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STRICT INDUCTIVE AND PROJECTIVE 
.JJMITS,. TWLSTED.SPACES AND QUOJECTIONS (*) 

Vincenzo Bruno Moscatellí ^ ) 

. The _point..n£. - t h i s . . su rvey , i s - t o . b r i n g togeiher----a-^co-X--ect.iQ__-o_: _ 

_esuits, showing...the strong relationships -exis..ting~-amoiig.-tha-̂  

_top_L_:s__me_xtiQned _jjL_t_h_i_ 

_nQt_LQn.s__.__„CQa._inuou5 njQrm._aii&_to__i_l_b_ounde_^ 

_the_,re 3U_Lt_s__iji. a _chronol££ical_Qr.dex^.__Q. _.be_tXar_j_hnw-.-_he.-evolut ion— 

jofLjeach t o n i c . . 

_ In e s s e n c e , t h e . main, q u e s t i o n _ about Loc.aJly ._cojive_c__S4_ac_?_^_tha£._ 
r a r e i n d u c t i y e o r p r o j e c t i y e _ _ l i m i t s . o_f a_ family:..of_._spac_e.^Jlc_aJ_ljB_L-

^^Al..T.educes^._tQ the f o l l o w i n g ,two p r o b l e m s , each Jae l i -g - the-conver 

..^-iPX-t^-L.-t^i3-.?! • 

(P1) 1^ a ccKtain pKop^Kty ii fihaK^d by all the. &tep6, .i*_it_^al*o.__ 
^haK^d by tfo limit Apace? 

S?.21.Aui0POA£-.ihat. thz._li.mit. Apace E hah a czKtain pKopzKiy^.VLQ^ XhlA 
f^oKcz E to havz a paKticulaK AtKuctuKz, 6uch a, a "nice" decern 
position into &ub*paczt>, and Mould thz lattzK onzt> inhzKit thz 
pKopzKty oKiginally ats&umzd on E? 

Here a " n i c e " decompos i t ion means one as a d i r e c t sum in the case of 

i n d u c t i v e l i m i t s or a p r o d u c t in the case of p r o j e c t i v e l i m i t s . 

Problem (P1) has been by f a r t he most s t u d i e d , hav ing b e e n , t h e 

(*) This paper i s in final form and no version of i t will be suh™;+ted for 

publication elsewhere. 

(**)• Partly supported by the I tal ian Ministero del la Pubblica Istruzione. 
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object of an intensive investigation throughout the years, especially, 

on what concerns separation, bounded sets, completeness and--the-matu

re of the locally convex topology of the limit lspace and-also,for 

inductive limits, on the questions of closedness of step-.wise. closed 

subspaces, of the topologies that they inherit and-of th_-extension-

of linear functionals that are step-wise continuous onstfbspaces.Becau 

se of. natural reasons, the case to. which most, of. the att_ant__on_ha_s-.-

been devoted is that of a limit of countably many steps._axid,_.. just _ta^ 

giye_ a ..few .sample references, we mention.the, pioneering.. pap_ex„ _1_-

pf. Dieudpnne-Schwartz, the land-mark paper [21J ..of _G.rotk_.ndJ_e_c_k_iuid--

then. the papersL_[20_L [9]^[28]_C£rom a ,bornological.^.QiDt._af_^-iewJi_^ 

I??]_>Xl--Q. .- .wA?-LA_s .extensive, biblio_graphy)_and X_]_»i_s_well_as__tbe_ 

J^o°_Ls__[__Q_>_._„_.^^ Here__jp_ecau_s_e_gn__ 

Â ___l!_,_I2.S-?--__ is _9P_sAtble__to_ say _a._great_..deal_.;abp_u_t ________imi_t _spa_c_e. 

.P_vej__ jy__ t h_^ ej induc_ti ve_ J^imlts _o.rL_af _ 

__ener_y__prj_jj_^ 

yA-^IJL-^ll^L-i?J2.^^ 

S____s__a_>Ĵ __al l^J^^^S^JL-ip^.A^^A^ _ _J_it§_/_- tuatJLgn _ X__gar__U*u*_, 

Zipble_m_IP_y___B_e^ assu_]ip_.tia_L_is__iaw_.c_c_njpiderahly.. . 

