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SEMI-ANALYTICAL APPROACH TO INITIAL PROBLEMS FOR
SYSTEMS OF NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS
WITH CONSTANT DELAY.

HELENA SAMAJOVA *

Abstract. This paper deals with the differential transform method for solving of an initial value
problem for a system of two nonlinear functional partial differential equations of parabolic type.
We consider non-delayed as well as delayed types of coupling and the different variety of initial
functions are thought over. The convergence of solutions and the error estimation to the presented
procedure is studied. Two numerical examples for non-delayed and delayed systems are included.
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1. Introduction. We consider a system of two nonlinear functional partial dif-
ferential equations of parabolic type with constant delays

oy (z,t) 0y (w,t
1 (z ): Y1 (x )+K1(y2(m7t_ﬁ)_yl(x,t))eryi)’(%t)

) Ays(z,t)  O?ys(w,t
V0 0) TV | Kyra,t = 72) (o 1) + g )

with the given initial function @(m,t), constant delays 7; , constants 7; , and
K; where i =1,2.
We may rewrite the system (1.1) into the vector form

ou(x,t)  O*u(w,t X _
(1.2) ug? ) = gg; ) + rru(z, t) + koti(x, t) + ni(z,t)

where we consider square matrix

_( K« 0 N, (0 Ky, (m O
o (5 ) (L) (5 2)

and the vector form of functions

o uw(zt) o u(zt—T) | - [ ud(z,t)
wt) = (0D )it = (T )5 e = (D).
(1.4)
We consider the system where the time of response may be 0 or different from

0. A real time of response causes that solutions do not affect each other in the same
time.
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164 H. SAMAJOVA

Some types of nonlinear parabolic equation with a constant delay are exactly
solved in [5] by functional constraints method. This method brings exact solutions
that are supposed to be in the generalized separable form

U(LIJ, t) = Z (pn(m)wn(t)

where N € N. Functions ¢, (z) and ,(x) are established by additional functional
constrains given by difference or functional equation. The results in the cited paper
are extended to a class of nonlinear partial differential-difference equations with linear
differential operators which are defined as separated differential operators with respect
to the independent variables x, t and to some partial functional differential equations
with time delay. The presented way of solution in [5] requires an assumption that
initial functions to an initial problem of a delayed equation are obliged to satisfy the
considered equation.

An approach established in this paper enables us to use different types of initial
functions that need not indispensable to fulfill the system (1.1).

2. Main Properties of 2D Differential Transform Method (DTM). In
the next it is proposed a procedure which allows us to combine DTM and method of
steps to obtain semi-analytical solutions for given system of two equations (1.1). This
method is used for example in [2, 6, 7] and the references given therein.

The two dimensional Differential transformation method ( DTM ) for a function
g(z,t) is defined by

G(m,n) =

1 [8m+"g(m, t)

mln! | Odx™motn } w=xo.t=to

An inverse transform of G(m,n) leads to

glx,t) = Z Z G(m,n)(x — xo)™(t —to)"

m=0n=0

and if x = 0,¢ = 0 then

g(z,t) = Z Z G(m,n)z™t".

m=0n=0

The main properties of the DTM are given in the overview:
Let functions G,G;(n), i = 1,2,3 are differential transforms of the functions
g,9i(n), i=1,2,3 constants r,s € N,and «,8€R
1. g(x,t) = ag(z,t) + Bga2(z, t) G(m,n) = aG1(m,n) + fG2(m,n)
2. g(z,t) = a"t? G(m,n)=dm—r,n—s)=0(m—r)d(n—s)
3. g(x,t) = exxtht G(m,n) = 27

mlin!

m

4. g(z,t) = sin(ax)t® G(m,n) = oy Sin(%)é(n —5)
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5. g(x,t) = cos(ax)t® G(m,n) = % cos(g)é(n —3)
6. g(z,t) = g1($7t)gg(;€,t)gg($,t>
Glm,n) = Sy S Sy S Giliyn — b — DGa(j, b)Ga(m — i — j,1)

0g1(x,t) Oga(z,t
7. g(w,t) = 9gx ) %ét )

G(m,n) =300 > _gm =i+ 1)(n—j+1)Gi(m—i+1,5)Ga(i,n—j+1).

