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ON THE REGULARITY FOR 2nd ORCER NONLINEAR ELLIPTIC SYSTEMS

Oldiich John, Jindfich Neas, Jana Staré

Prague, ESSR

Let an elliptic system of m equations in Q < IR, be considered:
" -0 (al oyuyou)) + 3t (x,u,v0) = D fEo0+ TR oo,
K =100y 151 000,m Xx=(Xgp000,%)) u=(u1,...,um).

It i1s known that for the couples (m,n) with m=1 or n=2 the re-
gularity bolds, i.e.the weak solutions of (1) belong to ¢ . In ca-
se of (m,n) general it does not take place, not even 1f the functions
a,3,f and T are analytic. The attempts at the deeper analysis led to
the formulation of the following problems:

Firstly, to obtain the regularity for all (m.n) by modification
of the concept of regularity itself. Acting in this direction the ma-

thematicians developed the theory of partial regularity. In case of
the system (1) we get, roughly speaking, the following: For each weak
solution u of (1) there exists closed "very small” set 5: such that
ueg C1'“((1\ED. First theorems of this type are due to C.B.Morrey, la-
ter the 1talian mathematicians brought this theory to its today s
form. (For the references see [1] ).

Secondly, to finish the investigation of the set of couples(m,n),
The history of these efforts is sufficiently known. (Cf. [1],[2]). In
our paper [3] we dealt with the obstinate cases (m,3),(m,4) which had
resisted for long. We constructed the systems
D“ai(Vu)=D on QL =B(0,1), «=1,ec.,0 1=1,.0.,m %(n+1)n/2) n=3,4,...
in such a way that their coefficients are analytic, the uniqueness
for Dirichlet BVP holds and for suitably chosen analytic boundary fun-
ction the Dirichlet BVP has the solution with bounded and discontinu-

ous gradient.
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Thirdly, to characterize regular subclasses of the set of all
systems (1). Being interested in the regularity of weak solutions
with bounded gradient (which 1s reasonable from the point of view of

applications) we can use as a good characterization the condition of
the Liouville type.
In the first place we consider the interior regularity (cf.[4]).
b Q. § 1 1 Fi
Let 1n (1) ay B be 1n C'UYxRx By ), fiew, (@) , Faw, ,(0)

where pan, Let us assume further
) (/D) nand >0 (U, )€ D x Ryx Ry

Definitions. The system (1) has the property (R) if its each

weak solution uQW, 'z'loc(ﬂ_; IR,) for which VueLl (£; R ) belongs

to 1o R.). The system (1) has the property (L) iouvillg if for

each couple (xo,uo)e.ﬂ_xlﬂm and for each weak soclution Ug w1 2 lor.;ﬂll)
149

of the system

3) g8t (Xgotgs VU) = 0, =1,ec0,n 1=1,...,m
the following assertion is valid: If VUEL(IR,; IR ) then U 1s a
polynomial of at most the first degree.

THEOREM 1. (L)=>(R) .

Remark 1. In case of n=2 (L) can be proved directly (see [4]).
For m=1 and for the systems (1) with ai(x,u,‘_f) = A“,l?(x,u) fg we
can establish (L) passing in (3) to the equations in variations and
using the results of HILDEBRANDT and WIDMAN [5'] and CAMPANATO [6) re-
spectively. It follows from THEOREM 1 now that all. these ap'ecial ca-
ses have the property (R) .

Remark 2, (Sketch of the proof) . Let (1) have the property (L)
and let u be 1ts weak solution with bounded gradient. For B (x,R)put

- 2 . 1 ‘
V(x,R) = R”" B(x,R)[ viy) 'vx,R] dy, Vx,R [&B(X.Rﬂ' JB(X,R)U‘”

where v=Vu, It follows from (L) that
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(4) For each x; € £2 there exists Ri—0, such that limk_,wV(io,RkFD.
The assumptions on (1) enable us to pass from (1) to the gquasilinear
system for v. For each bounded weak solution of this system there e-
xists g > O such that if V(x_,R)< € with some R> D then ve C°*(BTxg,q)
with some pe€ (0,R) andx = min[1/2, 1-n/p}. This together with (4)
gives the result.

As to the regularity up to the boundary, the situation is much
more complicatad.(For the details see [7]). Denote {1 = {xcR;;
Ix4l « 1 for 1=1,...,n}, r' = {xeRn; Ixgl<1, 1=1,..0,n=1, xn=0} .
We consider again the system (1) with f§=0. The weak formulation of
the boundary value problem (BVP) is
(5) u-u e 7,

(6) For each (fd)’

1 1 1
L[a}(od ¢t + gt - Tllax = j'_[h (x,u)- g* (3] ?1ds,
. . 1 .
where uong’p(Q_, IRHJ y gel (s Rm), heC(I" x R,; IRm) are given
functions, V- { vew, 2(.(1.; Ry); Cv=0onl , v=0 on NMW~ F}, and
?
(18
€ 1= a constant matrix of the type (0:0)’

Definitions. The BVP has the property (R.) if its each soluti-
on u for which Vug Lw(ﬂ 3 Ryn) belongs to ch¥(Qur 3 R). The BVP
has the property Lo 1if for each triplet (x,,uj,d)eFx Ryx R and
for every function Ue W1'2’1°c(ﬁ:..; R;) for which

(7) IR+ al (%g9ugsVU) Dy (f"(x) dx = I

n x3

di i
xn=0} ¢ () ds
for all qu:(an; R, C¢=0on {x; xn=0},

(8) CU 1s the polynomial of at most the first degree on {x; xn=0}
the following assertion is valid: If VUel (IR;; 'Rmn)' then U is
the polynomisl of at most the first degree on R;.

THEOREM 2. (L) A (Lg)=>(Rg.

Remark 3. We say that the system (1) has the property (R¥)if
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for each "frozen" system (3) there exists T>0 such that each weak
solution u of (3) on Rn with the bounded gradient‘?u'ls of the spacé
¢l B(0,7) and the H8lderian norm of the gradient depends only on‘

] VLNGJ. The following result converse to THEOREM 1 holds: (R‘):b(L)
For BVP the analogical assertion is valid (see t4] , [7]) .
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