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J. HALUSKA*) 

Czechoslovakia 
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If Condition (GB) introduced in [7] and [8], is fulfilled, then the every where convergence 
of the net of measurable functions implies the convergence of these functions with respect to the 
semivariation on a set of the finite variation of the measure m : 27 -> L(X, Y), where E is a cr-alge-
bra of subsets of the set T =j= 0, X, Y are both locally convex spaces. The generalized strong 
continuity of the semivariation of the measure, introduced in this paper, implies Condition (GB). 

Introduction 

The notion of the continuity of the semivariation of the measure is needed in 
many occasions in the integration theory with respect to the operator valued measure, 
cf. [4], e.g. convergence theorems are based on this notion in the case of operator 
valued measure countable additive in the strong operator topology, cf. also [2] 
and [5]. Our notion of the generalized continuity of the semivariation of the measure 
enables us to develop a concept of an integral with respect to the L(X, F)-valued 
measure based on the net convergence of simple functions, where both X, Y are 
locally convex topological spaces. Of course, the using of nets instead sequences 
leads to the generalization of the notion of the continuity of the measure which is 
sufficiently "fine". More precisely, we use the notion of the inner semivariation 
for this generalization. This way we restrict the set of L(X, Y)-valued measures 
which can be taken for such type of integration. For instance, every atomic measure 
is generalized continuous. So, the set of measures with the generalized continuous 
semivariation is a nonempty set. 

For terms concerning the nets cf. [9]. For Condition (GB) cf. [7], [8]. 
If Condition (GB) is fulfilled, then the everywhere convergence of the net of 

measurable functions implies the convergence of these functions with respect to the 
semivariation on the set of the finite variation. The generalized strong continuity 
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of the semivariation implies Condition (GB). The classical Lebesgue measure does 
not satisfy Condition (GB). 

1. Definition 

Let T =j= 0 be a set and let I be a c-algebra of subsets of T. Let X9 Y be two Haus-
dorff locally convex topological vector spaces. Let P and Q be two families of semi-
norms which define the topologies on X and Y9 respectively, N = {1, 2, . . . } . 
Let m : Z -> L(X9 Y) be an operator valued measure (x-additive in the strong operator 
topology, i.e. if E e I9 then m(E)x is an Y-valued measure for every xeX. 

Definition 1.1. 

(a) By the p9 q-semivariation of the measure m, cf. [1], [11], we mean the family 
of set functions mpq: I -> [0, oo], peP, qe Q9 defined as follows: 

thPiq(É) = sup q(£ m(£,)x,), Eel, 

where the supremum is taken over all finite disjoint partitions {Et e I : i = 1, 2, . . . , 
/ , E = Uf=i Ei9 Ei n Ej = 0, i * I}, of E9 and all finite sets {xteX: p(x() = 1, 
i = 1,2, . . . , / } . 

(b) By the p,q-variation of the measure m we mean the set function vPtq(m9 .) : I -» 
-• [0, oo] defined by the equality: 

vPtq(m, E) = sup £ qp(m(Et))9 Eel9 

where the supremum is taken over all finite disjoint partitions {Et e I : i = 1, 2, . . . , 
I, £ = Uf=i £., -E,n Ey = 0, i * 7 } , of £ and qp(m(E)) = supp(JC)gl q(m(£)x), 
p e P , qeQ. 

(c) By the inner p,g-semivariation of the measure m we mean the set function 
m*tq : 2T -> [0, oo], q 6 Q9 p e P, defined as follows: 

mtq(F) = sup£cFtEeI ^p,g(-5). 

Lemma 1.2. The p,q-(semi)variation of the measure m is a monotone, o-additive 
(asubadditive) set funtion, and 

VPA™> 9) = 0, (mPtq(0) = 0) , 

for every PeP, qeQ. 

Proof. Trivial. • 
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Definition 1.3. 

(a) The set E e I is said to be of the positive variation if there exist qeQ, peP, 
such that vPtq(m, E) > 0 . 

(b) We will say that E e I is a jft-null set if fiip,q(E) = 0 for every PeP, qeQ. 
(c) We will say that the set E e I is of the finite variation of the measure m if to 

every qeQ there exists a p e P, such that vPtq(m, E) < oo. We will denote this relation 
shortly Q -> EP, or, q\-+ Ep, qe Q, peP. 

