purposes we consider rather the subgroup %;
consisting of gauges fixing a givep point of P. Because (30 is
the group of authomorfisms of P, ﬁa acts on A. The first fact is
the following [9]:

Proposition: The orbit space ¥ = Jk/ éo is a (Frechet) manifold.
This is because the action of 3 ° on ‘A: is free and proper.

MY posses the additional hierarchy of (apriori stronger than natu-
ral C"-one) topologies and differentiable structures. They are ob-
tained by considering all objects (i.e. connections and gauges) of
Sobolev class Hk (k> 3).
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The space 'k of Hk connectio;s is an ar{tine space modeled on a
Hilbert space. The group % is a Hilbert iLie group. However it
cdn be proved that the action of g k+1 on v s C%, proper
and free. Thus, we have [10],[11]:
Proposition: The orbit space Tm'k =.;ék/ §+1 is a C -Hilbert mani-
fold. )
The identification of ]TF]< and B is based on the fc'lowing two
observations
- In each f% k+1 ‘orbit in‘Jb k there exists a C* connection
- If two C° —connections are *% k+ 1-equlvalent then, they are

% o-equlvalent.
One can use this additional Sobolev structures to the ultraviolet -
reqgularization [5],[6],[7]. Even though the construction of the con-
figuration space does not depend on the whether or not the bundle
P(M,G) 1is trivial, the nontriviality of P(M,G) is of the physica
relevance. .
The classification of principal bundles over T3 can be made "by
hand" (see section 3). The result is that they are labeled by ele-
‘ments of n1 (G) x H1(G)x n1(G). To see the physical significence
of these numbers consider G=U(1). It is the case of electrodyna-
mics and a connection .A is then a magnetic potential, and its cur-
vature F(A) 1is a magnetic field.
Let us compute magnetic fluxes flowing in x,y,z-direction i.e. in-

tegrals I} F(A) where T2 are two-dimensional toruses in
2 T2 Tz X,Y,Z
T y' 2

T3 "orthogonal"” to the corresponding directions. The result is
exactly the number of H1(G) xn1(G) xn1(G) =Z x%Z x2Z which clasyfies
the bundle from which magnetic potential A was taken [18]. This
follows from the fact that bundles P(T3,G) are determined by their
restrictions to Ti,TZ,Tg (theorem 3) and from properties of Chern
classes [18]. Basing on this analogy we interprete according to

- t Hooft [14] the numbers (m NG )en, (SU(N)/Z(N))x... =

= Z(N) xZ(N) xZ(N) for non abelian Xang-Mills theory as  magnetic
fluxes runﬁina in X,¥,z directlioms. The corresponding configuration
spaces 30 x Y’ are called to carry the- mx,my,mz units of mag-
netic fluxes. Using local trivialisation one can establish the rela-
tion beetwen nontriviality of P(T>,G) and t Hooft "twist" bound-
ary conditions more directly, see [19],([20].
Finally, we remark that the full quotient space

ture of stratification onto Hilbert manifolds [11].

kYas a struc-
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Now we will study the topology of the configuration space Iﬁ-. The
reason is that the multiply - connectivity of 7%  is the source of
the so-called "eo-vacua" [20],[21]. The argumentation is going as
follows [22].

In the Schrodinger approach one is looking for the Hilbert space of
states to be the space of wave functions (or rather functionals)
i.e. the space of complex functions on the configuration space W .
In the case when H1(5ﬁ7 is non-trivial one finds them to be multi-
valued. Multivaluedness is choosen to be undistinguishable by any
observable. This leads to the requirement that multivalued wave fun-
ctions,have to satisfy certain properties. The mostAFasy way to des-
cribe 'them is to use the univsfsal covering space WY of M . The

wave function @ written on ¥ is singlevalued and satisfies

T@R0]) = o (LePE

A
e, lwle€ H1(Eﬂ), Mlw] is the result of the action of [w] on
ﬁ. Here 0 1is a certain character of H1(Tyn. Q defines multi-

valued wave function on 3§ by the formula

~A A
y(m) = U Vv (m) where n:%Y > M is a projection.
-1

ﬁen (m)
Characters of H1(M)- labels different classes of wave functions and
thus lead to the "superselection sectors" of the theory [23]. The
consequence is that one must work in each superselection sector se-
paretly. It was suggested that for Q.C.D, © 1is near to identity,
otherwise e.g. P and T-symetries should be break [5].
One can return to the singlevalued wave function by suitable redefi-
nition of the momentum operator and consequently, the change of
Hamiltonian. This serves the possibility of 6 being measured. To
compute the fundamental group of Y we use the exact sequence for
principal fibrations and a fact that nﬁ(dt) = 0. [9] Therefore

nm = (G0

and in particular 1, (%) = Ho(gu)'
Moreover n°(§<3) = no(' ) = the set of homotopy classes of autho-
morphisms of P(M,G). (lﬂmwvul ﬁJ
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The computation of Ho(g) is given in Theorem 4
15(4) = 13(6) x1,(6) x 1, (6) x 1, (6)

In our case G = SU(N)/Z(N) so

n1(ﬁﬁ) = Z x%Z(N) x Z(N) x Z(N).

