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PLANE WAVES, BIREGULAR FUNCTIONS AND HYPERCOMPLEX FOURIER ANALYSIS

F. Sommen

Abstract. In this paper we construct a formula for the biregular
extension of an analytic function in R™xr™. We apply these formulae
to the exponetial function e1<t’X>, the polynomials <§,?>k and to
plane wave functions f(<§,?>). We show that the biregularity condi-
tions for extensions of plane waves may be expressed by eight
equations in five dimensions; the so called biregular plane wave
equations.

The complexified biregular exponential function E(1,z) is used to
define a general hypercomplex Fourier-Borel type transform and we
investigate a specialized version of this transform.

Introduction. Let Qcr™ 'xr™"' be open. Then a function feC,(Q;A),

A being a complex Clifford algebra, is called biregular in @ if f
satisfies Dxf(x,t)=f(x,t)Dt=0, where

_n 3 _ ? . .
Dx—j}ioej 3;;, Dt—j nej 3?; are generalized Cauchy-Riemann operators
(see [1]1,[21,03],[51,07]).

For this theory of functions, there exists a Cauchy-Kowalewski type

"M

theorem, which allows us to construct a formula for the biregular
extension of analytic functions in R™xg™.
First we apply this formula in order to construct the biregpular
exponential function E(t,x) as the biregular extension of
e <> - m .m

exp(i<t,x>), (t,x)ER xR .
The explicit calculation of E(t,x) leads to hypercomplex generaliza-
tions Ly 1(3,;) of the classical Laguerre polynomials. Furthermore

’
it turns out that E(t,x) depends only on the five variables

*12 122 -> -
(xosto, |x|2,[t]2%,<x,t>).

This paper is in its final form and no version of it will be sub-
mitted for publication elsewhere.
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Next we define the fundamental biregular polynomials Sk(t,x) as the

biregular extension of <§ ?>k , (; ?)ER xB™.Furthermore we g1ve

the expression of Sk(t x) in terms of the polynomials (<x t>- xot)

and the operators (<x,Vt> xoDo,t) (see [71,[10]) and the Fueter

polynomials (see [1],[5]).

In the third section we establish the equations satisfied by bire-

gular extensions of plane waves f(<;,?>). These equations are

expressed in the five variables (xo,to,|X|2,|T]2,<X,t>).

In the fourth section we recall some basic facts about hypercomplex

analytic functiomnals (see [11,[4]) and we define the carrier of a

hypercomplex functional.

The final section is devoted to the Fourier-Borel transform of

hypercomplex analytic functionals. We study the transform of a

functional T :
FT(Z) =<T,,e

(chtol 21 -2sht [ 21)>,
[ 2]

. > >
i<t,z>

where [Z]=( Z 22)1/2

j=1
Furthermore we give estimates for this transform and we show that,
if a holomorphic function f satisfies these estimates; then f is
the Fourier-Borel transform of a functional T, for which we can
study the carrier in terms of the given estimates of f.

1. A biregular exponential function
Let Qgﬁm+lxﬁm+l be open and let f(x,t), (x,t)€EQ be a C;-function
in Q. Then f is called biregular in Q if

Dxf(x,t)=f(x,t)Dt=O,

m m
where Dy= T e; D,= X e. =——, €¢=1.

In the theory of biregular functions, the following Cauchy-Kowalew-
ski type theorem is valid.

Theorem 1 Let f be analytic in an open set QCR Mxg™. Then there

exists a unique biregular extension f of f, defined in a neighbour-

hood d of @ in R™'xg™!,

=9
Put D axo*Do,x’ ﬁtu Dy, ¢k

biregular extemsion f(x, ) of f(x t), X= xo+x, t= to+t is given by
o k

- xotn _ _ 1

Fx,t= 5 Ppien, oM Do, ot

then it is easy to see that the
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Notice that every entire analytic function f in R™xR™ has an entire
+1 +
biregulier exentension f to R™ xr™,

We now introduce the biregular exponential fungction by

Definition 1. The biregular exponential function E(t,x) is the bi-

regular extension to ™ 'xr™! of the function f(;,?)=exp(i<§,?>).
Notice that N -
e C_di<t,x> > it >
E(t,x)=E(t,x)|to=°=e ’ (ch[tlxo-T:Tshltlxu),
t

(see [ 71, [10]).
The calculation of E(t,x) may be done in terms of so called genera-
lized Laguerre polynomials.