For delayed functions in the next we suppose N — oo

8. g(x,t) = g1(x,t + 1) G(m,n) = Eflv:n (h)Th_"Gl (m, h)

n

where d(n) is the Kronecker delta symbol and N € N.

The main steps of the DTM, as a tool for solving different classes of nonlinear prob-
lems, are the following. First, we apply the differential transform to the presented
problem, and then the functions G(m,n) are given by the recurrence relations. In
the second, the iterative solution of this relations and using the inverse differential
transform, lead to the solution of the problem as polynomials of two independent
variables.

Applying this rules for system (1.1) one obtains following recurrence relations for
T=0

mmm+n:g%ﬂm+mmm+zm+mpamm—mmmn

m m—-r; n n—s ‘|

+m Z Z Z Z Yi(ri,n — s1 — s2)Y1(re, s1)Yi(m —r1 —ra, s2)

T1:0 7‘2:0 81:0 82:0

(2.1)

Yo(m,n+1) = %4-1 [(m 4+ 2)Ya(m + 2,n) + K3 [Y1(m,n) — Ya(m,n)]

m m—r; n n—s ‘|

ne > D0 YD Ya(ri,n— s1 — 89)Ya(re, 51)Ya(m — 11 — 13, 5)

7"1=0 7‘2=O 51=0 82=0

2.1. Initial problem for systems of delayed functions. If we suppose de-
layed system with 7, > 0, ¢ = 1,2 the system is considered with the known initial
functions ¥;, 1 = 1,2

Q, t<—1;
0, > 0.

We consider different types of functions on the intervals (—7;,0), as an initial
functions for unknown solutions y;(z,t), i = 1,2 to the system (1.1).
A different types of initial functions produce appertaining initial conditions for
the system (1.1) and some of them are presented in the table below.
e Calculations are valid on minimum length of the intervals (0,7;), i = 1,2
° 1[)1(x, t), 1[)2(:17, t) are considered as constant, polynomial, exponential, sin, cos
functions
e Recurrent relations are used for evaluations of coefficients Y7 (m, n), Ya(m,n)
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TABLE 2.1
Types of initial functions.

Initial functions ¥, (z,t) Initial condition ¥;(z,0)
Ti(z,0) =’ 1° T;(z,0) =0

U (z,t) =2t r#0 U,(z,0) ="

U, (z,t) =t5¢™  s#0 U, (z,0) =

W;(x,t) = x" cos st V,(z,0) ="

U, (z,t) = z" sin st U;(z,0) =0

e An individual evaluation for the initial functions and initial conditions is
required
e Functions yi(z,t — 72), ya2(z,t — 71) are replaced by the initial functions
U1 (x,t), o(x,t) on the intervals (—7s,0), (—71,0) respectively
e The multi-step differential transform method (MsDTM) given in [1, 3] may
be used to extend the domain for the obtained solutions.
In the Table 2.1 we give some examples of types of the initial functions and the
initial conditions connected to the initial functions.
The DT method applied to the system (1.1) with 7; > 0 gives

N

1
Yilm,n+1) = — (m+2)Y1(m+2,n)+ K, (Z (Z) "Wy (m,h) — Yi(m,n)

+1

h=n

m m—ri n n—si

+m Z Z Z Z Yi(ri,n — s1 — s2)Yi(ra, 81)Y1(m — r1 —ra, s2)

™= 07’2 051 OSZ 0

(m+2)Ya(m +2,n) + Ko (zN: (Z)T;”qfl( —Ya(m,n )

(2.3)

1
Yo(m,n+1) =

n+1

h=n
m m—riy n n—si

12 Z Z Z Z Ya(ri,n — s1 — s2)Ya(ra, 81)Ya(m — 11 — 12, 52)

r1=0 ro=0 s1=0 s2=0

3. Convergence of the 2D Differential Transform Method. In this sec-
tion, the convergence of the 2-dimensional DTM when applied to a system of partial
differential equations is studied. Moreover there is given the sufficient condition for a
convergence of the vector function.

This condition of the convergence leads to an estimation of the maximum absolute
error of the approximate solutions.

