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J, - partitions of unity on normed epaces. 
1 

Miloš Zahradník 

If X is a uniform space, denote by- 1/1, • .( U13 J a uni

form covering of X , and denot e by .Jl = {f'oc: J"' c r a partiti

on of unity on X • A partition of unity Jl 1s subordinat

ed to U ( we wri te .Jl -< U ) if the supports ot f
oe. form 

a covering which refines 'U • The following notion will 

play the basic role: 

Defini tiQDo A partition of unity .( -f, Joe e r is ,e,
.,,,

continuous ( 1 I: p, � �) if the mapping 

.f ;,( --+o .( +'
"' 

ex) lďE.I; X � "
11-

( l)

is uniformly continuo us. 

The simplest assertion of the type studied bere is the fol

lowing (see [2J): For each uniform covering 'll there ex

ists a partition of unity Jl = � i'oe. J (1(. e 1 , subordinat

ed to 'U. such th.<lt the family .f. -foe l 4 e 1 is equiuniform

ly continuous. (In other words, JI, ia .R,dl continuous.) 

We will show in Section l that the analngous result 

holds for L,rz, contin uity, it 1 ..:: ,ti, .c: oo • This is qui te 

elementary. The case ,tz.-== 1 is the most important, and it 

seems to be non-trivi9l. nemqrk the assertion: a p�rtition 

of unity .( f l I is P.
1 

cont inuous if and only 1f
� cG.C 

l f, -f ..c J 1, c 1 is uniformly equicontinuous (see t 11). For

,f'l, = 'I 
1 

our preceding resul t ( the existence ot ;f.
_, 

-continuoua 

parti tion of unity subordinated to given 'll ) does not hnlc! 
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·fnr any infinite-dimensional normed space, and thie is the

main resul t.

To obtain the main theorem 1.4 we have to make a detai

led study of the partitione of unity in Euclidean spaces E"I,: 

We define a use:t\ů.notion, namely·integral partition 

nf unity. This is done in Section 2, the main result ie the 

theorem 2o9o 

In Section , , we refer to 2 and sho.v , how "the module 

of continuity" of an arbitrary partition of unity in E m.,

depends on the dimension. 

Finally, in Sec tion 4, we use the preceding resul ts (Co

rnllary ,.9 anclLe•a ,.10). This is immediate for Hilbert 

spaces. In the case of an a,rbitrary nnrmed space, we use a 

the�rem of Dvoretzky. 

1. 

In this section we deal with i- -,.,, continuity for 1l- > -

> 1 and state the main theorem for -12, = ,f •

1.1. Proposi tion.. Let 'lL be a uniform covering of a u

niform space X • Then there exista an .l,, 00 continuous par

tition of unity- subordinated to 'li.. .. 

Proof: see(2] 1 P• 62. 

1.2. Propositi2n. Let 'U be a unitorm covering of X,

let '1 < -ti- < «1 • Then there exista an 1.-,,, continuoua

partition: of uni -ey subordinated to 1/l •

Proof: By l.l, there exists a �rtition of unity Jl =

::: � i', l
ae 5 I such tbat the family -( -f', J cie a I is uni:formq
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equicontinuous. Detine the :tunctions

( . ,f .f ) f
_, 

: { f-1 A - ) - � V 0 -,111 - m tn.+-. 
m. -1,2, ...

It 1s clear that -( -F °''"' J forme a parti t:tc,n ot uni t7. n

nally, define (for some ·M Cm.) ) 

M(m.) 
�-1,2 ., .•. , M(m,). 

'1Ve will show that the tamily -t 9-cit,na.,..t 14 ei„ 4• N, -i,� M ie

the desired partitinn of unity, U M Cm.) is auitably cho-

sen. 

Fnr .x„ 'V- e X put 

fC.x,�> = �.f lf�(x>--fae ('Y--)IJ • 
I 

Since .( .Poe l satisfies 1.1, f is unitormly continuous. 
We have 

ll o/ce m. -él (.x> - 9-« ;n,,é, (11-> 11.t � 
1 1 I I ,fa, 

� C � l 9'oe-,m.,;C.x> - �"',t?J.,11 (,v.>l "" ) i
o( ,111,,,;., 

= C � M 1
_.,.. � I f..... C.x) - -foc ""C '!I- > 1 11- ) f... 

M, � -,111, I 

-. ( � M -,.-,. 2 ( m. -t- '1 ) , ( .x , 'V- )'11- ) i

( because -foe; ,n, ( .x ) >. O 
I 

cG e I ). Chnose M ( m..)

