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Czechoslovak Mathematical Journal, 20 (95) 1970, Praha 

ON THE ACCESSIBILITY OF CONTROL SYSTEM x e Q(x) 

JAN KUCERA, Praha 

(Received March 27, 1969) 

In this paper we present an algebraic condition under which the set of all points 
which are reachable from a fixed point со at a constant time along solutions of 
a system (1) is a closed manifold whose dimension depends only on algebraic proper
ties of CO. At the same time we present an explicit formula for this manifold. 

Notations. E„ denotes a Euchdean n-dimensional space with a norm [|. ||. The 
dimension of a (finite dimensional) vector space Fis written dim V. {p e P; P{p)} is 
the set of all points p e P with property P(p). We use only Lebesgue measures and 
integrals. 

In the space (̂ „ of all n-by-n matrices we define a "bracket'* operation [Л, В] = 
= BA — AB, A, В e Ĉ „, which makes ^„ a Lie algebra. Remind, Lis a Lie algebra 
if it is a linear space with a bilinear anticommutative operation [. , .] : L x L~> Lsuch 
that 

[Л, [Б, C]] + [Л, [C, AJ] + [C, [A, Bj] = 0 , A,B,CeL. 

For ^ 1 , ^2, . . . ,Ле©„ we write [Л^, Л2,..., Л ] = [^ь [̂ 2^ •••, [^г-ь Л ] •••]]• 
We often meet a matrix [Л^, A2, ..., Aj], where A^^ = A2 = ... = Л^_1. Then in the 
case that there is no danger of misunderstanding we write it simply [^i~^y4j. Zero 
matrix is denoted by O, unit matrix by /, and the inverse of a nonsingular matrix A 
Ь у Л " \ 

A connected set S c: E„ is called an r-dimensional manifold if for each x e S 
there is an open nonempty set G cz E^ and an injection cp : G -^ S such that: 

L X e (p{G), 
2. (p{G) is open in S, 
3. Jacobian dcpjdt is continuous and has rank r on G. 
Given an r-dimensional manifold S c: E„ then the closure of S is called an r-

dimensional closed manifold. A set S с E„ which contains only one element is said 
to be a 0-dimensional manifold. 
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Definition 1. Let 33 c (ĝ  be a linear space. Then a mapping V defined on £„ by 
V(x) = {AX; АеЩ is called a linear distribution created by 33. If among all linear 
subspaces of CB„ which create the same linear distribution Fat least one is closed with 
respect to the bracket operation then we call P^involutive. 

Definition 2. Let F be a linear distribution and S a E,,a. manifold. If for each x e S 
the tangent space T(x) to S at x equals to F(x) then we call S an integral manifold of F. 

Let F be a hnear distribution. It was shown in [3] that then each x e E„ is contained 
in an integral manifold of Fif and only if Fis involutive. Moreover, if Fis involutive 
then each x e £„ is contained in a unique integral manifold M^ of F which is maximal 
in the sense that any integral manifold M of F containing x is contained in M^. 
Furthermore, let F be created by a Lie algebra Ш and let Pj e 33, i = 1, 2, ..., k, 
be chosen so that P^x, P2X, ..., Pj^x form a base of F(x). Then there exists an open 
set G c: Ek suchthat the mapping (p[t) = e^^^'e^^^""... / '^^x, t e G, describes an in
tegral manifold (p[G) of F 

Formulation of the problem. Let us have a compact, convex set ^ c: iè„. Denote 
Q[x) = [Ax] АеЩ, X e E„. Then for each xeE„ Q{x) is compact and convex and 
the mapping ß( . ) is continuous on E„ if we equip the image of Q with Hausdorff 
topology. Hence existence of solutions of an equation 

(1) X G Q{x), x(0) = œ , 

makes no problem. By a solution of (1) we mean any vector function x(.), absolutely 
continuous on an interval J a E„, which fulfils x{t) e Q{x(t)) for almost all t e J. 

Denote % = {u : [0, 00) -> 5(; и measurable}. Then to each и e^ and œ e E„ it 
coresponds a unique solution of an equation 

(2) X = их , x(0) = CO . 

Without any ambiguity we denote this solution by x(. , u, со). According to implicit 
function theorem [4] for any solution x(.) of (1) there exists и e% such that x{t) = 
= x{t, w, со), t e J . 