The result is independent of the choice of bundle. The superselec-
tion sectors for SU(N)/Z(N) Yang-Mills theory over torus T3‘ are
then labeled by characters of Z xZ(N) x Z(N) xZ(N) i.e. by elements
(e,ex,ey,ez) of S1gZ(N) x Z(N) x Z(N). Let S_m denotes the com-
pogsnt of unity of 3 o* Write down a wave function ¢ on Jt'/f; =
= MY which is the universal covering of MY

Then y has to satisfies

@R + o
w[kx'ky’kz’y)w - € ]
where wlk ,k sk, ,v]€n (W) = 1,(§) = 2(N) x 2(N) x 2(N) x z.

't Hooft, basing on the formulas of the above type gave the physical

interpretation for the numbers (e,ex,e ,ez). Firstly ey re e

Y Y 2
are indicators for the electric fluxes running in x,y,z-directions.
The angle © indexes the original o-vacua of [24],[25] because it

origin is the bundle over 53.

III

This section is devoted to the classification of bundles and autho-
morphisms on these bundles over T3 because of it importance in the
discussed matter. We find it useful for physicist to give the de-
tails of the proofs. We use only the elementary topological notions.
Definition 1 .
Let (P1,II1,G,M),(P2,II2
over the manifold M with the structure Lie group G.

,G,M) denote two principal fibre bundles

The diffeomorphism ¢: P1-+P2 will be called an isomorphism of
bundles if

1° 1
20

2 ¢ ° M
¢(p g) = ¢(p) g

¢
A A
peP1g€G



166 KLIMEK-CHUDY & KONDRACKI

If P, = P2 the isomorphism ¢ will be called an automorphism or a

gaugei The set of all automorphisms ¢ of the principal bundle
(p,n,M,G) forms a group named the gauge group g’ (P,M,G). It is
necessery to understand gauges also in another way i.e. as sections
of certain associated bundle. The typical fibre of this bundle is G.

The representation r of G in G 1is given by the formula:

A _ -1
g heG rg(h) =g hg‘.
The associated (with respect to r) bundle has the following

properties:

- sections of this bundle can be identified with gauges
- this bundle is trivial if (P,1n,M,G) 1is trivial, moreover for
given trivialization of (P,n,G,M) gauges can be represented as
maps : M- G

THEOREM 1.
Tet (P1,H1,G,Sn), (Pz,nz,G,Sn) denote two principal bundles over

n-dimensional sphere S®. Then
. n _ ] n _
no( 3(Py,87,6)) = (4(P,,s7,6) =1 _(G)

where Ho(‘l]) denotes the group of homotopy classes of g;

Proof of thm 1.

It is enough to prove that 1 _( %(P,SH,G)) = Ho( ﬁ(Snx G,s",6))

Let EC Sn_1 denotés the equator of S . The equator E

devides sh into two closed subsets N(north) and S(south)
NUSUE=s"

NNnS =E

Let us consider two isomorphism of bundles iN,iS:

iN:PIN* Nx G

is:PIS -SxG

Let ‘j id(P,sn,G) denotes the group of automorphisms of (p,s",6)

which are identity on E. The isomorphisms iN S will be used
’

to construct the isomorphism 1,
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1:§,4(28%,6) » §, (5" x G,s™,0)

Let ¢€ §,.(P,s",G). If pENxG we put

i¢(p)z=iy ¢i;]1 (P)

and if p€SxG

-1

s (p)

i¢ (p) :=is¢ i
Let us notice that i is equal to identity on N, so i¢ 1is
a continuous automorphism of (Snx G,Sn,G) . Now, it is enough
to prove that 1'[0( 3id(P,Sn,G)) = Ho( s(P,Sn,G)). We expect that
this fact is obvious for algebraic topologists but in order to
make this prove clear and self-contained we will give the details
Proposition 1

n R n
If ¢q00,€ gid(P,S ,G) are homotopically equivalent in %, (p,$,G)
then, they are homotopically equivalent in 3 id P,s",G), that
means, that there exists a homotopy wt such that

wt|E= id

Proposition 2
For every ¢ € (p,s™,G) there exists a homotopy by such that

Vo= $,€9,4(@8"0)

o
The statements of prop.1.2 mean exactly that no( gid(P,Sn:G) =
Tfo( Q(P,Sn,G)). So, to complete the proof of thm.1, it suffices
to prove prop.1.2. It needs a lemma

