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ON REGULARITY OF SOLUTIONS
TO SOME PROBLEMS OF MATHEMATICAL PHYSICS

KOSHELEV A.I,CHELKAK S.I.,CHISTYAKOV V.M.,
LENINGRAD, USSR

Let QL <R™ (m 22) be a bounded domain with C' boundary 2{) . Con-
sider a boundary value problem for the elliptic system
(&D) Lu = Diai(X,DU) =0, xel),

(2) u(a =gx) , xe?Q, geW;(D.).
Here u(x)= {u (X)geee,t (x)} 1s an unknown vector function, Du ={Dou,
DyUye«s4Dpu}, Dgu =u, Dy = 9/3x; (1 =1,.00,m).

Until now we considered mostly the case when the coefficients
al(x,p)=éal(x,p),...,aT (x,p)} were measurable with respect to x, con-
tinuously differentiable with respect to p ={p°,...,pm} and for the
matrix

3) A= y (1,k=0,...,m)

the inequalities
@ @uguz $ag-f £ VIEIZ, mance

took place with some positive constantsc;., y and C. Suppose that A is
symmetric. Denote as {7\1 (x,p)} the set of all eigenvalues of A at
the point {x,p} and put A = 1inf A, and N= SUp N, . It was proved
in [1] that 1f the inequality

A-n (m=_2)2 71/2
1
5) N+ * m- 1 ] <1

holds then the weak solution u of (1) , (2) i1s locally H8lder-con-
tinuous 1nf) . It was also proved that the condition (5) is sharp.

In some important problems the differentiability of the coeffici-
ents a; with respect to p doesn’t hold. It happens e.g. in case of
the systems of equations for elasto-plastic media with hardening, the
Maxwell systems for materials with ferromagnetic intrudings etc.

Suppose now that, instead of (4), the inequalities
(6) (a(X.p) - a(X.q)) (p- Q) 2 QLIID- ql?

Ia(X,P) - a(x)q)‘ H] Y lp - al
take place with some positive constants &V for almost all xe () and

all p,qeR(mH)N .(The norms are calculated in R M+ N .)
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Denote

(7) K =1tnfg g sup lp= g - elagup) - at, ]l
Ip - gl
THEOREM 1. If

(6) K {1 4 (me 2)2 ]1/2 <1,

m=- 1
then u 1s locally H8lder continuous on 2 . The condition (8) 1is
sharp.

Consider now the equilibrium system of the theory of small defor-
mations for a material with strenght condition (so called Hencky the-
ory). Let S = {6‘13} and D ={€ij} are the stress and strain tensors,
respectively. Suppose

6“( = a: (%3 831) , where 1=

x|C
[ B
+
x|
o [

and u 1is the displacement vector.

Then the system corresponding to (1) has the form
(17 Dyay(xs eq) -f =0,
where f 1s a vector of mass forces.

Denote i
T2 = 4nf su I(P1+p") (aivai) - € ak("'PJ*Pl)' ak(X.Qj*ql)] \
- P

€x0 x,p,q z“;l (P + pL) - (q1+'=u<)\

THEOREM 2. If

21172 /2 L\
vl ] (v (e pF) ] <

then the displacement u (the weak solution of the problem (1 ')-(2))
is locally H8lder-continuous on Q.

As we have seen above, the conditions (5) and (8) w2 sharp. Never-
theless, there are the cases when the solution u has some additio-
nal properties. Suppose that rls (s=1,...,m—2)1s a smoath s-dimensio-
nal manifold in Q) .

THEOREM 3. Let the conditions (4) be satisfied and let &%
5 1/2
e = BRI
+ A =T

Then ug €L, () for all c:’

and “u?"L.I(I;) is H#lder con-

tinuous with respect to the coordinates ortogonal to rs .



Consider now the parabolic system
P = JG-Lw =0

in the cylinder Q = 2 x(0,T)with the initial condition ulgeg = O
and the condition (2) . Suppose that the conditions (4) are satisfi-
ed.

THEOREM 4. There exists such a constant C(m)>0 that if the in-
equality ’

NA-2
A+ - C(m) <1

holds, than the weak solution u of the problem

Pw =0, u|t=g =0, “l:a_Q_ = g(x)

is for almost all te[D,T] locally H8lder-continuous with respect to
the variable x in £ . .

This theorem has some corollaries concerning the systems with hys-
teresis coefficients.

[1] A.I.Koshelav, Regularity of the solutions of elliptic equatio-
ns and systems, Nauka, Moscow,1986.
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