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SEMINAR UNIEORM SPACES 1975 - 76

Reflections on distal spaces 

Jíří Vilímovský 

Embedding preserving modificotions in the category 
of separated uniform spnces are studied. It is shown that 
the only such reflections on distal spaces are just car
dinal reťlections. 

We shall work in the cate�ory o!, sepnrated uniform 
spaces and uniformly continuous mappings. A reflective 
subcategory $,, wi,th the refle ctor r will be cal led m odi
ficati on if r preserves thc undcrlying sets: (i.e !!,i con
tains all precompact spaces). Of course, every modifica
tion is closed under arb_itrary subs-paces. The modification 
r w1ll be called embedding preserving if rX is a subspace 
of rY whenever X is a subspace of Y. A modification r will 
bc called coarser than s whenever for all X r� has coarser 
uniformity than sX. 

For a modification r and uniform space X we shall de
note .reX the supremum oí" all uniformities sX (in the order
"coarser than"), where s is a set p reserv ing functor whi ch 
agrees with r on all injcctive uniform spaces. This defin
es for any modificat ion r another modif icat ion r e· and the
following easy statement aolds: 

Proposit ion 1: ·For any uniform space X and modifica
tion r the value r9X can be constructed in the .following 
way: We embed X into some injective space Y and reX will 
be the relative uniformity from rY. 
A modification r is embedding preserving if  and only i f  
r:::: r • 

e 

For a cardinal number $oe, 
the cardinal reflection

P� is a modification onto the class of all X- such that 
every uniform cover of X is reťined by a uniform cover of 



''f 0-

cardinality less th.qn -H'oe, • A s�,!Ct ii C'":lle: 1-2 ...;:-�.:� 

if' it h,')0 r.i lY,DiS r,.f i'initr:-n.i:-n �r:-:;ic:::�- c.-:•<'S. -�'==·� (;�•:'

of' oll di:Jt:Jl ::;p:Jcc3 i3 r0.i:�,-:ct.i·•J•. ·:::r:,; �:-.-: e:r:r.:.· :::,:·J::i:..:.· 
re.flcctor 1J is Gn crr..be<ldine pr�.;1;:.."vin.:.:: :r.c 1i i_i::.:..c � Li-�< .• 

Undc.r f:°(-'Tie"'· 1
1.·z,'d corit ivl"U"' �.-,�rt'r1:> ,..,, 1.' r;�) ,,:' e 

u- .4 r_..-'- � ... "" -• '.A •.J. "•J_.J J ,. .... -.->...,� -....., .... ·---- J.. ,.. 

dinal rci'} i..; ct ionc '.Jri:-; r�rr:b,�ddinr: ,;)r.-::j:,:-•1inr;. '.:::iis :;:•c .:<�

is not known \·Jitl1out GC r, >Ut iť ·:::- re::strict ,:-u:-:;_:L• '.i 

to dist�l sp-c.1cco (more ·r:en�r!.llly t.0 ::;p,c-::s wit ! ·, : 1 Ji::·-.i 
nitc b8sc) th0 rcsult is :_m inu:nJdiJ -,.:! con.:.l�-lu:-;r<>-� 0.1.· t� 
theorem oť Vidos3ich [J]. r•.:oreover on•: c.'3:i •::.i3i�J :···,:; 1:.

for any c-·:1rdi no 1 munbnr ..X-oe, , p °' X i3 d is ':. ·ú, ':::·:, Ti•'.·:.:

X is dist :ll, hcnc0 p <JG lJ = Dp OG • �·or dctail3 0n di." �·;J 
spaccs see [ ll. 

Propos it ion 2 Let � t oc;. be orllin:Jl nu□bc 1�s, I 
compnct interval, then 

p ť-> ( I .>< $� ) � I ><. p /3 $oc. 