Lemma 1
Let
¢1=[0'e] x N> G

¢2:{0)xN-¢G where N 1is a manifold

and moreover $q |{0} x N is homotopically equivalerit to ¢,
(we denote this homotopy by n).
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Then,there exists a homotopy
¢(t,s,x):[0,11x[0,e]l x N> G such that
$(0,8,X) = ¢, (8,X)

¢(1 'O’X) = ¢2(0’X)

o (1,e,X) ¢1(s.X)

This homotopy is given by the formula

1 €-S

o(t,s,x) = ¢,(0,X)n (1=t ==, x) ¢,(5,X) a

Proof of Proposition 1

It is easily seen that using lemma 1 one can reduce the problem to
the following. Let by be a homotopy joining ¢o and ¢1 and
$400, are equal to the identity in the given point x. Then there
exists a homotopy Ve such that

V=05 v Vg% 04
by (x) =id
*This homotopy is given by the formula:
v =0 (000 (x) P

Proof of propesition 2

It is an immidiate consequence of lemma 1 nm

THEOREM 2.

Classes of isomorphic principal bundles over T3 with compact,
connected structure Lie group G are labeled by elements of

M, (G) x 14 (G) x T, (G)

Proof.

The proof is based on the following theorem [26] of Steeprod. The
principal bundles over Mx S1 are labeled by principal bundles over
M and homotopy classes of automorphisms of those bundles. This
theorem reduces our problem to the study of bundles over T2.

Lemma 2.
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Principal bundles over % are labeled by the elements of (lI.I (G).
Proof of lemma 2 )

Since all principal bundles with the connected structure group G
over S1 are trivial and in this case automorphisms are simply
maps S1 -+ G, then the statement follows from Steenrod theorem. IR

Let T1,T denote the following subsets of T2 = S1 x S1

2

T‘l = {p} x S1
T2 = S1 x {p} for certain p

Proposition 3

Let ¢ denotes an automorphism of (11-1 (T.I) ,1,T,,G) such that
¢({p}) = id. Then, there exists an automorphism ’é&Q(P,H,TZ,G)
satysfying:

oN _
1 ¢|T =¢
1
o -
2 $~|T2- id.

Proof of prop.3
/\
We construct Q by exteusion of ¢ to the set (S1 -{p'}) xS

1

where p'#p and next by patching it around ({p'} x S1 using,

if it is necessery, a suitable choosen homotopy (lemma 1) R

We can obtain, as a corollary the following fact. Let ¢4 be an
automorphism of (II_‘I (T1),H,T1,G)7 L (p) = id and let ¢‘1 be an
authomorphism of (II1 (T,) ,I[,TZ',G) ;¢‘2(¢) = id.

Then we can construct an authomorphism ¢ of (P,H,TZ,G) such that

by putting ¢ = ¢1 ¢2.

We have proved that the number of homotopy classes of the authomo
phisms of (P,XI,T?',G) is not less the II1 (G) x "1 (G) . Moreover we -
have the natural homomorphism h

The group of homotopy classes The group of homotopy classes
.
h: (of authomorphisms of (P,H,T?,G) )-'(of authomorphisms of )

(1'[-1 (T1) IHIT1 'G)
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The group of homotopy classes
x (of authomorphisms of (n-1(T2),H,T2,G))

defined by the restriction.

To complete the proof it is enough to show that h 1is an isomor-
phism. In other words if ¢ is homotopically equivalent to the
identity on T1 agd T then it is homotopically equivalent to the
the identity on T .
Let s be a section over T, U T2, that means

2

s: T, U T2—>P

1
id
Nes =
I, v,

We will define an equivalence relation on P by the formula:

P~P' o p,pen"1('1'1 v T, and
p/s(n(p)) = p’'/s(n(p’))

where p/s(n(p)) denotes an element of G such that

p = s(n(p)) p/s(n(p))

The quotient space P/~ is also a G-space and P/~/G 1is the two
dimensional sphere Sz. The map n: P+P/~ given by the above re-
lation commutes with the action of the group G. .
We will introduce also an analogical equivalence relation on Tz.

m~m’ e m,m’ €T, U T

1 2

In this way we have the map n’: Tz-»-s2 because T?ﬁv = Sz.

Proposition 4

The following diagram commutes

2

P —%t P/

I

2 z' s2

i.e. thé pair '(n,n’) 4is a morphism of bundles,
|
The authomorphisms of (Pﬁ~,n’,32,G) may be transformed to the
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automorphisms of (P,H,Tz,G) by the formulas:

a) ¢(p)+n-1¢n(p) for n(p) € T, U T,
b) ¢(p)+p-¢(n(p)) for T(p)eT, U T,

We have used the following meaning of ¢

¢: P/ +G
¢(p g) = g—1¢ (p) g (equivariant G-function on P/~).