Remark 1.4. The relation Q -*E P in Definition 1.3(c) may be different for dif
ferent sets of the finite variation of the measure m. 

Definition 1.5. We say that the measure m satisfies Condition (GB) if for every 
E e I of the finite and positive variation, and every net of sets Et e I, Et c E, i e I, 
there exist real numbers 5(q, p, E) < 0, p e P, q e Q, such that the following implica
tion 

jfip,q(Ei) = 8(q, p, E), iel=> lim supte/.E, * 0 

hold for every couple (p, q)e P x Q, such that qv-* E p. 

Definition 1.6. We say that the set Eel of the positive variation is an jfo-atom if 
every subset a of £ is either 0 or a $ I. We say that the measure m is atomic if each 
Eel can be expressed in the form E = U £ i <*u where ai9 ieN, are fn-atoms. 

2. On the generalized continuity of the semivariation 

Theorem 2.1. If m is a continuous semivariation of the L(X, Y)-valued measure 
a-auditive in the strong operator topology, where X, Y are Banach spaces, then 
the measure m satisfies Condition (GB)for sequences. 

Proof. Let E e 1, 0 < v(m, E) < oo, be given. Let Et e I, E{ <z E, ie N, be a se
quence of sets, such that there exists 8 < 0, such that ifi(Et) ^ 8 foe every i e N. 
We have: «, «> « 

lim supteN Et = 0 U Ej = f)Hi, 
i = i j = i i = i 

where Ht = UJ=i &j e ^ > i e ^ > *s a nonincreasing set sequence. Since m is continu
ous, there is: 

00 

(1) fft(lim supteN Et) = ffo(n H^ = lim >n(H,.) . 
i = l ieN 

Since ifi(E{) = 8 and E, c H( for every i e N, there is ifi(Hi) = 8 for every i e N. 
Thus (1) implies tfi(lim supieN E() = 8, i.e. lim sup/eN Et #= 0. • 

Lemma 2.2. Let I contain all singletons ( = one-point subsets) of the set E e I 
and fiiPyq({t}) =̂ 0 for every t e E and every couple (p, q) e P x Q. Let E be of the 
positive and finite variation. Then Condition (GB) is not satisfied. 
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Proof. Denote £,.,...,,„ = E \ {tl9 ..., tn},neN. Then the net (Ffl,...,fn :tl9 . . . , 
tneE, ne N is a. nondecreasing net of subsets of the set _ , with C\tlt...,tneE

 Etlt...,tn = 
= 0. Show that 

(2) *,&) = *,«%>....*) 

for every peP, qe Q, and every tl9 ..., tne E, ne N. 
We have: 

A M ( B ) = ^PAE N {'I> • • - '»}] u ('-> • • •>'«}) = ^,<z(£ x ih> - • -, 4,}) + 

1 = 1 

for every q e Q, PeP, and every finite set {tl9 ..., tn}, ne N, of points from E. 
The inverse inequality follows from the fact that the p, q-semivariation, peP, 
q e Q, is a monotone set function. 

So, we found the net (Etltmmmttn el, tl9 . . . , tn e E9 ne N), of sets with the empty 
intersection and such that 

*>P«(EU.....J = ™P,q(
E) = % P,E)>0 

for some peP, q e Q, such that q*-+Ep. So, Condition (GB) is not satisffied. • 

Corollary 2.3. The Lebesgue measure does not satisfy Condition (GB) on the real 
line (for arbitrary nets of sets). 

Corollary 2.4. If the operator valued measure m satisfies Condition (GB), then 
for every Eel of the positive and finite variation there exists a singleton {t}, 
teE, such that rhp,q({t}) > 0 for some p e Pt qe Q. Such singleton is clearly an 
m-atom. 

Definition 2.6. We say that the semivariation of the measure m : I -> L(X, Y) 
is GS-(= generalized strongly) continuous if for every set of the finite variation 
Eel and every monotone net of sets Et a T, Et cz E, i e I, the following equality 

lim<4(£ť) = < Л l i m £ . ) KÁE,) = < , 
ІЄІ ІЄІ 

holds for every couple (p, q)e P x Q, such that q *-+E p. 