(Thc unil�ormity on .Jt;c:,(. is taken uniforrr:.ly diacrete.) 
Proo.f: Obviously p/l(I >< 4l(oc. ) is :fincr t:.1· 1 n 

I><pf3..$toc; • Conversely take 'll ={Ui; ie A 1 uniť,,r;�
cover of' I ><. � cG- oi.' carclin::lity lcss th<:!n �

(3 
• (�uc' 

covers f'orm a bnsis oť p () (I >< �� ) , bccause I x .l{ce,

h3s a bnsis or point �inite covers [3].) We c3n find 3 
f'ini te unif'orm cover -í P1 ,P 2, ••• ,Pn j of I such t h::.1t tb�
cover 

-i Fi x -lil ; i�n, � E $oe 3

ref'ines 'U • For any J = .( i1, ½, ... , i11 ¼ c A we denotc

G(J) = .(. i 
The cover 

is a uni-f'orm cover ať Ix p /!> *
ae..

C U. , j = 1,2, ••• ,nf
J. • J 

refining '1L · •

Proposition 3: Let r be a modi.fication, �ae 
n 

cardinnl number (with uniformly discrete uniformity), 



r�°' ::,I: .Jt ce • Then there exists (l, é: cc;. such that·
r �°' ::: p /3 $ct:. • (Also known to Pelant and Reiterman.) 

Proof: Let (!, bc the smallest ordinal number ?f" such 
th·1t r$oe h3s no uniformly discrete s·ubspace of cardina-
litY $7 

• Then (3 � _oe, and r$oe:, = p /3 r -K oc. , hence 

p /l-K c:,;, 
is l'incr thnn r � ae • Conversely take a parti-

tion 'll of $ oe, into $
'1' 

c::: $
t3 

elements. ru can bere
olized by a unil'ormly contj.nuous surjective mapping onto 
�'t with uni.foraly discrete? uni.formity. .Y.r is a uniform 
subspace of r� oe , hence so is r$

?/' 
, ond hence r$

T 
=

= !t ,,- • So the mapping realizing ,U, remains uniformly 
cont inuous from r�

o<, 
int o .$ ?f' , hence 'U, is a Úniťorm

covcr ol' r �
oC. 

• 

\ 

Proposition 4: Let X bc a cartesian product of a com-
pGct interval I with a uniformly discrete space �ce: , r

be an embedding preserving modification with rX:t= X. Then 
there is (3 � oG such th'3t rX = p /J X. 

Proof: Using Proposition 3 we have r $c,:_ = p�..J:td:. 

for some (3 6 oc:;. • rX is finer than IxrJli oe. = I,c.p��ce. 

which is equal to p �X by Proposit ion 2. Assume that rX con
tains a uniformly discrete subspace of cardinality $� , · 
then r -K oc. being a subspace of rX also contains such a 
subs·pace and this is the contradiction with r ,$t;

oe. 
= pf1� oc , 

hence rX = p f3 X. 
:,;✓-

Recall that the hedgehog over a set A, denoted by H(A) is

the set of all < a,x > , a e. A, O� x 61, where we consider 
< a,O > � < b,O) for each a, b in A with the metrie 
d ( < a, x ) , < a, y ) ) =- l x - y l and d ( < a , x > , < b, y } ) =

::: x + y if a:\: b. Subspaces of products oť hedgehogs are ex
actly distal spaces (see [l)). The following lemma ap�ars 
in [ 2 l :-
Lemma: Assume that the uniform spaces X and Y are topolo
gically equivalent. If x e. X and if the uniformities of X 
and Y coincide on the complement of each neighbourhood .. of' .-
x, t he n X == Y. 
Immediately from this lemma and Proposition 4 we obtain. 
the following: 
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Proposi t ion 5: Let H =· H( *
ce. 

) be the hedgehog ove 

�
oG 

, r an embedding preserving modi.fic:1tion, then rH:: 

- p/J ff :for s ome (3 � oG- •

Remark: In the preceding proposition we can omit 
the words "embedding preserving", be cause H is an inject
ive space [ 4), so we can replace r by re :from Proposi tion
1. 
Using the :fact that each distal space is a subspace ať a 
product ať hedgehogs one can easily dcrive the folla-1 ing: 

Theerem: Let X be a distal space, r an embedding 
preserving modiťication, then there exists a cardinal nu 
ber $ oG such that rX = p °'X.

Corollary: I.f X is a distal space there is only 
.fini te number of e mbedding preserving modifications with 
distinct values on X. 
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