We get 

for at most m, + 1 indicee _ ., 

mch that 2 M1-fa. (m,+1) < :,... • 

li { lf'c:c , ... , ., Cx > - 9"°',"",-i, C 'V'> J U.i
.,., 

- � fJ ( �, � >

and the ..t
-tz, 

cnntinuity ot .( �oe,,n,.,-t, J 1a proved 1 q.e.d.

Nnw we will investigate the case -p, • i . 
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1.,. De:f"ini tion, Let A • ,( -Poe Joe e 1 be a par ti tion 

of unity on a metri� space ( X, ť) ,. Detine a function 

(•module of continuity") 

{l] t i! o

Remark that �JI. is monotone, éle.4 t4š 2. � Obviously JI, ia 

J,1 · c<,ntinuous if and only it 1KA is continuous st t c O.

1.4. Theorem. Let '1L denote the covering consisting 

ot all open balls wi th radius '1 on an intinb dimensional 

normed space X • Then the re is no 11 -continuous partiti-

on, ot unity subordinated to '11. • 

Remark. This theorem answers the problem in [l] ,p.107. 

Proof is contained in Sections 2, ), 4o Let us sketch 

the idea r:,t pr.oaf. Suppcse, frr the simpllci ty, that X is 

a Hilbert space. Let X ,,., be an m,, -dimensional subspace ot

X , let .llhl/ be the restriction to X
111, 

of some parti ti-

on of ur.ity Jl in X •

It is obvious that 

(2) tor each t � O „ 

X
,,., 

1s an Euclidean space. It Jl < f/J, , we will show in 

Section) that 

J1.tm, � ( t ) � 2 for each t > O „ 
ni.➔«> Jt 

nv 

Then we use (2) to show that 1l.
.11, 

is not continuous at t= O.

2. 

In this section we investigate partitinns of unity on 
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Euclidean spaces. 

2 .1. Deno�e by E • E ,,,. an Euclidean space with 

the Euclidean norm 11 R • The group G of all isometriea 

on E has the following propertiesi 

()) l) for ea ch �, ,v.- e; E 

that T.x = IV-- • 

there exists T E G- such 

11) for each .x, 't', � E: E. satistying U tt-z li = ILx-:t I 

there exi sts T e G such that T� = z, T.x ='i · 

G is a locally compact group in the topology, defined 

b:v all the pseudometrics o f the type 

where F is a fini t e subset of E. • 

On G , there exists the Haar unimodular (left and right) 

measure rm, ( see for example ( 4 l, ( 2, 7, 16), example 7). 

For any .x E E consider the mapping 

(4) -{ T--:-+ T .x 1 : G ---+- E.

The preimage of an arbit rary ball -f z, li z- 11-- li � 1 i

equals to the set -{ T, li T,>< - T
'I' 

.x li � -1 J where 

T
t

� = � . This is a compact set in G • Thus the i

mage of mi. wi th respect to { T � TJC i exis ts. De

not e it by � • Since m,, . is right-invariant, � 

does not depend on the choice of ;,c. e E • Since MJ, is 

left-invariant, � i s  invariant wi th respect to G- • Then

� is up to a constant the Lebesgue measure.

2 .2. Defini tion. Let A be a f'unction on. E x E •

We say that A ia an int egral parti tion tf unity if the 
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follnwing holds: 

(5} i) A � O

11) A<•,11j-).e �-, 
( E' �) for almost each 

�E E . 

iii) fACx,�)ol�(�) = '1 for almost each 

E 't e • 

If further 11�-'!t" � 1 implies ACx,,r)=- O we say

that A 1s subordinated to 1l ( 1/J.. will alway-s denot e 

the covering of all open balls with radius '1 ) , and write 

A -< 'll . 'lle put analogously as in (1) 

(1 ') 'X (t) = � f I A Cx,.x) - A Cz,11->) ct.� ((!,') • 
A 11-"-'Jt, n �t f 

. Our aim is to restrict ourselves to the parti ticms of the 

type (5), which are much more convenient for the fo llowing 

computations. This ena bles us the following lemma which is 

the main step in the proof of 1.4. 

2 .:, • Lemma. Let .A = -{ f'oe. J oe. e I be a pg rti tion ot 

unity. Then for each E- > O there exista an integral par-

ti tion of unity A such that 

3't A ( t ) 6 ( 1 + €.) 'Jť A ( t ) for each t � O •

Further, if Ji ,4' 1L , then A � 'll

PMof. First we introduce some preliminary definitions 

and constructinns. 