This gives a map ﬁ ((Pﬁv,SZ,G))+ %((P,TZ,G)).

The image of this map consists of gauges which are "constant" on
T1 U T2. But all homotopically trivial automorphisms on T1 u T2
can be homotopically transform to this form (lemma 1). It means

that we have an isomorphism
n"j?/n- s2,G6) » Ker h

0. ’ ’

By virtue of thm 1 we have
14 ¢ /~,s2,6) = 1,(c)

o, e 2

For any compact Lie group G, HZ(G) =0 [26] so ker h=0. @

In three dimensional torus T one can distinguish two dimensional

toruses T2,T2,T§ ir natural way. We will also use the abbreviation

1.2 .5 ¥1 22 2 1_.2 .2

= 2. = . = T".
Tz Tx n Ty, Ty Tx n Tz' Tx Ty n. z
THEOREM 3
Each fibre bundle over T3 is uniquely determined by its restric-
2 2 .2
tions to Tx’Ty'Tz‘
Proof

By virtue of Steenrod theorem principal bundles over T3 are label-
- ed by pairs: (a bundle over Ti, a homotopy class of a gauge in }Ti).
According to the theorem 2 the homotopy class of an automorphism

is determined by: (a homotopy class of the restriction ¢| 17 a ho-

T2
motopy class of a restriction ¢ 1). So, finally bunales over T3
TY
are determined by triplets: (a bundle over Ti, a homotopy class of

¢| qr @ homotopy class of ¢( 1). Let us notice that T§==T;x S1 =
T

Tx v
= (T; le). So, if we have a bundle over Ti and an automorphism
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in it with a given homotopy class on T;, we can construct a bundle
we n U e
over Ti simply by Steenrod theorem. Analogicallyo 7° us all
o

T
Yy
bundles over T3 are labeled by (a bundle over Ti, a bundle over
T;, a bundle over Tg).- -
THEOREM 4
The set of homotopy classes of automorphisms of (P,H,T3,G) is

equal to H1(G)x II1(G)x n,(G) x5 (G).

Proof -

3

Let h denotes a homomorphism

. : 3 1,1 ol 1,1 o1
he mg (G (2T ,<13).+r}o(g @71, TG X (G Ty, T,6)) X
x m (g @ (T,),T,,G))

defined by restrictions. Following the idea of corrolary of proof of
thm 2, we conclude that h is onto.

Now, we will investigate the kernel of h. Let ¢ be the element
of % UnT3,G) which is homotopically trivial on T;,T;,T;. Then,

2,Ti (see thm 2), and we may

it is homotopically trivial on T}Z{,Ty

put

We'denote'the set of such automorphisms by g id(P,T3,G). Let us

notice that the following fact holds (and it is trivial at this
step) .

Proposition 5

Let ¢o and ¢, are automorphisms of (P,H,T3,G) such that

- they are homotopically equivalent
- doly = 0gly = 14y
2 2 2

v = Tx U Ty U Tz

Then there exists a homotopy such that

e

This Proposition implies, that ker h = HO(?id(P,TB,G)) and, that



THE TOPOLOGY OF THE YANG-MILLS THEORY 173

(%(PT ,G)) = (gtq(p'r G xn (g (T}) , T 1G) Xt =
= 1, (G, 4(P,T°,6)) x 1, (G) x T, (G) x T, .

To complete the proof we need to compute HO(Gid(P,T3,G)) . We will
construct an isomorphism

Yiae,r*,0 » ias®x 6,830

where 5 id (S3 x G,S3,G) denotes the set of automorphisms of
(S3 x G,S3,G) which are identity at a given point a€ S3.
Let S, denotes a section over T3 -V

s1(T3—V)->P; ns, =1

1
and let s, denotes a section of the bundle (S3 X G,S3,G) .

We will define an equivalence relation in T3 by the following for-
mula .

cm3 3
T 3m1"m2€T © m1,m2€V

Then T3/—~.=S3 and [V] =a. Finally let n: T3->T3,A.=S3 be the

natural projection.

The isomorphism i has the following form:
se §iae,1°,6), pes’

i¢ acts on p as follows:

Vst @) - p/s,(nie)) .

p- (i¢) = SZ(H(p) . ¢S1n
But we have IIo(gid(S3 x G,S3,G)) = (prop 1) .io( 5(53 x G,S3,G)) =
= T4 (G) .

|
The table presents the classification of principal fibre bundles
with connected, 'Compact structure group over some low dimensional
manifold

Base space Numbér of bundles
S‘I only trivial

s? 1, (G)

2

T n, (G)
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S3 only trivial
Szx S1 H1(G)
3 1,(6) x 1, (G) x 1, (6)
st 15(G)

4
T H3(G)XHﬂG)X...X5(G)

6-times
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