Let 33 be the smallest Lie algebra which contains "й and 3B the smallest Hnear space 
which contains the set S = {A — B; A, В e Щ and is closed with respect to bracket 
multiphcation by elements from 33. Then evidently 313 c: 33 and 313 is a Lie algebra. 
Hence, mappings F and f^, defined by F(x) = {Ax; A e 33}, ^ ( x ) = {Bx; В e 9B}, 
X e £„, are involutive linear distributions. 

For a given Г ^ 0 write с^ДТ) = {х(Т, w, ш)); ue^} and S^{T) = (J i^^O-
fe[0,r] 

According to [3] the reachable cone \J 5ДГ) of (1) is contained in the maximal in-

tegral manifold of F which passes through со. We are now looking for a condition 
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which guarantees that for any T > 0 the set ^ДГ) , resp. ^a>{T), is a closure of an 
integral manifold of F, resp. i^. 

Auxiliaries. Lemma 1. Denote by Z„ the fundamental matrix solution of (2), 
corresponding to и e%, for which Z„(0) = / . Then for any АеЪ and any t ^ 0 
we have Z^{t) AZ;\t) - AeWß and Z;\t) A Z„(r) - АеШ 

Proof. If w(.) is piecewise constant then the assertion of Lemma 1 follows im-
00 

mediately from an identity е~^Бе^ = ^ (l/Ä:!) [C, C, . . . , C, Б] which holds for 
any5 ,Ce(g , . ^=^ ^ 1;:^^, ' 

If w(.) is not piecewise constant then we take a sequence u,^e%, к = 1,2, ..,, of 
piecewise constant functions which converges to и locally asymptotically on [0, oo). 
For any к and any Г ^ 0 we have Z J r ) AZ;^\t) -АеЩ Z;^\t) AZJf) -АеШ. 
The sequence Z„^, resp. Z,~ \ к = 1,2, ..., converges to Z^^, resp. Z~ \ locally uniformly 
on [0, oo). The space ШЗ is finite dimensional, hence it is closed and the proof is 
complete. 

Remark . We can similarly show that ïox В еШ, и e% and г ^ О it holds Z„(r). 
. В Z ; '(r) G m and Z-\t) В Z,(0 e Ш. 

Lemma 2. dim y{x(t, u, oj)) = dim 1Г(а)) for any t ^ 0 and any ue^. 

Proof. According to [3] all points x[t, u, ai) are contained in the maximal integral 
manifold of V which passes through o). Therefore it suffices to prove an equivalence 
Aœ G i^{œ) iff A x{t, u, œ) e f"(x(r, u, œ)), where Л G 93, w G ̂  and t ^ 0. 

Fix АеШ, ue^ and t ^0. Put, for brevity, В = Z^t) A ZJ"^(0 - A. Then we 
can write Aœ = Z;\t) (Z.XO A Z;\t) - A + A) Z^t) со = Z;^t) {В + A) Zj^i) со. 

Assume Aco e i^{co). As Б G 2B we have Z;\t) В Z^t) e 2B and Z;\t) A Z^{t) œ = 
= Aco - Z~^{t) В Zj^t) CO G 1Г(со). This implies existence of such B^ e 2B and real 

p 

numbers Ъ^, i = 1, 2, ..., p, that Z~^(f) A Zj^i) со = ^ hiBiOJ. Hence Ax{t, u, oj) = 

==Z,it)Z:\t)AZXt)œ=^Z,{t) i Ъß,c^J == t b,(Z„(0 B,Z:'(t)) x{t, u, c^) e 
i = 1 • i = 1 

G i^[x[t, u, со)), due to the remark to Lemma 1. 
The inverse implication can be obtained by the same way. 
Denote ^Q the set of allu e^ which are piecewise continuous on [0, oo) and more

over at each point of discontinuity continuous from the right. Till the end of this 
paragraph fix T > 0 and UQG^Q. For any v e A = {u ~ u^; и e^} and any ее 
e [0, 1] we have u^ = UQ -ï- eve^. The solution (x., u^, œ) of (2) is analytically 
dependent on s and can be expanded into a power series 

/c = 0 
(3) x{., u„co) = Y^^^^ki'.^) 
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where the coefficients Xi,{., v) solve an equation 

(4) Xfc = UoXk + vxj,. 1 , x^(0, v) = 0, /: = 1, 2, . . . 

