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ALWAYS OF THE FIRST CATEGORY SETS (II)

E, Grzegorek

Results of this note were presented during 13th Winter School on,
Abstract Analysis in Czechoslovakia. We investigated in [5] and [6]
a useful sub-G -ideal, denoted by_ff’_‘, of the (G-ideal of subsets of
the real line R which are always of the first category, denoted bj
>, Now we prove that each ) -set in the sense of [8] belongs to
7}6", We also obtain as a corollary of a result of [6] elimination of
the assumption CH in the theorem of Sierpiriski [16] that there is a
continuous f: R --» R such that there exists A€ K™for which £(A)
does not have Baire property in the restricted sense (it also shows
that Proposition C, in [14] is simply a theorem of .ZFC), We also ..
strengthen the theorem of Sierpiriski [15] that there is an uncountable
subgset X of R .such that all its Borel isomorphic images into R
are in X* and have Lebesgue measure zero. Moreover we remove a
mistake in our proof of Theorem 1 in [6] .

Let X Dbe a separable metric space. If every dense in itself
subset of X is of the first category relative to itself, them X
is said to be always of the first category. We denote by %(X) or
simply X if X=R , the ¢ -ideal of subsets of X which are of the
first category in X and by K*(X), or ‘K* if X=R, the G-ideal of
subsets. of X which are always of the first category. A subset A
of X has the Baire property (A G%W (X) )if there exists an open
subset Q of X such that A~ Qe H(X) and Q~ Xe& H(X)., A subset
A of X has the Baire property in the restricted semse ( A€ (X))
if for every subset B of X we have BN Ae@ (B).If X is a
separable complete metric space then i‘or every A C X we have
A€ HX) 1fr R@) C B,(X) [8] . We denote by A the family of
subsets X of R such that every countable subset of X is a 55
set in X [8].We denote by S3(X) the G-field of Borel subsets
of X. A space X is called a universal null set if there is no
continuous probability measure on @(X).. We denote by &-’o
This paper is in final form and no version of it will be submited
for publication elswhere.
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G-ideal of Lebesgue measure zero subsets of R. There are survey
articles [2] and [10] concerning the above notions. A family J of
subsets of the real line R is called G -ideal on R if
A, Ayy Ayyo o &F  implies | J{A,: n=0,1,2,...}¢¥ and %o)g:f,
TG PR) and for every x€R we have {x}e J . If F isa G-
ideal on R then we define (see [6])

3 = {A CR: for every B S R such that there exists a 1-1
Borel measurable function f: B---»A we have B&€TJ }.

It is clear that J is a G-ideal on R such that 3’ cY . We will
need the following theorem concerning ‘}¥.

Theorem 1 ([61). Let m, = -min{ Jt] : YESR and Y* 'Jc}. There
is X CR such that |[X| = m, and Xe3% _

Remark, We would like to remove a mistake in our proof of
.Theorem 1 in [6] . A reader who is interested in the proof of
Theorem 1 in [6] should replace lines 18-24 on page 142 in [6] by
the following " Let F, = U{F:‘: n<(o} where Fg‘ are closed in Y,

Setting .

El; ={A0(.<m1 H 01 c Y\Fr‘f'}for every 1< and every n<g
we get
n
7z = (m1><Y)\ Qw (1<L(!: E; = Oi) (compare [11).
Let & be a countably generated and separating points 6 -field on
m,e Let € be a G=-field on m, generated by Jt and the family
{E? H 1,n<a)}. It is clear that Z ©belongs to the product G-field"

Sierpinski proved (see [16]), assuming CH , that there exists a
continuous function f: R---»R such that there exists Xé&K™with
f(X)¢-@r (and such that the restriction of £ to X is 1-1). This
theorem is true in ZFC, Namely we have the following

Theorem 2., There is XE'J.?’-‘ such that there is a continuous func-
tion f: R--->R with £(X)¢® . We can additionally have that f

restricted to X is 1-1,

Indeed, since for every AS R we have A€H iff YIS [e]
it easily follows from Proposition 4 in [6] that there is YeX®
and there is a continuous 1-1 function f: Y-=-»R with f(Y)¢ $w.
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Now Theorem 2 follows from the following theorem of Sierpiriski
(corollary 2 in [171).
Let F be a family of subsets of R such that for every Fe F
we have:’
g(F)e’F for every homeomorphism g from F into R,
(F UA)~ Be F for every countable A, BSR.,
Then .
g(F): Fe'F and g: F---»R is a 1-1 continuous function} =
{g(F) FeF and g: R---»R is a continuous function such that
f restricted to F is 1-1}.

