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Abstract

In this contribution, we will use the Maxwell-Cartesian spherical harmonics (intro-
duced in [1, 2]) to derive a system of partial differential equations governing transport
of neutrons within an interacting medium. This system forms an alternative to the
well known PN approximation, which is based on the expansion into tesseral spherical
harmonics ([3, p. 197]). In comparison with this latter set of equations, the Maxwell-
Cartesian system posesses a much more regular structure, which may be used for
various simplifications that could be advantageous from computational point of view.

1. Introduction

Consider the monoenergetic, steady-state neutron transport problem with fixed
volumetric sources1 in a domain V ⊂ R3 filled with isotropic medium interacting
with the neutrons. Solution of this problem describes the stationary distribution
of neutrons within V together with their motion directions and is called angular

neutron flux density (or shortly angular flux ). In standard notation, the angular
flux is expressed by function ψ(r,Ω) where r = [x, y, z]T ∈ V and components of the
direction vector are given in spherical coordinates as

Ω =




Ωx

Ωy

Ωz


 =




sin ϑ cosϕ
sinϑ sinϕ

cosϑ


 = Ω(ϑ, ϕ), ϑ ∈ [0, π], ϕ ∈ [0, 2π).

Angular neutron flux is therefore a function defined in a five-dimensional domain
V × S2 (S2 denoting the unit 2-sphere). Numerical methods that can be used to de-
termine the solution of practically significant neutron transport problems are usually
constructed by first semi-discretizing the governing equation with respect to the an-
gular variable Ω, yielding a system of PDE’s in space, and using standard numerical
methods like the finite volume or finite element methods to solve this system.

1The extension to energy- or time-dependent problems would be straightforward.
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In this paper, we will be interested only in the angular semi-discretization of the
neutron transport equation. One of the most popular method to accomplish this task
is the method of spherical harmonics. In this method, the angular flux is expanded
into a series of tesseral spherical harmonics ([3, p. 197]) which form a complete
orthonormal basis of the space L2(S2) of functions square-integrable with respect
to Ω. By considering only spherical harmonics of degrees n ≤ N 2 and performing
the Galerkin projection (with respect to Ω) of the neutron transport equation onto
the subspace spanned by those functions, a system of first-order hyperbolic PDE’s
in space, conventionally referred to as the PN system, is obtained3. However, the
resulting system is quite complicated, strongly coupled through differential terms
and lacks the invariance with respect to change of coordinate axes.

We therefore propose to use a different set of expansion functions to perform the
angular semi-discretization. In [7], the author arrived at a “far more symmetric and
compact” ([7, p. 1455]) form of the angularly semi-discretized system of equations
governing the distribution of plasma by using an expansion of the solution in terms
of special spherical harmonic tensors rather than the usual sets of tesseral spherical
harmonics. Although the derivation and properties of the spherical harmonic ten-
sors were not described in much detail in the paper, they are actually equal (up to
a normalization) to theMaxwell-Cartesian spherical harmonic tensors, rigorously de-
veloped in [1]. Use of these tensors have so far proven to be advantageous in solving
various electro-magnetics and quantum-mechanical problems ([1, 2]). Nevertheless,
they have not been used for neutron transport problems until very recently ([5]).

In section 2, we will introduce the neutron transport equation and basic nota-
tion. Section 3 provides a brief review of the Maxwell-Cartesian spherical harmonic
tensors, leaving the details to the original papers [1, 2]. The alternative to the
PN system is derived in section 4; the derivation is different from that of [5] and,
in our opinion, provides more insight into the structure of the equations. How this
insight can be used to obtain in a new way some known (but not yet completely
understood) approximations used in neutron transport methods is suggested in the
conclusion.