Definition 2. The generalized Laguerre polynomlals Lk 1(t x),
(t x)ER xR™ , are determined by :

xktl > > i<X,T>
E(t,x)= & —l—lLk 1(t,x)e LN
k,1 k!1t ™
From the biregularity of E(t,x), D E(t x)=0 and E(t, x)D =0, it
follows immediately that
Lk+1,1(t’x)='(Do,x+it)Lk,1(t'x)

(1
Ly, 140 (53 ==Ly 1 (£,%) (D, (+iX)

As L, ,=1, we hence obtain that
’

L, E0=-1DH5, 1, @ FH=-1%!
and so,

L 1 (5= 13!

.=
+
(D 0,x it) "'x

=(_1)k+1 k*k(D t+i;)1
which is a polynomial of bidegree (k,1) in (%,X).
Furthermore, we also have that
.
>1 1<t,x>)
’

Ly 1(3,;)=(_1)k+1 1 _-i<t x>Dk 1l
’

ox(

a formula which is similar to the definition of the Laguerre poly-
nomials (see [6])
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Ly () =5rx %X @) ™ (e X

As (D, k+it)2=-Am+|f|2-Zi<z,V>, we obtain that
’
5 k . 21
Lok, o1 B =DK@ i<, 95- 1T DK
kK - i<T. 3> Ak *Izl i<¥,;>
=(-1)Ke™ ict,X ntlxl e )

which is a ¢-valued polynomial, only depending on |t|2, |X|2 and
<X,t>.

’

Hence, in view of the recursion formulae (1) and the definition
of E(t,x), it follows that
E(t,x) = A + XB + tC + XatD,
A,B,C,D being (-valued functions, depending only on five variables,
219 212 -> =
namely (Xo,to,|Xx|2%,|t]|2,<x,t>).
Hence E(t,x) consists of a scalar part A, a vector part XB+tC and a
. - > > > 1 o> o>
bivector part xatD, xat=5(xt-tx).
Functions of the form A+xB+?C+;A¥D, where A,B,C,D depend only on
(Xo,to,|X|2,|T]%;<X,t>)=(X0,t0,p,T7,0) are called biregular plane
waves.

2. Fundamental biregular polynomials

The fundamental biregular polynomials Sk(t,x) are introduced by

Definition 3. Sk(t,x),kGN, is the biregular extension of the func-
tion (f,?)»§§,3>k, and is called the k th fundamental biregular
polynomial.

The polynomials Sk(t,x) occur in the Taylor expansion of biregular
plane waves. Let f(z)= £ ckzk be holomorphic. Then the biregular
N k=0

o

extension of the plane wave f(<;,?>) is given by I ckSk(t,x).
k=o

As an example , we have that

(2) E(t,x)= £ i §,(t,x),

. k=0 k!

We shall now derive several expressions for the polynomials Sk(t,x).
First of all we have

Progositioh . The polynomials Sk(t,x) are given by
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1 - _ k-)-»_-»k
Sk(u,x)-;7(<x,vt> xopo,t) (<t,u>-uot) .

Proof. It is clear that the above expression is biregular, since
. > > >k > k s s
the functions (<t,u>-uyt)" and (<x,Vt>-xoDo t) are monogenic in u
b
and x. Furthermore the restriction of this expression to x,=t(=0
equals
o<, ok, B R, K,

and so, the conditions of Definition 3 are satisfied. =

m
Next, let (kl,...,km)emm be such that = kjfk. Then we may consider
j=1
the Fueter polynomials
k k
Zkl...km(x)=zllo ) zmm s 25=X5me5X0,

which are the monogenic extensions of x¥‘...x;m (see [1]1,[5]1). We

.now give the expression of Sk(t,x) in terms of the Fueter poly-
nomials.