_w_e___>_3X^_9__3___s_^ _ 

Aimit_s__Qf__CLO untab.ly_mny. _s_teps._ ..Even. _so, the-xasults-hayfi^beRn--V--aLy-.. 

scarr.e._until. recent.years and precisely until -the-^ppe_oi_mc^^£-4_-h-e.-

ajathor.'.s pja_per_ [29] _. It is our purpose here to._gi-^-_a-b-i__jef--Jixstxw^.--

pf _Prpblem_(P2)-.up. to. the present day, but befare___j_irLg__thi__r__we 

need to recall the definitions of a few.notions_thAt_wi.ll_b_?__e_xt_?J_-_ 

sively used in the sequel, these being: continuous__norm _tot_y.__bou_nde_d 

set, strict inductive andprojact-dve limit, unconditional^ and__absolu

te basis. 

It is self-evident what the expression "A locally convex space 

has a continuous norm" means while a bounded set is total if_its. 

linear span is dense in the space. Also, we abbreviate "Frefchet 

space" to F-space and refer to [22] for the def -in it ions of LB- , lEr. .• 

and VV- spaces. Next, an .inductive (resp. projective) limit is _&tx£ct, 

if each step is a topological subspace (resp. a quotient), .of_ the. .... 

next. Strict inductive limits are classical, while s.trict.projecti.ve_ 

limits have only acquired importance recently, essentially because 

of the results in [29]. "Finally, a basis (e ) in a locally ..convex 

space E is called unconditional if, for every x - _ <4> ,x> e eE, we 
n YKT n 

have 
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£<<(>• , . , x > e , . = x 
n Ti\ [n) ir[n) 

for all. permutations TT of IN (= the set of positive integers), while 

1 £....}_ is _.an absolute basis if, for € 

there-is.another one, q, such that 

1 £„..};-is„.an absolute basis if, for every continuous seminorm p on E 

X [<_> _.x>p(e ) < <?(x) for all xeE. 
n 

Cle_a_T_ly__every_jabsj?__ute_ b a s i s i s u n c o n d i t i o n a l . A l s o , in n u c l e a r 

haxxe_lle.d_spaces . Csuch as J- and ' I F - space s ) every b a s i s i s a b s o l u t e f 

and. . .hence . .uncondi t ional , by. t he theorems of Banach^Ste inhaus and 

Dyn in -Mi t i ag ln .£s.ee_- [3J] ,10 . 2.1 ..or.. [_22~].r 2.1 r10, .V)- . -Furthermore. , -in 

nuclear.__F-._ox comple te .PF- .spaces the s e q u e n c e — C 4 - ) - o f - c o e f f i c i e n t 

f u n c t i o n a l s . i s an .abso lu te J -ha - s i s fo r the strong—dual-;--Final Ly^-^we— 

r.efex._tP__[!20]., {\l2\)+f .l+[2l\ ajLd..[4'],-i,§5 .-.f or the -pr -opex- t - i es - -of - s t r i c t 

CanA.generalJ_.CQuntable_anduc.t ive. or pxoj.ecJ:ive.--l-imi-ts---an4i--to--[22}-

_ QI__what„_coneerns_ a b s o l u t e . and. u n c o n d i t i o n a l . h a s e s . . a n d . - n u c l e a r - sp ace-s, 

whijj_jwe__den^^^ t h e _ , Fr-space which is* t h e p r o d u c t of 

cpjLntably_majay._cop_ies_.o_f_the s c a l a r f i e l d and-by-4 the--F---s-pace -of 

run ld ly . . . dec reas ing -sequences : 
_.=__{(£_ )..e a_ : p, (£ ) = _ nk\$ | <-°° —4^.^UL-k-e1H}. 

w k n n ' n' 

V_e__shall be.gin.with Bessaga and Peixzynski ' s classical r-esul-t—-£2]-

dating back to 1957. It deals with .F-spaces without continuous-norms 

and concludes with the following: 

ClJ_-An F-apace has no continuous noKm 1& and only Ifa Jit contains- w~ 

a6 a .[necessa/illy complemented) subspace. 