2 .4. Definition. If Jt == -\ foe. J °' ew I
ofunity, TE G- , put 

.fl T =- -{f
ac 

o Tl
ac: �I

is a parti tion 
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Analogously, for integral partitions of unity, put 

2 .5. Put 

G.)( 't = ,{ T E G „ T� = ty.- l

G-"'1-' 
eqials t o  the preimage of 't with respec t to the

mapping .( T __. T.x i . Using the desintegration theorem 

(see (JJ, VI,§ J,l) we obtain: 

There exist Radon measures m1,..x. 1f'" on G-.x ,._ such

thqt nn,.>C '1'-' � O and .( im.-,c ,y, 't E E. J form a desintegration 

of rm, wi th respect to the mapping i T � T .x � : 

: C G , m1. ) _ _,...➔ ( E , _ff-' ) • 

2 .6. First we describe the cnnstruction of A in a 

simpler situation, namely S (instead of E ) is a sphere 

S in E.111, +1 , and G is a compact group of all isomet

ries nn S • The measures rm.., �, nn.�� are defined a

mlognusly as before. We suppose li rrn, li = -1 and put 

= 1:- f �(T-
"'

,v.- >d.T(,m,X X) 
I Gx X ee 

cr; 

where fo r each c(.. � I we choos e �oc: e= S au ch that 

{6) \\ ,y - .)( oC. li > -1 implies foc ( ,v. ) - O • 

2. 7. In the c ase of E. there is a 11 ttle technical

cnmplication ( ma, is not finite). Choose, for each «. e I, 

�°' e X satisfying (6). Let .ii, be an integer. Put, 

K"' =4. "t � E. '  R11-II � -l. J '
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I� = { ot; e I, x_, E K- i

It 1s easy to show that 

(7) � <f
°' 

C .x) - -1 tbr each .x e K.é,_-, 
I· ...

� foC (�) :, o for each -X ♦ K�t1I· 
... 

Now we construct, analogously as in 2.6 

N,.,tice that /l .,( 'U

Ii is counta ble, 

implies A.-i, --( flJ, • 

r f� ( T-
"' 

('V-' v" tm," <· >
G-Xoe(•) 

'cC 
is � 

integrable function (according to the desintegration theorem). 

Then we can write 

(8) f :E: f
°' 

c.x)cl,.x (tt,<,) = r � � , T-
1

11- > d T(,m.,)
č I.;, 6 I,. • 

=- Y.., s& roc: ( T_-f �) d. T (mi,) = (deaintegration theorem)

= � j ( [ foc: C T-1
11-) oL T (nn,

x_ 
X)) d,;,< ( �) aa

1.., E &
J<.c 

X 
-f 

= l' � I 'f� 
( T- 'V-) d. T(,m,Jt >()) d->t ( � >. -

.I1, G-� X • l:IC 

= { A
11 

C.x,'V--> cL,;x C � > 
Putting f L -f

O' 
(.}() ol� ( �) 

E. 1-č,
= � -i- (notice that 

�.;. a:. � < K--č.--1 > ) , we get: 

(9) is an integral partition of unity.

Now estimate 'ať A • � Write
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(lO) J' IA�(�,�)-A-i.C�,�)fd.� (('t-) �

I: � 1. ( Í I .p°' ( T-
"'
JC )- f'

oe 
CT-"',y-> I a, T(�°' z ) ) d% ( � >

I.i, E & z 
J(cc 

== % r l f c T--t.x) - fce c T-1
11-' ) l oL T (im.)

I,.: J& � 

according to the desintegration theorem. Put 

G L T G T--fv K .,_ -1, = .,_ E ,  "' e  .i, � • 

Suppo'Be li .x - "t' I\ � t é 2. •

Returning to (10), we obtain 

(7) implies

(11) flA
.;,

(�, ;><)-A
-i-

(��1--) ldz<�> �
E

� � I l f'
ce 

( T-..,,)() - -f', 'r-
1

,v.
) l oL T (trn.,)

li, (9.t+3

té r 7ťJ¾, T-"' 
( -t ) d. T ( ()72,) = ae Jl. ( t ) � C K -1, + 'a ) •

G-t+-, 

Combining (11) with ( 9) , we conclude 

� c K.;, + ') )

� C K -i. -1)

Obviously 
(U,CK.;.+3 >

= � , thua for suffici
� C K.;._1 ) 

ently large .-i,
A·"" 1s the desired int egral part i tion 

of unity, q.e.d. · 

Remark. 
A· 

It is possible to show that the tamily, { . "" } . 
,?\.� 

is equicnnti.nuous. Taking limita, we can prove the lemma alao 

fnr & = O 



2 .s • Lemma • A •.,,
-!1.'10-

from the preceding lemma satisfi.es 

the property A: = A..;, 
"1,, 

ťor ea ch T e G ( A i is 

"symmet ri c" ) • 

Proo:f. Remind that 

A: Cx , "f' ) = � f_ ť°' ( 11-
41 T 1t ) d U ( nn._, T )