2. Mathematical model

The equation governing transport of neutrons, also known as the linear Boltz-
mann’s transport equation (shortly BTE), reads (in standard notation, as e.g. in
[11, Sec. 9.7]):

Ω ·∇ψ(r,Ω)+σt(r)ψ(r,Ω)−

∫

S2

[
σs(r,Ω ·Ω′) +

ν(r)σf (r)

4π

]
ψ(r,Ω′) dΩ′ = q(r,Ω),

(1)
where r ∈ V , Ω ∈ S2. The σ functions are called macroscopic cross-sections for
a particular interaction, distinguished by the subscripts (t for the total probability

2Note that there are 2n+ 1 tesseral harmonics of given degree n ≥ 0.
3Detailed description is given in many classical books on nuclear reactor physics, like [11, 4].
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of collision of any type with nuclei at r, s for scattering from direction Ω′ to Ω upon
the collision and finally f for the collision which results in fissioning the target nucleus
and releasing an average number of ν neutrons in the process). We will assume that
all the macroscopic cross-sections are given bounded measurable functions and look
for a non-negative ψ ∈ L2(V × S2)

4 given the volumetric distribution of neutron
sources q ∈ L2(V × S2). Boundary conditions will not be considered here – we may
remark, however, that the developments in this work make the incorporation of the
well-known Marshak approximation of the boundary conditions (e.g., [11, p. 340])
straightforward.

3. Maxwell-Cartesian spherical harmonics

A general linear combination of tesseral harmonics of given degree n is called sur-

face spherical harmonic of degree n. As shown in [1], a surface spherical harmonic of
degree n can also be uniquely represented by a totally symmetric traceless Cartesian
tensor of rank n 5 . Moreover, that paper presents a systematic way of obtaining
a TST tensor of any rank n whose components are surface spherical harmonics of
degree n in Cartesian frame of reference as defined by Maxwell in [8, p. 160]. Specif-
ically, Maxwell’s spherical harmonics based on Cartesian axes can be obtained (up
to a normalization constant) as components of P(n)(Ω) = DnΩ

n where Dn is the
so-called detracer operator which projects a general totally symmetric tensor of rank
n into the space of TST tensors of rank n (definition and various properties of this
operator are given in [1, Sec. 5]; we use here the “projection version” of the operator,
as discussed in the note in [1, p. 4311]).

We note that projection of P(n) along, say, z-axis (or any other because of the sym-
metry) yields (up to a normalization factor) the Legendre polynomials Pn (cf. Tab. 1):

P
(n)(Ω) · enz = P (n)

α1...αn

(Ω)δ3α1
· · · δ3αn

= P
(n)
33...3(Ω) =

n!

(2n− 1)!!
Pn(Ωz) ≡ CnPn(Ωz)

(2)

4We denote by L2(V × S2) the space of square-integrable functions with respect to the measure
dµ(V × S2) = drdΩ = dxdy dz sinϑdϑ dϕ .

5We will indicate a Cartesian tensor of rank n by superscribed (n) and index its 3n components by
a sequence of n Greek letters in subscript (each attaining value 1, 2, or 3, corresponding to Cartesian
axes x, y, z, respectively); for vectors (rank-1 tensors), we will keep using conventional bold-face
letters. Einstein’s summation convention will be used whenever same indices appear in a tensor
expression written in component notation. When a tensor is invariant under any permutation of
its indices, it is called totally symmetric; contraction of two tensors of same rank is a number

A(n) ·B(n) := A
(n)
γ1...γn

B
(n)
γn...γ1

, contraction of a tensor P(n) in first index pair is defined as P
(n)
ααγ3...γn

and called trace in that index pair. Totally symmetric tensor whose trace in any index pair vanishes
is called totally symmetric traceless (abbr. TST). The tensor product C(n+m) = A(n) ⊗ B(m) has

components C
(n+m)
α1...αnβ1...βm

= A
(n)
α1...αn

B
(m)
β1...βm

and the m-th power of a rank-n tensor is defined as

A(n) ⊗A(n) ⊗ · · · ⊗A(n) (m-times). Finally, we will consider the differential operator ∇ as a vector
[ ∂
∂x
, ∂
∂y
, ∂
∂z