Now, there are plenty of F-spaces without continuous norms such 

as, e.g., countable products of Banach or F-spaces and the classical 

spaces C(ft) or _?(ft) of continuous or smooth functions on an open 

set QcRm, so that the following question arises quite naturally: 

(P3) Must eveiy F-space without continuous noKm be(Isomorphic to) 
the product o& a Sequence o£ F-spaces with contlnudus norms? 
Is this true at least In the case oi nuclear .^-spaces?. 

As we shall see, the. above question will be of great importance in 

the'sequel. For the moment, we note that while it is fairly easy to 

show that C(R)- C([-1,1]) .(= denoting topological isomorphism), the 



122 VINCENZO BRUNO MOSCATELLI 

following nuclear case, due to Mitiapin [26] in 1961, presents ! con
siderable difficulties. 

(2) _f(R) = *([-1 >l])
3 N (and k c n c e . = 4^; cf .[31 ]l_J0 . 3. 9)_.. 

The result is achieved through the use of bases, and this_i_s_„byj[ar 
no accident, as will be seen later. Also note that both_ CX?.)_a_nd 

_?(R) are strict projective limits. 

. Another attempt at solving Problem (P3) was .made by -Dubinsky__[l.Q_ 
in 1967,...wha..showed 

(31 loK.An~.I- spa.ce. wklck tt> alto a„pe.K{ccx &e.quenc4--jLpace..-tke*.jLnJ!>ui£Ji 
'•'? ._..£<?. _CP31_._44 positive..^ 

The„above__is_pbtained via a technical c l a s s i f icat ion. lejriin_LjLja__:l._it-
dRal.spAce.-^hich/jnakes up a sor t of table of poss ible case_s____He_re 
roaJL__IA..coillfL-to_ a s t ands t i 11 un t i 1 1980. 

_Mea_nwhile_^ .fuxther isomorphism theorems were proved ( c L r e - . g . . - -

j[_LL]^_.Q__3)_ lmtil 1978 when Valdivia [34], taking up Mitiagin^-cixcie 
o_C_ide.a_s,. was _able to. construct bases in the classical nuclear—space.s 
_£CQ) and __i_H-?) (= the test functions in __) to obtain represent^-, . 
tions o_f _the_5.__i5i).aces as products ox. jdirect sums. Moreovej-,.-li-L_prove__d 
that all the _spaces__f(__) are isomorphic, and the _same ..fpr__the__s£ac_3_s_ 
® (fl) , _ thus obtaining 

IN (Tsn 
(4) <f(ft) = 4 ^ . n a __Hf_) = & . 

?hese results were subsequently generalized by Vogt [35] to many spaces 
of functions and distributions. 

We now come to the complete (negative) solution of Problem (P3) 
obtaindd by the author in 1980 (cf. [29]). Precisely, we have 

(5) (a) TkeKc Is a stKlct pKojcctlve. limit o{ a sequence.. o{. Ke.{lcxlvz 
Banack spaces wklck Is not a pKoduct o{ a sequence q{ Banack 
spaces [and> even o{ a sequence. o{ F- spaces wltk continuous 
noKms ) . 

(b) TkeKe lis a stKlct pKojectlve limit o{ a Ae.que.nce, o{ nucleaK 
T—spaces wklck Is not a pKoduct o{ a sequence. o{ F-spaces 

wltk continuous noKms. 
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/The. following remarks are in order. 
£i) The spaces in (5) were called tvot&tcd by the author and this is 
nowadays the accepted terminology. More in general, a locally convex 
space is„.called twi&tcd if it is not isomorphic to a product of 
locally...convex spaces with continuous norms. 
Xii)_ Strict projective limits of sequences of Banach spaces were . 
lat_e_r_called._qaojcction& by Bellenot and Dubinsky (cf. [_!}) and. 
^A^^JlA^M^^..^Y-l^.Xn^!Z'Q. (cf. [38] . and also [4] and ..[6.}.,...we re 
§PJ^-VJJ&GItjtes_p£. such.spaces are analysed). We prefere „the_.term 
£Uj._jec^ ._b.et.tex_ the. .struc.ture__of__the_spacer— 