ProEosition 2. The fundamental biregular polynomials Sk(t,x) are
given by
Sy (t,x)= £ — KL (1)
(k,,...,km) k1!---km! lee%p R |
Proof. The above expression is clearly biregular. Furthermore its
restriction to xp=t,=0 equals
k

k! '(tlxl)k ...(tmxm)km=<;,?> .

b3 R S
(kioo.k) Kitoouky

Hence, again the conditions of Definition 3 are satisfied. =

Next, let us recall that the functions
- > >k, - > >k
(<x,t>-xqt) " (<u,s>-ugs)
m+1me+l, and this for every
- = - -
(t,s)GSm 'xS™" ', Hence we wonder if the polynomial Sk(u,x) may be

expressed in terms of these polynomials. We indeed have

are biregular in (x,u)€r

ca s . > > m-1 m-1
Proposition 3. There exist real measures uk(t,s) on S xS such
that
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S = 1y o (KB R, B eued K 3,3
S xS
Proof. It is easy to see that span {<§,?>kﬂ;esm-1}contains all
homogeneous polynomials of degree k. Hence there exist measures
M.k () on s™ 'such that
ceekp

R R S N cS
gm-1 LR
This leads to
|
<x,?>k=z ———5—————(x1u1)k‘...(xm um)km
kj k1!~--km!

KRG R,
xsm~! k

-> > - -

d“k(t’5)=§j L m!d“kl...km(t)mdukl...km(s)‘

Proposition 3 follows by taking the biregular extension of this
formula. = ‘

3. The biregular plane wave equations

Let P(é%,DJ be a differential operator, D=Vm,
type extension theorem with respect to t is valid. Then we can

for which a Cauchy-

calculate Cauchy extensions f(t,<X,t>) of plane waves f(<X,t>), by
expressing the system P(é%,D)f=0 in terms of the variables t and
<X,T>. These equations are called the P-plane wave equations.

v

2 .
Example 1. 1If P=§L;-A, the plane wave equations are simply given by
t

92 32
(——?-——?)f=0.
at” a3x

m
. e-g%—- Then the plane wave type solutions

Example 2. Let P=
=RERR2s S 3xg j=1 I°%;

of Pf=0 are of the form

->

- > -> t -> > ->
gx(~<X,t>,Xo |t|)-Tg2(<x,t>,xo|t|),
t

where (g:1,g2) satisfy the usual Cauchy Riemann equations in the
plane (see [10]).

Similar questions may be put for the biregular system. Let f(<;,¥>)
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be a plane wave; how to describe the biregular extension f(x,t) of

this plane wave and which are the variables needed in order to give

such a description?

We shall show that this problem may be solved in five dimensions,
*2 1212 22 .

namely (xo,to,|x|2,|t]2,<x,t>)=(x0,t0,p,T,0).

Hence, we generalize the concept of biregular plane wave to

Definition 4. A biregular plane wave is a biregular function of the
form A+?B+;C+;A?D, where A,B,C,D are C-valued functions, depending
on the variables: (Xo,to0,0,7,6).

The biregular plane wave equations are the biregularity conditions
applied on a biregular plane wave and expressed in terms of the
coordinates (X ,t,,p,7,6)-

We show that this is indeed possible. Let f£=A+tB+XC+XatD be a
biregular plane wave.

Then we have that

(3§?+Do,x)f

- - -
=2x, D ’xe—t, Do,xe.t=-r,

D, p(Xa¥)=2X(XT+8)=2 (6X-p%),
’
D, AXAt)=-T(¥x+8)=(1X-0%)