-i.. I, G „ v-� � 

'f,. �d, ·� 

CQnsider the diagram 
-tu� To lll ,{U-:;-.U.x. f .f..X-+-T„l l °" 

( G, ,m.,) > ( G-, mi. ) .. ( E , µ, ) --�� ( E , µ, ) 

( the mappings will be shortly denoted by (91 , 9:i_ 7 
9'-, ) • 

The following holds: i .m,X X J 'd 

is the desintegration o:f

1,n, with respect to g,
3 

o g,� o c;,1 , then .f <;>
1 

(nn
Xae 

x > 1-

1s the desintegration of nn. wi th respect to g1 o <1
:i, 

• But 

.( tm. Xce T.x l is also the desintegra tion of nn, wi th respect

to �3 c, �
2. 

• Then we l'.ave for alr.iost all .x e C E. , � )

,m,ltt( TJ< * 'f-1 ( tm.� X ) 

and 

A! Cx,11-> = � Í foe cu-"T1f > cL u Cmi..x ,.. ) 
I-i, Gx.c_Tx . .c ,.JC 

==- � [ f'oc. ( I
C1 

�) oL u C <'-9
1 

(,m.,x x ) ) =

Ii G1k T,X a: 

= t � � C u-
1

1f-- ) dli <im�x ) :s A.,, (..x, �) , q, e. d. •
.,, xcc x. 

Summarizing Lemma 2oJ and Lemma 2.8 we obtain: 
, 

2.9. Theorem, For each E.> O, and :for each partition 

o:f unit-y Jt there exists some symmetric integral par ti tion
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cf unity A such that 

� A ( -t) � ( ,f + e.) cJeA ( t) for each t � O

and J!, -< U icplies A -< 1/L ,

Remark. Using the remark: 2. 7, one can prove the theo

rem also for e. = O • 

Now we will study the symmetric integral partitions of 

unity. ':lith the help of (J) we can say thai A is symmetric

if gnd only if there exists a loca.lly integrable function 

f' : < O , � ) � E 1 such tha t

C 12) A { � , � ) = f C li J< - ¼ JI ) 

�(ExE
.,

�x("C-) . 

for almost each � , 'ZJ e:: 

J .1 o Defini tiono Let A be a symmetric int egral pa:r

tition of unitv. Let -1 � � > O • Put 
� 

(thm 

s __ f ( U.x.-11,I) 
A (�, 11- l 

s 

J .2. Lemm. The following hole 

11) 

• 

The � 1s easy (consider the mapping 

unity) 
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,.·J. Defini tion, Let A be an integral symmetri c par

ti ti�n �f unity. Put 

'f ( t > = r"' -f (_!_ ) � oL h, ,

Jo I':> ,.._,,,,, 

A Lx, 1r> = $ C li � - 116- 11 ) • 

A 

It 1s easy to show that A is a symmetric integral parti-

tion r,f unity. 

J.4. Lemmao

Proo:ť. Put 11.x - 'lf li = t . 

A A 

� IAC�,�>-A(z,�>lelz fr

"' As A5 " t 
� .( ( f. I- C�, .x) - --;;; Cx,t]f) lds-)dz = f. �A ( -)d..sE o 5m. S o S 
according to Jo2, ii), q.e.d.

J .; .• Lem:nao ; is a decreasing and dif:ferentiable 
function on ( O, o, ) • 

�:fo Let t' � t . Obviously 
""' , r1 (i') 1 ( t m.--t r !, ( t ) ,1 -FCt > == J

0 
f ]; ;.;n. ci;.; = ť) J" f -:;- �� oL1:>

r"' t � A < Jo i'(
:;

)� cl� - f"(t) 

Analogously one can compute 

A, (m.--1 A 

,f: (t)=.... t -f(t) +
f(t) 

) t111.+.., ' 
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, .6. Defini tion. Define a :f'u."lct1on: , 1 <I, ( "'' 1'-) • O

for each �, � satisfy1ng 11.X-'lf- 11 Z -1, q> <.x,1--> = 4 for 
each ,,c, 1t- satisfyi ng li � -1f,- li 4' '1 •

'!le suppose thet the � volume of the unit ball equals to 

� • Then (J is an integral p$rtition of unity. 