Here we write for brevity Xo{t, v) = x[t, UQ, СО). 
If we put a = max {\\Ä\\; ЛеЩ then ||xo(^, î )|| й ||'со}| e*"' and for /c = I, 2, ..., 

we have (d/dr) ||х^|| й alx^W + 2а\\х^-.^\\, which implies \\x,,{t, v)\\ g 2a jl e""^'"'^. 
. | |x,_i| | dr. Finally ||x,(r, 1̂)11 ^ Щ (2fl)^(l//c!) ?V^ ^ ̂  0. Hence ||x(f, i/„ œ)\ й 
= Ü^^W^ki^^ ^)|| = ll^ll ^̂ "̂  ^^^ ^̂ ^̂  series (3) is locally uniformly absolutely con-

vergent on [0, oo). 

Using the variation of constants formula we get x^(T, v) = Z(T) jl Z~^{t). 
. v{t) x{t, Wo, ш) dt = Z{T) Jo Z-\t) v{t) Z{t) dt, Z~'{T) X{T, UQ, СО), where we, for 
brevity, write Z instead of Z^^. 

Lemma 3. The linear hull Ш{Т, UQ) of set {JJ Z~^(f) v{t) Z(t) dt; v e A} equals to 
the linear hull of {Z~\t) В Z{t); t e [0, T] , В E Щ, 

Proof. Take Б G 93. There are matrices Л^ 2 ̂ *̂ ^ such that В = A^ — Л2. As ^ 
is convex we have Ui[t) = i(Äi + UQ^Î)) e^,i = 1,2, and Vi = Ui — UQG A, i = 1,2. 
The function Мо^^о is everywhere continuous from the right therefore v^^2 .̂re 
continuous from the right too. 

Take 0̂ ̂  [0, T) and for any a e (0, T — to) denote 

[0 for t Ф [to, to + a)j 

Then Vi^^ e A. Due to continuity from the right of functins Vi we get 

hm - f Z-'it) v,,,{t) Z{t) dt = Z-^to) v^to) Z{to) e Ш{Т, Uo) 
a->04- a Jo 

Z-^(ro) в Z{to) = 2 Z-%) {v,{to) - V2{to)) Z{to) e Ш{Т, Uo) . 
and 

Finally 
Hm Z-~\to) В Z{to) = Z-\T) В Z{T) e Ш{Т, WQ) • 

fo->r-

The inverse inclusion follows immediately from the fact that the values of any 
Ï; G J lie in Ъ. 

Definition. We say that a compact convex set % a ^^ has a property (A) if such 
matrices A^ G ̂ , г = 1, 2, ..., p, and Bj G 33, 7 = 1, 2, ..., q, exists that the linear 
space generated by matrices [^^ßy], i = 1, 2, ..., p, j = 1,2, ,.., q, r = 0, 1, 2, ..,, 
equals to the Lie algebra SB. 
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Lemma 4. //'Ж с (&^ has property (А) then for any T>0 there exists such Uje^o 
that m{T, UT) = ЗБ. 

Proof. Take Г > 0 and a partition 0 = r̂  ^ î < ••• < ^p+i = T oî interval 
[0, T] . Choose an arbitrary matrix from 51 and denote it by Ap+i. Define u{t) = 
= Ai,t E [f,._i, ti)J = 1, 2, ..., p + l,u{T) = ^^,+ 1. Evidently M e ^ o and Z„(r) = 
= H'^'-^ '-V'-<^^--^'-^>.. .H^(^^-'°>, for telti^ut,]. 

For r 6 [?,_ 1, fj] and 5 G Ф we have 

z;'(OBz„(/) =z,7Ч^-,)e-^•<'-'-'>5И•<'-'-^>z„(/,.,) = 

r=o r! 

By differentiation with respect to t we get Z~^(ti^^)[A]B']Z^,{ti_i) еШ{Т, u), 
r = 0 , l , . . . . 

If we take tp sufficiently small then the dimension of a linear space generated by 
matrices Z~\ti_^) [A'lBj] Z„(ff_i), i = 1, 2 , . . . , ]?, j = 1, 2, ..., ^, r = 0, 1, . . . , 
equals to the dimension of a hnear space Lgenerated by matrices [^^^J, i = 1,2,..., 
J = 1, 2, ..., ^, r = 0, 1 , . . . . It implies dim Ш{Т, и) ^ dim L. Lut Ш{Т, и) a W and 
we have assumed L = 2B. This gives us the desired equahty 2B(T, u) = W. 