- = - > > -
Do’x(XAt)=D0’x(xt+<x,t>)=(1-m)t.
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As a similar expression holds for f(E%?*Do t), one can easily show
’

that the biregular plane wave equations are given by

9C_,93C

3A 3B_ 3B _a8C_
-2022- T~ b -mC=0

3%, 2990 387 2°
3B .3A . 3D 3D .
-ax—o"’-é—e-zp-a—p-eﬁ"' (1 -m)D—O

3C A 9D, 98D _
m-“‘ 2-%"’ 2 63—p+ Ta—e-- 0

3D _3C,, 3B,
ap

9Xo 96

3A 9C_ aC 9B 3B _
m‘ 2 S-B—T-- pw- 2 Tﬁ- Gﬁ-mB- 0

3B ,9A 9D ,3D
*36 2737 %38

.30 +(1-m)D=0

d

@
(@]

+224,263D, ;2D

to 2ot 057 Pag 0

Q)
(=

5B .. 3C_
3t 36" 237 0

We hence obtain two groups of four equations in five dimensions.
The second group follows from the first by replacing x, by t,, p by
7, T by p, C by B and B by C.

Next we can wonder whether we can describe biregular plane waves

in less than five dimensions.Of course they depend on the variables

> >
(xo,to,<x,t>). Without the proof we state

Iheofem 2. For m>1, the biregular plane wave equations can't be
formulated in less than five dimensions.

4. Elementary duality theory
Let Kng+1 be compact and M(l)(K;A) the left A-module of right
monogenic functions on K. Then we have the duality theorem (see

[41)

Theorem 3. The strong dual MEI)(K;A) is isomorphic to the space
m+1
M R
(r).o(-' 2
zero at infinity.

\K;A) of left monogenic functions in Rm+l\K, tending to

The isomorphism.is obtained using the Cauchy-Fantappié indicatrix
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T of TGM'(I)(K;A), which is given by (see [4])

A 1 X-y

T(x)= T , >,

wp+y Y |x-nm+1

Furthermore for feM(l)(K,A) (see [4])

<T, f>= L‘:f(x)dcx?(x),
K belng a suitable e- nelghbourhood of K.
Next we have .that M(l)(R ,A)QM(l)(K A)
Hence to every TGM(l)(K A) we can associate 0 (T)EM! 1)(}‘:'"“'l;A) in a

natural way and we have Runge's theorem (see [1])

Theorem 4. 6 is injective if and only if K is simply connected in
the sense that R™ '\ has only one connected component.

This leads to

Definition 5. Let TEM'(l)(Rm+1 A)

. Then a compact set K is called
a carrier of T if

(i) K is simply connected

(ii) T is extendable to M(l)(K;A).

Notice that the indicatrix T admits a unique extension to RT+1\K.
0f course the notion of carrier differs from the notion of support.

The carrier is not unique. Take e.g. T=§
Bm(0,1) (r) S an+1 »

Bm(0,1) the unit ball in Rm, S™ the unit sphere .in Rm+l

m+1 m+1

={xer Ixo=>0} and e r the unit normal on S™. Then T is carried
by both B (0,1) and S an+’ but not by S™ 1—B (o, 1)ﬁSqWRm ! since

T is not extendable to Rm*l\Sm'

Hence, in general , the intersection of two carriers of T is itself
not a carrier. There is however a very important exception, which

is stated in .
Theorem 5. Let TeMtl)(Rm+l;A) be carried by K; and K, and let
K,UK, be simply connected. Then T is carried by K,;NK,.

5. The Fourier-Borel transform
The general hypercomplex Fourier-Borel transform is introduced as
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follows. Let -E(t1,z) be the complex extension of the biregular expo-
nential function E(t,x) and consider the dual Mtl)(cm+!;A) of the
space of complex right monogenic functions. Then we introduce

Definition 6. Let TEM'1 (Cm+1,A). Tﬁen the general Fourier-Borel
transform FT(z) of T is given by FT(z)=<TT,E(T,z)>

Notice that F transforms analytic functionals in complex monogenic
sense into left monogenic functions.