]T , but keep writing ∇A(n) for ∇⊗ A(n).
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(ez = [0, 0, 1]T , δij is the Kronecker delta); also, the well-known formulas for Legendre
polynomials could be extended within the tensorial framework to obtain explicit
formulas for P

(n)([3, Chap. VI]). This feature of Maxwell-Cartesian tensors makes
the resulting angular discretization a natural multidimensional extension of the 1D
PN system (which is actually based on a Legendre expansion of angular flux), having
an analogous form as the latter.

n Yn(Ω) ∝ P(n)(Ω) CnPn(Ωz)

0 1 1 1

1 Ωx, Ωy,Ωz Ωx, Ωy, Ωz Ωz

2 −Ω2
x − Ω2

y + 2Ω2
z, ΩyΩz,

ΩzΩx, ΩxΩy, Ω
2
x − Ω2

y

Ω2
x −

1
3
, ΩxΩy, ΩxΩz,

Ω2
y −

1
3
, ΩyΩz, Ω

2
z −

1
3

Ω2
z −

1
3

Table 1: Tesseral and Maxwell-Cartesian sph. harmonics and Legendre polynomials.

4. The MCPN approximation

Using the results of [3, Art. 114], the expansion of angular neutron flux in terms
of surface spherical harmonics could be written as

ψ(r,Ω) =

∞∑

n=0

2n + 1

4π

∫

S2

ψ(r,Ω′)Pn(Ω ·Ω′) dΩ′ . (3)

As shown in [1, Sec. 7, Corollary II], Maxwell-Cartesian tensors appear in the fol-
lowing form of “addition theorem” for Legendre polynomials Pn:

P
(n)(Ω) · P(n)(Ω′) = CnPn(Ω ·Ω′) (4)

(Cn defined in (2)). Combining the two results, we obtain

ψ(r,Ω) =

∞∑

n=0

ψ(n)(r) · P(n)(Ω), (5)

where we defined

ψ(n)(r) :=
2n+ 1

4πCn

∫

S2

ψ(r,Ω)P(n)(Ω) dΩ . (6)

To find the relations that must be satisfied by the angular expansion moments
ψ(n)(r) in order for (5) (or equivalently (3)) to be the solution of the BTE, we
insert the expansion (5) into (1) (with source term represented in terms of angular
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expansion moments analogously to (6)). Applying eq. (4) to the generalized Fourier-
series expansion of the scattering term in terms of the Legendre polynomials, we
obtain:

∫

S2

σs(r,Ω ·Ω′)ψ(r,Ω′) dΩ′ =
∞∑

n=0

2n+ 1

4π
σsn(r)

∫

S2

Pn(Ω
′
·Ω)ψ(r,Ω′) dΩ′

=
∞∑

n=0

σsn(r)ψ
(n)(r) · P(n)(Ω).

Because of the orthogonality of P(n) of different ranks ([1, Sec. 8.7]), the fission part
will have the following form:

∫

S2

ν(r)σf (r)

4π
ψ(r,Ω′) dΩ′ =

∞∑

n=0

ν(r)σf (r)

4π
ψ(n)(r)·

∫

S2

P
(n)(Ω′) dΩ′ = ν(r)σf(r)φ(r),

(7)
where φ ≡ ψ(0) is the scalar flux. Therefore, by inserting (5) into (1) and using these
results we obtain

∞∑

n=0

[
Ω · ∇ψ(n) + σtψ

(n)
− σsnψ

(n)
− δn0νσfφ− q(n)

]
· P

(n)(Ω) = 0 (8)

where each term in the square brackets is dependent only on r (omitted for brevity).
Because of the linear dependence among certain functions in each P(n)(Ω) (owing

to the requirement of vanishing trace), we cannot deduce from (8) that for each n,
all components of the tensor in brackets must vanish. The angular discretization is
further hampered by the advection term which still contains the angular variable Ω.
However, using the detracer exchange theorem ([2, Sec. 5.2]) and total symmetry
of ψ(n) (by definition (6)), we note that the expansion (5) is actually equivalent to
a power series in Ω:

ψ(r,Ω) =

∞∑

n=0

ψ(n)(r) ·Ωn. (9)

Using this fact to simplify the advection term (Ω · ∇)ψ(n) · Ωn, we may rewrite
equation (8) as

∞∑

n=0

[
∇ψ(n−1) + σtψ

(n)
− σsnψ

(n)
− δn0νσfφ− q(n)

]
·Ωn = 0 (10)

with the term with n < 0 discarded.
Equation (10) expresses a vanishing linear combination of monomials restricted

to the unit sphere. Even though the monomials of all degrees are completely linearly
independent, once restricted to the unit sphere there exist nontrivial linear combina-
tions, such as Ω2

x+Ω2
y+Ω2

z−1 = 0. Hence we still cannot deduce that the expression
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in square brackets in (10) must be a zero tensor. However, in view of the theorem
in [1, Sec. 4.2], it is possible to eliminate these nontrivial linear combinations by
requiring the coefficients of the combination to form TST tensors for each n. Since
ψ(n) and q(n) are TST by definition, we only have to symmetrize and detrace the ad-
vection terms. We need to be careful, however, not to change the original equation.
This can be done by a clever rearranging of the terms in the sum. After using the
definition of the detracer operator, symmetrization by

[
A

(n)
]
sym

= Ã
(n) with components Ã(n)

α1...αn

=
1

n!

∑

π(α1...αn)

A(n)
α1...αn

(where the sum is over all permutations of the tensor indices) and regrouping the
sum by Ωn, we arrive at the final equation (with Σn := σtψ

(n) − σsnψ
(n) − δn0νσf )

∞∑

n=0

{[
∇ψ(n−1)

−
n− 1

2n − 1
I⊗∇ · ψ(n−1)

]

sym

+
n+ 1

2n + 3
∇ · ψ(n+1) +Σnψ

(n)
− q(n)

}
·Ω

n = 0,

(11)

which implies that each component of the TST coefficient tensor of rank n in curly
brackets must vanish.

5. Conclusion and outlook

By truncating the expansion (9) (or (5)) at n = N for some N ≥ 0, we obtain
from eq. (11) an alternative set to the ordinary PN equations which could be called
an MCPN approximation (because its solution represents the expansion of angular
flux into Maxwell-Cartesian surface spherical harmonics of degrees up to N). The
symmetric and traceless structure of the MCPN equations could be used to provide
new perspectives on some other widely used approximations or to create new ones.
For instance, by projecting each tensor along any chosen axis, we obtain one dimen-
sional equations equivalent with the 1D PN equations (after suitable normalization

of ψ
(n)
z ). This indicates the possibility to investigate the original ad-hoc derivation

of the popular SPN approximation (by formal extension of the 1D PN equations
into 3D, [6]) in the current tensorial framework. Similarly, a different normalization
of ψ(n) leads to the system derived in [5]. However, the derivation in [5] is par-
tially formal and does not take into account all the important properties of spherical
harmonic tensors (in particular their tracelessness and linear dependence for given
degree).

There is also an interesting link to an old article of Selengut ([10]) in which the
full multidimensional P3 solution is obtained by solving a set of two coupled diffusion
equations6 with special interface conditions in presence of multiple heterogeneous re-
gions. Selengut’s derivation of the set is however quite puzzling (see also commentary

6much like in the SP3 approximation, but apparently without restrictions on dimensionality or
cross-sections other than the usual isotropic scattering and volumetric source assumptions
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in [9, Sec. 5.2]) and his equations have never been either analyzed or at least numer-
ically tested. On the other hand, we have been able to derive Selengut’s equation
for scalar flux (even with anisotropic scattering) by combining the MCP3 equations
into an equation for ψ(2) and adding a compatibility condition of vanishing trace of
ψ(2). Further work in this direction is currently under way.
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