A similar theorem for universal null sets can be found in [4]
Add that Theorem 2 also shows that Proposition C,. in [14]is simply
a theorem of ZFC,

4

It is clear that %*C ¥¥and it is known (compare Remarki in [6])
that assuming CH, (or Martin’s Axiom) EU{’: We have the following

Theorem 3, A & "
Proof, We need the following
Lemma 1. Let (7{) {A €SR: for every B &R such that there

exists a 1-1 continuous function f: B-—=3»A we have BE 'J{_} Then
(%), =

Proof. Since K® = K (see Proposition 3 in [6]) in order to
prove Lemma 1 it is enough to prove ('JC) % . It is clear that

® C(’J{)c. Let Ae(’JC)c In order to prove AGE€ 0{ consider B C€R
such that there is a 1-1 Borel measurable function f: B--»A. There
are B,, B, such that B=B, UB,, B, € %4(B) and the restriction g
of £ +to B, is continuous Efi]. We have g: B,--»A is a 1-1
continuous function and AE(’JC)C. Hence B,6%H and Be , so AEeXK.

Lemma 2 (see [8] or [10]).

a Aeu¥

b) et X, YC R be such that there is a 1-1 continuous function
on X into Y. Then if Ye)\ then XeA.

Now let XeA. + By Lemma 2, xe(’k) Hence by Lemma 1, Xé€ UC* We
have proved A < %% The fact that }\E %* follows e.g. from A C ¥
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and the fact that K™® is a 6-ideal on R whereas A is known not to
be even finite additive (Rothberger [12], compare [8] and [1 ol).

We strengthen the following

Theorem (Sierpirski, Theorem 5 in [15]). There exists uncountable
subset A &R such that each set BC R which is Borel isomorphic
with A satisfies Bed, NKL '

Recall that Sierpinski.proved that each selector from nonempty
constituents of a coanalytic non-Borel set has the property as in the
above Theorem. Hence A in the proof of Sierpiriski necessary has
cardinality 3’(1. We have the following(compare Theorem 3 in [5)).

Theorem 4. Tet m, = min {|X|: X¢X}, let m, = min{ x|z X¢ L]
and let m = min {m1, } There is A = R with (Al=m and: for-every.
Borel isomorphism f: A-->R we have f(A)eJ:, n’JC Moreover instead
of that f is Borel isomorphism we can assume that 1 2y -
is Borel measurable(and f is 1- 1).

Instead of Theorem 4 we prove more general

Theorem 4% Let {J,: t€T} be a family of G-ideals on R and
let n be such that for every teT there is A 63 with 1A1:l =n , Then
there is A€ n{;f te T} such that:

a) if |1| <3(‘, then we can have |A|

b) if |T|<3¢, then we can have |A| = min{,‘q, n},

c) if Martin’s Axiom holds and |T| < 23% “iyenwe can have |Al=n,

Proof. a) Choose for every t€T an A€ j’t such that ‘At‘ =n,
Let X be an abstract set such that |X| =n and let for every
teT ft' A --)X be a 1-1 onto function. Let S be a countably
generated s-field on X containing ft(QCAt)) for every teT. In
case a) we can take simply #& = the ©-field generated by the family

U{z(Rs,) : ter}. Tet g: X-->R be a characteristic function
of a countable sequence of sets generating & [18]. Define A=g(X).
We claim that Aeﬂ{:ft. tQT}. Let te€T and let B&S R be such
that there is a Borel measurable 1-1 function f: B--»A, Observe
that (f'1 1) B-->A, 1is a 1-1 Borel measurable function. Hence
we have BGT because A e‘J
b) Choose for every téT an A e‘jt such that A, = min {n, K‘}
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Let £, and X Dbelsuch as in the case a). Choose for each teT a
countable family €, generating the 6-field ft('SB(At)). We have
IU{'Ct: teT}KN . Hence by a theorem of Rao [11] there exists a
countably generated G-field /X on X such that etc_:./t for every
t € T, Hence f(S(At))g(ﬂ;for every t€ T, The rest of the proof is as
in case a). ‘
¢) The proof is similar to a) and b) but to have a countably gen-

erated 6-field J¥ we use the following facts. It is known [9] that
if Martin’s Axiom holds and":‘l{‘ < 23('0 then @(X) is a countably gen-
erated G-field on X, Rao [11] and Bing, Bledsoe and Mauldin [1]
proved that for every set X such that PX)®PRX) =PE>=<X) we have
that if F<SP(x) andl?lSlX\ then there is a countably generated

6-field & on X with FS S, Kunen (see (7] or [13]) proved that

if we assume Martin’s Axiom then P(X)8RAX) = PX >< X) for every X
with |x|< 2 (For X such that |x]€ X, the last statement is a the-

orem of ZFC, [11]or [7].)

Theorem 4 follows from Theorem 4 &) because 1t is kmown that
there is A,€ K™ such that |a,] = m, [6] and there is A € L; such
that |A2| = m, ([3] , compare ]:6]).

Remark . If XCR and all Borel isomorphic images of X into R
are in of.of\'.}{: then all Borel isomorphic  images of X have to be in
MNn 'J‘C*, where A" denotes the @ -ideal'of universal null subsets of
R [6] .Recall that 1t is well known that o =o(compare e.g. [2]).

.
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