IJLii). Hhile_ X51_j£a) is surprising-, C5)(b) is -even- more-s-o,- -since -every 
nuclear.. F„-..J_p.ace. _is.. a _subspace. of. a--producX_o_--a-se^uen-Ge--of Hilbert 
spaces., 

(iv_) The .construction in_-(a)~is -extremely -general--ai^y--±ivdeetbrany 
sequence ~ of- xef lexive, non-Hilbert, -Banach space-^~ea.rr-he--u_ed~--1:hank_-
to Lindenstrauss-and Tzafriri1s solution to the -eomplemeirtred-̂ ti-̂ spra-ce 
problem _ [2.4.]̂  ..Moreover y. quo je.ci.ions - are. ref lexive-if--and-only— if -they 
sre._str_ict_px.QJecXive_ Limits „of...sequences of- reflexive-Banach—spaces-, 
in which cas_e..they_ are also totally reflexive--in-the-sense--o_--
Gj_o.t^_nAie.ck._Isee_[21].,. Proposition 10 and also [4]..,.. C5-6-)-)..--.-
Recall_in.g_what was said at the beginning about bases -we ^a*--the^-liming 
Q_it._the_. most-important feature of twisted spaces, this- derivifrg - f rom-
X.5J .via. the.use of Dubinsky's lemma: 

(6) (a) No twt&tcd quojcctton can kavc an unconditional ba^l*. 

(b) No twl&tcd, nuclcaK F-.6pa.c_ can kavz a ba&lb. 

Further remarks (contained explicitly or implicitly in [29]; but see 
also [18]): 

(v) The steps in both (5)(a) and (5)(b) can be chosen to have uncon
ditional bases (= bases for 5(b)) thanks to results in [25],p.91 and 
in [37] respectively. 

(vi) (5) and (6) exhibit for the first time non-trivial (i.e., non-
products), non-normable, (reflexive) F-spaces without uncondir 

tional bases,as well as a completely new class, of nuclear f_-spaces 
without bases which are entirely different from all those previously 
constructed (cf.,e.g., the classical counter-example in [27]). 
(vii) The constructions leading to (5) are first made in the dual 
space. To be precise, we obtain the following results which are also 
of independent interest (and again based on [24] , [25] , p. 91 and [37] 



124 VINCENZO BRUNO MOSCATELLI 

(7) (a) TkeKe it> a AtKict inductive timit o£ a sequence o& (Ke^texive) 

Banack 6pace& (witk unconditionat ba&e6) wkick it> not (i&o-

moKpkic to) tke diKect bum o\ a sequence o^ Aub&pace& each 

kaving a totat bounded &et; kence buck a timit Apace kaA no 

unconditionat babib. . 

(b) IkeKe i* a AtKict inductive timit o$ a sequence o£ nucteaK 

.LB-Apace* (witk bate*) wkick i* not (i&omoKpkic Xo). Xke 

diKect hum ol a Adquence otf &ub6pace6 eack kaving a totat 

bounded bet;> kence buck a timit Apace ha& no ba^iA. 

(viii) (7) is the (negative) answer to the following problem-which, 

in a sense, is dual to (P3). 

(P4)^ Mutt eveKy^LB- OK .-'i'VT-Apace without a totat.bounded &et be 

(i&omoKpkic to) a diKect &um o^ a sequence o<{ t>ub&pace& zack 

kaving a totat bounded let? 

(ix) It is clear that, once (7) is proved in the reflexive or-nucl^a-r 

case, (5) follows by reflexivity passing to the duals and hence— {£)---

(x) We conclude this series of remarks with the following -obs^r-vations, 

which are made here for the first time. In [2 7] (cf. -also--[3-.]-) 

Mitiagin and Zobin even showed that there are nuclear £~-spac££ 

without bases of arbitrarily large diametral dimension di££er_mt_fTj_un 

the maximal one (since, as is easily seen, the only F-- sp_ace_o£___ . 

maximal diametral dimension is co) (see [22] for the definition _of„__ 

diametral dimension and its properties). Here we observe that_the_same 

is true of the spaces in (5)(b) as shown by the following. _Cle_a_rly_ 

there are nuclear Kb'fche sequence spaces with continuous *norms_ and.. 

arbitrarily large (but not maximal) diametral dimension. We choose 

one such space and denote if by G (necessarily f GO) . Then we observe, 

that Theorem VI (2.1.6) of [11] holds: indeed, although it rests on 

Proposition II (3,1.3) of [11] and the proof of such'proposition, as 

given there, is incorrect, a correct proof was subsequently supplied in 

[13],-Theorem 1, thus ensuring the validity of Theorem VI (2.1.6). 