:3.7. Proposition. Let A be a symmetrie integral par

ti t1nn nf un1tty, A < 'lL • Then 
A . ., ,f-$ A I 

i) A C �, 't > == - J,. <I> (�,'V-> f C '1- 1>) d.;t, 
(J 

-f nt, Al/ 

11 ) 1 = - f_ ( -1 - S ) -f ( 1 - �) d,,i, 
o 

f '1 ,,,.., 
111) 'Je� (t) = -

0 
3t � 'f-.- ( t) f ( 1 - At) c:t.,-.

Prnof. 

i) write li ÍK-llj li= t.

"' rif ,,,,., r"'•t�, ..I Then fCt) :s - Ji f (h)o!.� • -J
0 

T (,f-A,)""lb •
r"' A I . 'f„,t> ) -I 

Cl - JO f ( '1 - /2, ) 4' ( � t '7'-- (A,A, J 

11) f'ollows easily from 1 ).

,I\ A 

iii): f. IAC�,�>-ACx,'lf->ld-�C�>• 
s 

• J.1S"<4> 1
• .. ,�,�,-�"-.. ,lt,"f>>1'c1-A>>o1.1o foL.�

I o 

,f ;o., .,... ... .... • - J.. ( J f ( '1 - IO > I cp C �, x > - � C �, 1r ) I ot.� ) °"z
• o . 

f'1 A I 
• - O ;p ( -1 -A, ) éJe <I> 1-� ( t ) ol.. Alt t

,.a. Combining 11) with 111) we obtain 

q. e.d.

�� (t) � 1t� (i;) far some 4-< ,f •
"' 

But it 1s obvioua thet 1e♦ (-6) é W. -� Ct) •
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Then 'cfe
<f> 

(-t) é �A (t)

Lemma 3.4, we obtain 

holds for each t 2: O • Using 

An application of Theorem 2.9 gives:

J.9. Corollary,. Let .A. be a rertition of unity, let

JL -< ttJ, • Then 

3e � C t ) � f _, 1e .A. ( _:. ) c:l/2;
'I' o � 

holds for each t � O • 

(14) 

In order to emphasize the dirr:ension of E = E 1)1, write 

,f t 
� A. ( i; ) � [ é1f Jl, ( - ) á,A, o 

"1'"" o 112, � 

J.10. Lemma. � � ... (t) = 2
m. ➔ oc, "'-n. 

Prno f. Denote by

K:- - -i.>< � E� , li .x U 1:: '1 3 , 

for each t > O • 

K; s: -í .x e E lf1, , I\ � - C t 1 O, ., • , O) li 6 1 i , 
t ,/ t� 

K;' = --i � e E m. , li "'- - ( 2 , O , ••• , O ) li � V '1 - -z; l • 

trl, "" ,,._, It 1s easy to check K
0 

I'\ K
-e 

c � t „ 1.�1e obtain 
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4. 

In this section we prove 1.4, using the following theo

rem �f Dvoretzky: 

Let ( X, l ll) be an infinite dimensional normed space, 

let m,. be an integer, let E. > O • There exists s<,:ne m, -

dimensional subspace X ,n, of X and an Euclidean norm 

li n E. on X m., such tha t

(16) li li E 6 I 'li � ( 1 + & ) )I li E holds on Xm. •

(see (51, P• 12)).

Now we can finish the proof of 1.4. Let JL be a J:81'

ti tion of u� it �Y on X , let .Jt -< 'lL „ Dcnot e by /l � {resp. 

'lL,n, ) the restriction of .lt (resp. of 'U ) to X "" • Ob

viously A,,,_ -< 11.m,, • Each elemED t of ?Lm, has the li ft di

ameter lt!ss or equal to 2 • Using {16), we obtain that 

'll,,., refines the covering of all { ll ll E op en btills 

wi th r:Jdius '1 , �1e use (14) and (15) for X
,n. 

, provided 

with 

where 

.i. ll 
2. 

I\ é and obtgin 
( t2.)t 1 s t 

2 - '1 - ft · < J: geJl,'11, 
(

-; 
) cli.> ,

denotes the module of continuity in 

( X 111. ' .i ll H
E 

) • 
. 2. 

E 

{16) implies � (t) 6 af(2(1+e)t} .

Thus 

•
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ťor each m.. •

This implies f
1

at,A, ( 
2

(1:
e.)t 

)d._,., = 2 , then 'Jt.A(t) - .2
o 

fr:,r each t > O , q.e.d.

I thank to dro L. Zajíček ťcr valuable suggestions,

which contributed very much to the simplification and correc

tness of the whole text.
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