Theorem 2.7. If the semivariation of the measure m : 1 -> L(X, Y) is GS-continu-
ous, then the measure m satisfies Condition (GB). 

Proof. Let E e I be a set of the positive and finite variation. Let Et cz E, jh*tq(Et) ^ 
^ S = S(q, p, E) > 0 for every i e I. We have: 

lim sup t e /_, = 0 U Ej, = f| Ht, 
iel j ^ i iel 
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where H„ i e J, is a nonincreasing net of sets. So, by assumption 

(3) limift*t(H l) = if.*,(IimHl) 
iel iel 

= <,(n я.) 
ІЄ/ 

= m* 9(lim sup £,) 

Since -**,,(-£,) = <5 and i/ f => E( for every i el, we have *h*,q(Hd = <*> too. Then (3) 
implies m*9(lim sup^E,) ^ 5. Recall the definition of the inner P,q-semivariation: 

< , ( F ) = sup m ^ ( £ ) , F e 2 r . 
£<=F,£eI 

So, there is a couple (p, q)eP x Q, q -+Ep, such that for every e > 0, 5 > e > 0, 
there exists a set G e ! , G c lim supi67 Et, such that 

0 < 5 - e = m*, (lim supie7 Ef) - £ ^ * M ( G ) > 

and therefore G 4= 0, i.e. lim sup/6/ Et =f= 0 and Condition (GB) is satisfied. D 

Example 2.8. Let m: I -* L(Z, Y) be a (countable) atomic measure. The the semi-
variation of the measure m is GS-continuous. 

Indeed, let E e I be a set of the finite and positive variation. Let Eh i e I, be an 
arbitrary decreasing net of sets. Recall that Et \ G (e 2T) iff (l) i g j => £ . D £y, 
(2) f)ie/£i = G. It is clear that it is enough to consider the case G = 0, because 
Ei \ GoG c £,., E( \ G \ 0. 

In the case £.• e .£, i e / , there is 

(4) lim m*,(£,) = lim AM (£ . ) , 
ie/ ie / 

and since the family of all atoms is a countable set, there is limieIEt = Oie/-^i e % 
and therefore 

(5) A*,(lim£ l) = iftM(lim.El), 
iel iel 

for every peP, qe Q. 
Take an arbitrary set E e I of the positive and finite variation. Denote A the set 

of all m-atoms. Denote k(i, E) = (An E) \ £,-, i el. Clearly 

i = J, Ujel=> k(i>E) c fc0*>E) 

and there exist atoms aneA, neN, such that k(i,E) = {al5 tf2> • . . , an, . . . } . 
By Lemma 1.2. we have 

vp,q(m, E) = vPtq(m, Et) + £ ^ > 5 */.) > 
fl„efc(i,£) 
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w h e r e i 6 / , p e p ) g 6 l 3 - S i n c e 

rh 
there is 

•Ptą(Ei) = vPfq(m, EІ), iєI,pєP,qєQ, 

^pM)^vpJtn,E)- £ vPA{m,a„), 
anek(i,E) 

where iel, peP, qeQ. Since vpq(m, E n .) : I -> [0, oo), is a finite real measure 
for every peP,qeQ, such that q \-*E P, then for every s > 0,qeQ,peP, such that 
q *-*£ P> there exists an index i0 = i0(s, p, q, E) e I, such that 

(6) mp,q(m, £-) < 6 

holds for every i ^ i0, i el. Combining (4), (5), (6) and Definition 2.6 we see that 
the assertion is proved for the case when Et e I, ie I, is a decreasing net of sets. 
The other cases of monotone nets of sets can be proved analogously. 

Let now G c Tan arbitrary set. Then there is a set F* = A n G with the property 

< * ( G ) = sup mPA{F) = mPA{F*), 
F<=G,FeZ 

for every p e P, qeQ. The proof for the inner semivariation and the arbitrary net 
of subsets E( a T, iel, we obtain now repeating the previous procedure of the proof 
concerning the set system I. • 
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