Let consider functions fi(z,t) :R xR =R, fa(z,t) : RxR =R

fiwt) =" Y Fi(m,n)(z — o)™ (t — to)";
m=0n=0

oo o0

fo,t) =N Fy(m,n) (2 — o)™ (t — to)™;

and
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For the vector function we define the vector norm L

Iflloe = max|fil, i€ {1,2}.

The theorem stated below is a special case of the Banach fixed point theorem [4].
In the next this theorem is adapted for 2D DTM.

THEOREM 3.1.

Let there exist two series for functions

filz,t) = Z Z Fi(m,n)(xz —xo)™(t — to)"

m=0n=0

folz,t) = > Fa(m,n)(x — x0)™(t — to)".
m=0n=0

—

Then the vector series f(x,t) converges if there exists 0 < o < 1 such that

1 fi1(@, )] < all fiz,0)]

for any k > kg, for some kg € N .
The estimation of the error of the vector series is a part of the proof of Theorem 3.1.

Proof. We denote (C(A),|.||) the Banach space of all continuous vector functions
on a domain A with the norm || f(z,t)|| = max(y yea || f(x,t)|| where A = [xg—¢, 20+
E] X [to —T7t0+7’].

Denote individual terms @%m’n)(x,t) , gp%m’n) (z,1) , P,y (x, 1) as

@%m77L)(z, t) = F;(m,n)(x —xo)™(t — to)" 1=1,2,

() (7 1) = ( By (m,n)(@ — o)™ (t —to)" > _ ( Pl (1) ) .

Fy(m,n)(x —xo)"(t —t0)" )\ @ (@t)
We define the sequence of vector partial sums {S,}22 as follows

Sp = @(0,0) (7, 1) +P(1,0) (@, 1) +P(0,1) (%, 1)+ P(2,0) (2, 1) +P1,1) (2, 1) +Po,2) (T, 1) +. . . +

(I)(n,O) (x, t) + q:’(7l,171)(1,‘7 t) +...+ @(1’n,1)($, t) + (I)(O,n) (I‘, t) =

n J

=0 i=0

In the next we will show that {5, }22 , is a Cauchy sequence in the Banach space.
For this purpose

n+1

Z D(int1—i) (T, t)

=0

n
HSn-‘rl - Sn” = <a (I)(i,nfi)(xvt) <...<

=0
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ko

Z ‘bi’ko_i(l‘, t)

=0

< an—k0+1

=" kol max {Z go%iyko_i)(x,t)‘}.

(z,t)eA

For any ¢,7 € N, ¢ > j > ko we have

i—1 1—1
15: = Syl = {|D_(Sira = S| < D 1(Siea = S|
1=y 1=y

. o
gZal*’“‘)“ max Z”(I)s,kofs(xat)”

A
(mt)eA —

1—atJ .
_ %arkoﬂ max ZH@% S(z,0)]
— z,t) EA

and whereas 0 < a < 1, we obtain

lim_|(S: — S5 = 0.

1,j—

Therefore, {5,}22, is a Cauchy sequence in the Banach space (C(A),||.]|) and
the vector series

P ozn 080% n( 1)
Dm0 2o 090% n( t)

converges. The proof is complete. O

Under the condition that there exists a € (0,1) such that

k+1

Z‘|¢Sk+1 S)l’t ’<O[ZHq)sk s .’IitH

for any k > ko where kg € N, power series solution converges to the exact solution.
We define constants «; for any k > kg

St [ ®nr1—s) (1)

for 30 [|@(en—s (@, )] # 0;
Yr o | @k (@ 1)]| e

A1 =
0 for ZI::O [ s 5—s) (2, 8)[| = 0.

If Vk > ko: 0 < ag <1, then an approximate solution in the form of finite series

converges to the exact solutlon i(x,t).
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THEOREM 3.2. Let the approximate solution be in the form
fla.t) = 2o m=0 2op=o F1(mym) (z = o)™ (8 —t0)"
7 Zm:() Zn:() Fg(m, n)(m — xo)m(t _ to)"

and converges to the solution

If the finite series

fn:O ZZL:O F1 (m7 ’I’L) (ZII - $0)m(t — to)n

Hm=0 Zn:o FZ(ma Tl)(l’ - zo)m(t — to)n
is considered as an approrimation to the solution, then the estimation of the absolute
error s given as