Lemma 5. Let AQ e^ be an arbitrary matrix. Then 23 is a linear hull of AQ 
and Ш. 

Proof. One inclusion is trivial. As 25 is a linear hull of matrices of a type [Л^, ^2 , . . . 
. . . , Д ] , where Л^ G 5(, i = 1,2,...,/^, it suffices to show that each such matrix 
belongs to the linear hull of Ло and ШЗ. If /c = 1 then A^ = AQ -i- (A^ — ^o) ' where 
A^ - АОЕШ, И k> 1 then [Л^, . . . , Л - i , Л ] = [A^,..., A^-^, Aj, - A _ I ] G 2 B 
which completes the proof. 

Main result. Let 41 cz (B„ have property (A). Construct distributions 'V and V. 
For given T > 0 and œ e E„ let ^ Д Т ) , resp. ^ДГ) , be the set of all points which are 
reachable at the time T, resp. at any time t e [0, Tl^.from œ along solutions o / ( l ) . 
Denote dim i^{a)) = q and dim V{o}) = r. 

Then ^^{T), resp. S^[T), is a closed q-, resp. r-, dimensional integral manifold 
of the distribution 'V^ resp. V. 

Proof. Let Г > 0. Take x e ^J^T) and г > 0. By implicit function theorem there 
exists such ue^ that x = x[T,u, со). According to Lemma 4 for any Я > 0 there 

exists Ш; E^/Q such that Ш(1, срЛ = Ш. Define u^U) = i"^ ^' L As Ж is 

bounded the functions Мя(-) converge asymptotically to w(.) on [0, T] with À -> 0 + . 
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Therefore lim х[Т, U;, œ) = х(Т, u,co) = x and we can fix such ÀQ that \\х{Т, w^̂ , со) — 

— л; Il < е. 
Denote, for brevity, by Z(.) the fundamental matrix solution of (2), corresponding 

to U;̂Q. According to Lemma 3 there are functions Vi e {u — ii;^; и e Щ, / = 1 , 2 , . . . 
..., /c, such that matrices Jo° Z~^{t) v^t) Z{t) df, / = 1, 2, ..., /c, form a base of 2B. 

Define w,.(0 = j^ ' ^^ -^ ' ^^ ' - ^ ' ^ ' ^ - ' l , i = l , 2 , . . . , /c. Then evidently also wlt)E 
(0, r > ;.o J 

The matrices Б^ = Z{T) JJ Z-^(r) w (̂r) Z{t) dr Z " ^ ( T ) , i = 1, 2, ..., Â:, are linearly 
independent and according to Lemma 1 they belong into ШЗ. Hence they form 
a base of 2B and vectors B^ x(T, u^^, со), г = 1, 2, ,.., /с, generate the hnear space 
i^{x{T, w p̂, (o)). According to Lemma 2 we have dim i^(x{T, u^^, со)) = dim 'f{œ) = 
= q. Assume that vectors B^x^T, u^^, ai), z = 1,2, ..., q, form a base of f^(x(r, U^Q^CD)). 

Now 

(5) х(Г, t/;̂ ^ + У Tj-Wj-, со), where т e G = {т G E^; ^ |т|| < 1}, 

represents a mapping of an open set G a E^ into c^^(T). It has continuous first partial 
derivatives with respect to т, which are for т = 0 solutions of a corresponding equation 

/̂ 4 à dx dx . . dx\ л . . -̂  
(6) = ŵ  + w,. x(r, 1/я,, со) , •— = 0 , i = U2,,..,q, 

at ox I cXi ^'^i\t=o 

If we compare (6) with (4) we see that the vectors B^ x(T, t/̂ ,̂ со), / = 1, 2, ..., q, 
are columns of Jacobian D X / D T at T = 0. Therefore there exists a neighborhood 
Go с G of origin in E^ such that Dx/Di has rank q at any point of GQ. 

a 
Denote X^ the fundamental matrix solution of (2), corresponding to u^^ + ^ tjW,., 

for which X^(0) = / . Then we can write ^^^ 

dx 
-4^^^ло + tb^i.oj) = x,{T){x;'{t)tbw,x,{î)dtx;'{T), 

i=l J o -̂=1 

• 4Z u^^ + X '^i'^v ^ ) e ' ^ W ^ ' '̂ Ao + E r̂Wp a>)) . 