For the sake of simplicity, we shall not consider this general
transform, but only a specialized version.To that end, notice that
the maps '
A ) R 5A)

pMe1y (€ (n

. m+l . m,
K.M(l)(c ,A) 0(1) (C 9A)

induced by the restrictions f]| - and f|cm of a complex monogenic

+1
function f are isomorphisms. Hence, the spaces

Mtl)(Cm+1;A),ME1)(Rm+1;A) and 0%1)(Cm;A) are in fact the same, but

the notion of carrier is of course different (see also [3]). Fur-
thermore, FT(z) is completely determined by K(FT(Z))=FT(;), so
that, in principle, it is sufficient to study FT(;) for
TEMtl)(Rm+1;A) or to study FT(z), TGOtl)(Cm;A). The last transform

has already been studied in [10]. In this paper we study the first
specialized Fourier-Borel transform, which is given by
-

(chto[Z] -%shto[;] )>,
1 [z]

- '<? z>
FT(z)=<Tt,e1 )2

- n 2 2
where [zl=( £ zj) , Relz]=0.
j=1

In order to study this transform, we make use of the splitting

E(t,2)=E, (t,2)+E_(t,2), where E+(t,;)=%(1;féT)eXP(i<¥n;>tto[;]).
- z

and the corresponding transforms

FT(2)=<Ty,E, (£,2)>.

Let K' be a cilindrical domain of the form K'=Kx[a,b], a<b, KCR™
->
being compact. Then we call HK(y)=sup(-<?,;>), the supporting
-
t€eK
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function of K.
Making use of the fact that Re[;]<|§|, one can easily obtain the
following estimates.

Theorem 6. Let T be represented by a measure in Kx[a,b]. Then
F,T(Z) and FT(Z) satisfy
- (i) |ZF,T(2)|<C|Z|exp(Hg (¥)+b|X|)
(ii) |ZF_T(2) |<C|Z|exp(Hy (¥)-alX])
(iii) |FT(Z)|<C(1+|Z|)exp(Hy (¥)+max(-a,b) |X]).

Notice that, if T is carried by K'; then for every e-neighbourhood
Ké of X', T is represented by a measure in Ké.
We now prove some converse results to Theorem 6. To that end, we
shall make use of the classical Fourier-Borel transform, studied
by Martineau in [8] and [9]. Let Teotl)(cm;A) be carried by a
m - - = - > > > =

convex compact set Kcc, let HK(z)=sup(-<t,y>-<s,x>), T=t+is

-

T€K :

and consider the classical Fourier-Borel transform

. = >
FB(T)=<TT,e1<T’Z>

N

Then we shall apply Martineau's theorem to compact sets of the form
K+iB(0,1), KCR™ being convex compact.
For the general theorem, see [8] and [9].

Theorem 7. Let feo(cm;A) be such that,

|£(2) [<Cexp(Hg () +A|X|) . Then f£=FB(T) for some Te0 !, (K+iB(0,A);A).
Proof. It is sufficient to notice that H(K+iB(0’A))(?)=HK(§)+A|§|
and to apnly Martineau's theorem. s

Next, consider the isomorphism

kop =t My y R™ 5420 (1) (€™5A) -

Then we shall study the extension of this map to

Meg) (K 5A) K =UxER™ 1 x| 2 44 (R, K)2<02)

which, in view of Runge's theorem, is unique.

Lemma. Let A»0 and KcR™ be convex compact. Then
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-1 N .
°p (M(l)(K).’A))So(l) (K+iB(0,1);A).
Proof. Let A'>) and l(e be an e-neighbourhood of K and let

feM(l) (K, 5134).
Then in a’neighbourhood of K in ¢™,

L) (2)=£(2) =L

m+1 BI f(p)dou m+1?

Ke,l' [
g 2_2 —>_’2 2 . 3 . 3
As Re[ z-u] 2=u}+|x-u| -ﬁ| , a necessary and sufficient condition for

Ed
-z-u
=
z-u]

el

[

condition is fulfilled on 'c)KE Xk f(;) is holomorphic on K+iB(0,1),
‘ ’
and this for every A'>)A and e>0. =

to be holomorphic in K+iB(0,A) is u}+d(u,K)?>\%. As this

NNy

+1
_u]m

From this, we obtain

_ Theorem 8. Let fe0 (c™;A) be such that |f(z)|<Cexp(HK(y)+ 1X]), x>0,
KSR™ being convex compact. Then f is the Fourier-Borel transform of
a functional Te“tl)(KA’A)'

Proof. By Theorem 7, f£f=FBT' for some T'GOE )(K+iBE?,A);A). Let us
consider T=k°p (T'), where <k©°p (T') £>=<T',x°p (f)>, f being
monogenic. Then of course FT=FBT' and by the previous lemma,
TeM(l)(K A).