- D=0 2om=0 P,y (T 1)
i(z,t) — =t L <
( ) ( 51:0 Zn:O w%m,n) (%, t
1 . 0
(3'1) < 7Q]7k0+1 max Z ”(I)(s,ko—s)(xa t)”

T 1l-« (z,t)eA par

where j = min{u, v}, p,v €N.
Proof. From the Theorem 3.1 we obtained

1—a'7
S; — S| < ———ad Pt ma ) (z,t
H e 3”7 1—a xt)é(AZH (s,ko— s) )H
Since the term (1 —«‘~7) < 1 under the condition that there exists an o € (0,1) and
ko < j < i, the inequality above can be simplify to

1
15 = S5l < 1 aaj Fott ;I%aé(AZH‘I’(s ko—s) (@, 1) -

If we consider that ¢ — oo then S; — (x,t) - two dimensional power series vector
solution converges to the vector solution and the estimation of an absolute error is
determined by (3.1). O

In accordance with Theorem 3.2 the estimation of the absolute error is given by
the inequality below

awo- (BrrB Rl L)

1
mﬁj o f%aé(AZH‘I’(s ko—s) (@, 1)]|,

where 8 = max{ax, k=ko+ 1,ko+2,...,5+ 1}

As an example of non-delayed and delayed coupling there are given pairs of figures
of solutions y1(x,t) and yo(x,t). For different types of initial functions the Figures
(3.1) and (3.3) represent non-delayed coupling, the Figures (3.2) and (3.4) delayed
coupling. For calculation the system Mathematica was used.
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For parameters K1 = 0.5, Ko = 1.1, ;1 = 0.5, n2 = 0.3, N = 6 and initial
functions ; = 0 and 2 = cosz the solutions to the system (1.1) for a non-delayed
case are on Fig. 3.1

Fic. 3.1. Solutions from left:  yi(z,t), y2(x,t), 7=0.

where

y1(z,t) =0.5t — 0.9t* + 0.6967t> — 0.25t2* 4 0.2833t%22 + 0.0208tz*
yo(z,t) =1 — 2.1t 4+ 2.1467t> — 1.5438t> — 0.52% 4 0.7167t2* — 0.64¢%2> + 0.04172*
—0.0542tx* — 0.00142°.

For a delayed case with 7; = 0.8 the solutions are in Fig. 3.2

Fi1c. 3.2. Solutions from left:  yi(z,t), y2(z,t), 71 =72=0.38.

where

yy (x,t) =2.5t + 3.75t% + 4.7917t> + 2.5tx + 5t°x 4 2.5tx* + 6.25t%2°
+2.5tx® + 2.5tz

yo(z,t) =1 — 2.1t + 1.8717t% — 1.0213t> — 0.52°% 4 0.7167t2? — 0.5025t% 22
+0.04172% — 0.0542tx* — 0.001425.
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_ For parameters K = 0.2, my1 = 1.5, 12 = 0.3 and initial functions 12)1 = cosx and
19 = sinx, a non-delayed case is on Fig. 3.3

Fic. 3.3. Solutions from left:  yi(zx,t), y2(x,t), 7T=0.

where

yi(z,t) =1 — 0.7t — 0.9183t% 4 0.5294¢> + 0.2tz + 0.01t%z — 0.52>
—0.4833tx? + 1.0425t%2% — 0.0333t2> 4 0.04172% + 0.4208t2*
—0.00142°

yo(w,t) =0.2t — 0.19t> — 0.063t> + = — 0.7tz + 0.2025t*x — 0.1tx>
—0.0217t%22 — 0.008323 4 0.075t2> 4 0.0083tz* + 0.00835.

Solutions for a delayed case with 7; = 0.8 are on Fig.3.4

F1G. 3.4. Solutions from left:  yi(z,t), y2(z,t), 71 =72 =0.8.

where

y1(z,t) =1+ 0.3t + 1.2117% 4 3.2051t> + ta + 2.65t%x — 0.52>
+0.5167tx? + 3.4525t%2% + t2® + 0.04172* + 1.4208tz*
—0.00142°

ya(z,t) =x — 0.7tz + 0.1825t%2 — 0.1667x> + 0.075t2> + 0.00835.
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