Hence G has-'a quotient space H which has no SUPI (definition in [11] , 

VI (1.1.8)) and, of course,the diametral, dimension of H is no smaller 

than that of G. Now the strong dual G' has a total bounded set 

containing the natural basis of G' (I.e., the coordinate vectors) and 

a look at the proof of the above theorem shows that also the dual 

H'cG' has a total bounded set which, in turn, implies that H = H"-
hasa continuous norm. However, H cannot be complemented in G; indeed, 
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_if i t w e r e , § i n c e G h a s an a b s o l u t e b a s i s and hence a 1 - UPI, a l s o 

_ff wquld have a 1-UPI by [ 1 1 ] , ( 1 . 2 . 3 ) and, c o n s e q u e n t l y , a SUPI, 

l e a d i n g t o a c o n t r a d i c t i o n . Taking now X * Gf and У^ = Һ" f o r a l l 

_j___.±n„[29] , 2, we o b t a i n (wi th (8) (b) a g a i n f o l l o w i n g from (8) (a) by 

jdual i - ty ) 

..C.8.}^»Cal-JKe.4e_.Me òtкict inductivc timitь o^ ьcąutnccь o^. nuclcaк 

J"_JL^^лpaj_ţ_ę.4_.І._A___r/__-/l̂ Ve_-Я-̂ -̂̂ r̂ .̂ .ť-̂ __fí_&ЏPЛ Sbut not maxÂmzt)diàmctкat 

„jLĹm2.nÅІaйA~.and..шkich aAC-ПQt dlлcct Aumь oţ òщuгncы. oĄ ... 
_._S_U_ká.p.i_^^ 

.„Cћì_TAe„__. д . _ e _ . ^ 

^jiLamŁJ^LaŁ^jLLmшAІaй^ . 

Ж _ ш u s t . _ p p i д t . p u t ^ a o w ^ t _ k a t _th.e.kiлđ. o£._CQi)__Lder__Jü_^ 

__Q__r_eşul_ţjş_of t h e type of P r o p o s i t i o n I I (3^1жЗJ_j_nd__öiÊQ_:_5Ж_¥_L_ 

_ £ 2 _ , _ L _ 6 _ _ _ Q £ . Д J ^ ţhe_jEoUowin^^^ 

_„£ЗJ-SЬ&ЗЛţţЗ-AŹz^љŁ.Ł. í-KpAЛ^Іj-ЛPdЛЛA_ ţjfiat^admiţ^ a_л.uûJLz<кà-JLŁik&___ 

__î_-___r__ă____. 

_i__?____a__q]УL_t_Lад ШІ kaь a baòІĂ..шd._a^CßiLІІñjjLOJLò 

_Лi_A_И._ 

_8.§IBMkşj,_ „ 

j;_dЛ-.~TҺ_î..„continúous norm.is crucial since, already in__ 193.6^ _Ei_lelheit 

L{ІЛ2 -showed_.t_hдt any non-normable F-space h a s . ц Y as__a__q_uQt_Le_at__ 
_£ҳ.ii) Nuclęarity is .also crucial in the sense thaţ the _prpb_leiL І.s _ 
._likely_to bę much more difficult without it. Indeed, in ţhe_ la.ţ te.r ___ 
L_as.e „the answer is unknown even in the Banach space case Ca.nd_i_s _ПQ,£ 
even known if every Banach space has a separable quotient [25]). Thus 

nuclearity rules out Bariach spaces but the above points at the diffi-

culty of the problem. 

(xiii) The analogue of (P5) for subspaces was solved in 1961 (cf.[з]). 

For comments on problem (P5) we refer to [12],[13| and the author^s 

brief survey [30] . Here we shall confine ourselves to discussing 

the most recent result, due to Bellenot and Dubinsky [1], which 

solves (P5) in the separable case. 