Next, we shall assume that f is the Fourier-Borel transform of an
analytic functional T and we consider the decomposition f=f +f_,
where
‘ £, (1+—)f FLT.
[t

- The'main result of this section is the following

fhéorem 9. Let fEO(Cm;A) be the Fourier-Borel transform of an
enalytic functional T and assume that
(1) £, (X)|<c exp(b|x|)

(i1)  |f.(X)|<c exp(-a|X|).
Then T is carriéd by a subset of R™x[ a,b] .
Proof.. Let T be carried by K'ng+l and choose R>0 and a<a<b<f such
that K' is in the interior of Bm(O,R)x[a,B]. Then T is defined on
Z=3(Bm(0,R)x.th]) and so
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1 - ,<-€ ->>+ |->| "

£,(x)=5 1(1;141)8 X2 IXL g5 T (1)

- b3 | x

First substract from T the first term in the Laurent expansion of T
about the point 3%2 and call this function F. Then we put

f-:-(x)=% f(121%)e1<t’X>:t°|X|d°tF(t)
- z | x
and as F(t)=0(|t|™™ ') if |t|»= , by Cauchy's theorem

- L > -
£1®=1 [ relt0lxlp gt
- to=8 | x|

1 - _<—£ —>>+ |—>| N
-5 (1:i—§l-)e1 $X>2a[X| gy dt.
to=0 X

But fr(;)-fé(;)=FS, where S is of the form C6a+b’ cGA; Hence fé
Z

satisfies the same estimates as f . Let us investigate f]. First

of all, by Cauchy's theorem, -

e R 2 -
£ =1 [ (=A%) i<t BIx] gy a2
to=p |x|
so that
“B|X| ey 2y 1 L Xy i<E, X 2 -
e f+(X)—'2' Im(1-1T)e F(t"‘B)dt.
R X
Furthermore, again by Cauchy's theorem,
1 L Xy Li<T,Xon 2 >
2’ ]m(1+1T)e F(t +B)dt-0,
R X
so that

-d}‘ Ve i<_f,;> - -
e £1(x)=[ e F(t+g)dt.
R
Assume that B-b=e>0. Then, as

JaediXy e Blxl g 320,

x|

- - - -
1 —i<t,x>=to|x| =B|xX| £y 2y 12
F, (1) —;;;ﬁ £me ’ e f!(x)dx

(

>
is left monogenic for to>-¢, since‘e-slxlfl(i) is of exponential
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growth exp((b-8)|x|). Furthermore,

- 1 '<-{ -’> '<-’-’ - - >
F, (%)= [, et X [ 1S XF(34p)dsax

(Zv)m R B™

which implies that for t,>-e, F _(t)=F(t+B) and so F is extendable to
to>B-e=b.

Similarly, by investigating f' , one finds that F is extendable to
to<ate=a.

Furthermore, as %=F+C6 T is extendable to Rm+l\(B(0,R)x[a,b]).l

a+b’

=
By combining Theorem 8, Theorem 9 and Theorem 5 we obtain
Theorem 10. Let £€0(c™;A) be such that
(1) [£(2)|<C exp(Hy () *A[X])
(i1) | £, R) |<C exp(b|X])
(iii) |£_(X)|<C exp(-a|x]|).

Then f is the Fourier-Borel transform of an analytic functional T
carried by Kxﬁ(ﬁmx[a,b]). )

Notice that if A=a=b, T is carried by Kx{a}. This result is very
usefull in the theory of boundary values of monogenic functions,
where A=a=b=0 (see [11],[12]).
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