Thus, ^a>{T) is a closure of a union of a family of ^-dimensional integral manifolds 
of distribution f̂ . 

Let cŜ O'i be two manifolds of this family. Choose x(T, Wj-, со) e e9̂ j-, г = 0, 1, so that 
there exists Го ^ (0, Г] such that Wo(0 = ^i(0 ^^^ ^ ̂  E '̂ ^o] ^i^^ 5Р1(Го, WQ) = ÏB. 
Denote ŵ  = (l ~ ^) ^o + ^^i? ^^ [ö, 1]. Then the curve Г(Я) = х(Т, ŵ ^ ^)^ 
X G [0, 1] links points x(T, t/j-, со), i = 0, 1, and each its point is contained in ^ Д Т ) . 

127 



Let us prove that dr(A)/dA e i^^(r{X}) for Я e [0, 1]. It holds 

at dX dX dX |̂ =o 

Using variation of constants formula we get 

dr{X) _ dx{Z u^, w) __ 
dk dl 

= Z,iT)[z:^\t){u,{t)~u,{f))Z,,l^^ Яе[0, 1]. 

We have proved that Г(Я), Я e [О, 1], is contained in the maximal integral manifolded 
of 1Г which passes through x(T, UQ, СО). As ^ ^ n ^ Ф 0 for any Я G [О, 1] it follows 
from [3] that 9^ a Ji, Яе [0, 1]. Hence 9 = U ^ я ^ ^ÀJ) is an integral 

Яе[0,1] 

manifold of 1Г which contains both points х(Г, ŵ , со), i = 0, 1. First part of the 
theorem is proved. 

Take X e Sj(T) and e > 0. Again there exists ue^ and ô ^ [0, T] such that 
X = x(to, w, со). By the same way we find functions WQ G ^ , W,- G {W — WQ; и G<^}, 
i = 1, 2, ..., g, a number î > 0 and a neighborhood G с £^ of origin such that 

Jacobian of a mapping x(^i, î o + Z '̂ i^p <̂ ) • Ĝ  -^ ^n has rank q at any point of G, 

and moreover Wo(̂ i) + 0 and ||x(ti, WQ, СО) — x|| < г. 
If dim Vio^ — q there is nothing to be proved. Assume dim V[co) > q. Investigate 

a mapping 

(7) x{t, UQ + YJ '^i^v ^) ' 1̂  ~ ^l| < <̂  ' T G G . 
1 = 1 

We know that for any i = 1,2,..., q, 

^ q q 

But 
д ^ 
-- ^{t, Wo + Z ^i^h «) = 
ot i = i 

4 4 q 
= (Wo + Z '̂ i^t) 4^' "O + Z '^i^t' ^) ^ ̂ W^' Wo + Z '^i^i' ^)) • 

i = l i = l 1=1 

If we take ô and an open set GQ cz G, 0 G Go, so small that Ä{t, т) = Wo(0 + 
q 

+ Z '̂ i Wi(r) Ф 0 for f G (ti -- 5, fi + ^), T G GQ, then according to Lemma 5 the 
i = i 

space 33 is equal to the Hnear hull of 2B and Ä[t, т) for any t e(t^ ~ ô, t^ + ^), т G GO-
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Hence Jacobian of the mapping (7) has at any point from (f̂  — ô, t^ + ô) x GQ 
rank r. 

Similarly as in the first part we find out that 5ДТ) is a closure of a union of a family 
of r-dimensional integral manifolds of the distribution К Let again we have two 
manifolds SQ, S^, of this family. Then we can choose points x(f̂ , w,-, со) e 5/, i = 0, 1, 
so that 2̂ = ^^^^ (̂ 0' ^i) > Ö and there exists 3̂ e (0, 2̂] such that «o(0 = ^'i(0 ^̂ ^ 
t e [0, ^з] and M{t^, UQ) = 2B. The case 0̂ = h has been already treated, therefore 
assume t^ < t^. Then a curve Г consisting of arches Fg^t) = x{t, UQ, СО), t e [̂ ô  î]> 
and Fi^X) = x[ti, (1 — X)UQ + Ям̂ , со), À e [О, 1], again links points x[ti, Ui, со), 
i = 0, 1, is contained in S^{T), and through each of its points there passes an integral 
manifold of V, Hence the union of these manifolds is again an integral manifold of V, 
contains So and S ,̂ and is contained in S^(T). Q.E.D. 
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