(9) A ьcpaкabtc V-òpacc E kaь a nuctcaк Kotkc ąuoticnt ІĄ and onty i$ 
E' i& not tkc union oţ an incкcaьina ьгąuгncc oĄ ßanach ьpaccь 

F шith. cach F bcing a ctoòtd ьubàpacc o& F n n * / u n +j 
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We note at this point that tke condition on E1 almost fioKces E to 

be a quojection, while it is immediate to see that quojections fail-

to have nuclear Kothe quotients even in the non-separable case.This-

raises the problem 

(P6) kKe quojections tkc only T-spaces without nucleaK.JCothe.. 

quotients? 

_iA_!f°H.14̂ _?_r___._:?-e- if thisv question could be _sejM:_led_.__Â  

.til.now: J.s_______ -fallowing partial (positive)--answer;7--a-LsQ--4ue--t-r>— 

- Bell en4_^_an4--Du&ins ky-.-

-XMl.l-.!lli£hixi~£hc ctass Q-6 SzpaKable, Ke^l^xive f--spa<!re-&j--qi£OJ-ec-titrn~' 
_ aK,e_.e^actLy..tkose.Jsp(LCJLS without nuclzaK JCct:hjL-quotU&nt±r~ 

Remarl_s_: , 
(xiy) (1_0.) follows from the fact that (9) forces__E..r (-_._the_sjia.ee  

of bounded-JJ-near—functionals on i') to-be- a-^uejec-t-ien-.-AJnf^rr-tti . 

. nately ̂ -this-.is-Jiat-enough to conclude- th_vt E- i-tself--mu-st— -be—a-

• quojection..- Indeed,.-in [l j • an example is given of an--F--space—E—with 

..continuous.norm, such that E'° has no-.cont_jiuoii^-noxm-^-Thi^--exam__-le— 

.wa_s__ subsequently .improved by S.Dierolf and .the—author—in—_5]~-—whe-re-

an F-space E with continuous norm is contructei„suc.ui__th-Lt._the-__Ltreng 

bidual .E"_has no. continuous norm, thus answering _a_-c_uestion--_vf--VQ̂ -t-. 

(xv) We conclude our comments on problems (P5)--and~-<PdJ-l3y--rex__a-l-linrg 

that quojections fail to have nuclear Kothe quotients-in-a-veT-y-

strong way. In fact, we have 

(11) (a) A quotient OfJ a quojection has a continuous, no Km Lib-Audi, 

only i^ it is a Banack space. 

(b) EveKy quotient oi a quojection is eitheK a Banack space OK~ 

again a quojection. 

(c) A quotient o$ a quojection is d'Uontel space i{ and only 
i$ it is eitkeK finite-dimensional OK isomoKpkic to w. 

(a) and (b) follow from [1], Proposition 3, while (c) is a conse

quence of [18], Corollary 5.5 (1). 

We now go back to (7) or, rather, to the kind of results exempli

fied by (7). In its spirit, we mention the following lemma due to 
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Dineen (cf. [8], 5.4.3), which sets out a new method for deriving, 

via (5), statements of type (6) from statements of type (7). 

(12) Let E be the òtкict inductive limit o$ a ьequгncг o^ nuclгaк 

V-òpaceò [í.e., a nucleaк, òtкict LV-^pacг). Thгn E haь a baòiò 

(ІІ and) only iţ\ it ІÁ thг diкгct ьum oţ a ьгquгncг o^ nuclгaк 

V-ьpacгò шith ba&e.A. 

This paved the way for the study of strict inductive and projective 

limits from this viewpoint. Indeed, Dineen
!
s method was taken up by 

Floret and the author, who first in [17] extended (12) to a strict 

.inductive limit E of a sequence of LF-spaces .such.that E has an uncon 

ditional basis and then in [18"] pushed Dineen's lemma to its natural 

limits of validity obtaining (see [18] for.the definition of. a closed-

. JL
r
_
a
P-^-J?.

a
ir.). 

C13). Let. I ®, & ) be a clohcd-gKaph paiK and let (E, }. be. a htKict- •• 

..inductive sequence o4 complete Apace* E L ^ iuch that ind.E, = 

•_= _Ee_# .14 E ha& an unconditional ba*i6, then theKe aKe comple

mented Aubtpace* G, c E, with unconditional ba&e& Auch that . 

E, = ®ir G, topoloaicallq. 

Remarks: 

(xvi) The paper [18] shows how, for extremely large classes of strict 

inductive and projective limits, the property of having a basis 

implies the structural property of being, respectively, a direct sum 

or a product, thereby showing that the methods used in [26], [34]] and 

[35] are, indeed, quite natural. 

(xvii) More in general, situations outside the nuclear case are 

investigated in [18], the results being obtained under the assump

tion of the existence of an unconditional basis. 

(xviii) As in [29] and [17] , the results are always obtained in the 

setting of strict inductive limits. For strict projective limits the 

results are then obtained by duality from the corresponding results 

in the dual spaces. For this one needs a perfect duality between 

strict inductive and strict projective limits, which in this case 

is achieved.via suitable, though simple, extensions (also proved in 

[18]) of some classical theorems on strong duals of homomorphisms 

(see [23], I I ) . But all. this still requires the assumption of reflex 

ivity for the strict projective limits concerned and, in particular, 

for the case of F-spaces. 
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(xix) However, (13) still includes, directly or indirectly, all the 

results (5) - (7) and (12), as well as (16) below. 

(xx) We point out that what was said in Remark (xviii) yields a 

proof of (6) which avoids Dubinsky
f
s technical lemma, whose use 

always seemed rather unnatural in this context. 

Finally, in [19] Floret and the author were able to prove the 

ultimate generalization of (6), obtaining 

(14) kn V-дpace, шith an uncondlttonat baòlò clthtyihaл a contlnuouò 

noкm oк lò lòomoкphtc to thc pкoduct o£ a лcąucncc 0(J V-лpaccб wíth~ 

continuouò noкm and uncondttlonat baлtл . 

Remarks: 

(xxi) Hidden in (14) is the fact that cvcкy V-лpacc wtthout a contЛ-

nuouь noкm íь tho, ьtкtct pкojccttvc ttmit oţ a ьгąucncг, o<J V-ьpaczь 
with continuouò noкmь. 

(xxii) (14) removes the assumption of reflexivity from the resulťš 

in [18] concerning F-spaces (cf. Remark (xviii)). This is achieved 

because no results are first obtained in the dual space and then 

transférred back to the original space by duality (which requires 

reflexivity); instead, we only compute in the dual space to get 

results directly in the original F-space. / 

(xxiii) (14) gives a classification of F-spaces with respect to the 

property of having an unconditional basis yielding, in particular, 

that 

(15) Ho twlòtcd V-òpacc can havc an uncondittonat baòiò. 

(xxiv) A result analogous to (14) also holds for tho, ьtкtct pкojгc-

tlvг tlmlt oţ a ьгąuгncг o£ кг^tгxivг .VV-ьpacгь, І.e. for the strong 

dual of a strict inductive limit of reflexive F-spaces (but this had 

already been proved in [1 8] ) . 

We conclude this brief survey by mentioning the following parallel, 

but related, result of Floret [16] answering (in the negative) a 

question asked by L.A. de Moraes: 

(16) Thгкг tò a ьtкtct inductivг tlmlt E o<J a òгąuгncг o£ nuctгaк 

V-òpacгь E ьuch that гach E
и
 haь a contlnuouò noкm but E 

n n 

adфitò no continuouь noкiń. 
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Remarks: 

(X"xv) By (12) such a space E cannot have a basis. 

(xxvi) None of the spaces En in (16) has the Bounded Approximation 

Property (see [16"| or [11_| , VI, 1 for the definition), since no En 

is countably normed. Thus, such spaces En provide additional counter

examples to those already constructed by Dubinsky [11],VI,3 and 

Vogt [36]. In this context we note that all the examples given of 

nuclear F-spaces without bases but with continuous norm (such as 

Mitiagin and Zobinfs and those constructed in their wake) have the 

Bounded Approximation Property [l 2] . However, nothing is known 

about nuclear F-spaces without bases and without continuous norms, so 

that we terminate by asking the following question: 

(P7) Do twtAtcd, nuclzasi V-^pacd^ havo, thz Bounded kppKoximattoYi 

VKopzKty? 
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