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(Received September 6, 1971) 
Dedicated to the memory of Professor HANNA NEUMANN. 

1. INTRODUCTION 

The aim of this work is to confirm the following conjecture of JIN BAI KIM [3]. 

Conjecture. Any semigroup S has no decomposition S = \JMi into a finite number 
of disjoint mutants Mi (f = 1, 2, ..., n) of S. 

We acknowledge thanks to R. M. BRYANT who suggested that the crucial step 
of the proof must be some sort of use of Van der Waerden's theorem without which 
no proof could have been completed. 

2. PROOF OF THE CONJECTURE 

Definition. Let M be a subset of a semigroup 5, then M is a mutant of S if and 
only if M . M с 5 \ M. 

It is clear that the mutant of a semigroup S, do not contain any idempotent of S 
and the union of two mutants need not be a mutant. 

Also if Г с 5, we define E{T) = {e G T, e^' = e} and Ä\ В = {a e A : a ф В). 
Following Kim [3], we have to assume have to S is infinite and E{S) = 0. 
We notice that for any SES, {S,S^,...} are all distinct. Hence the semigroup 

contains a set N, isomorphic to the set of positive integers Z"̂ . 
If S admits a decomposition as S = [JMi {i = 1, 2,.. . , n) of disjoint mutants M ,̂ 

i 

so will do the set iV, as N = UÂ f ; N^ = N n M^ are the disjoint mutant components 
ofiV. ^ 

Hence it is sufficient to prove that the semigroup of positive integers Z"̂ , has no 
decomposition as Z"̂  = \JMi [i = 1,2,..., n), the union of finite number of disjoint 
mutants Mi. To prove this we appeal to the following theorem [4], [5]. 
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Vaa der Waerden's Theorem. Let к and I be two arbitrary natural numbers. Then 
there exists a natural number h{l, k) such that, if an arbitrary segment of length 
h{l, k) of the sequence of natural numbers is divided in any manner into к classes 
{some of which may be empty), then an arithmetic progression of length I, appears 
in at least one of these classes. 

and prove the 

Theorem. For each positive integer n, there exists a positive integer l{n) such 
that if 

{1,2,..., l{n)} = Ml \JM2'-• \JM„, is a decomposition into disjoint subsets M,-
for i = 1, 2, ..., n, then at least one M^ is not a mutant. 

This confirms our result in particular; since if the set of positive integers is de
composable as a union of disjoint mutants, so will be the subset {1, 2,..., l{n)}. 

Proof. For n = 1, choose J(l) = 2, then M^ = {1,2} is not a mutant, since 
1 + I G M I . 

Next assume n > 1, and that the assertion is true for n — 1. 
Choose h = h{l{n — 1), n) in Van der Waerden's theorem and assume {1, 2 , . . . 

, . . , /i} = Ml \JM2 . . . U^M is a decomposition into disjoint subsets. 
By the theorem, one of the M^ say M^ has an arithmetic progression of length 

1{п - 1). 
Hence Ml contains a, a + d,..., a + l{n — 1) d. If M^ are all mutants, Mj must 

be disjoint with the set \d, 2d,..., l(n — 1) d\ i.e., D = {d, 2d,..., l{n — 1) J} с 
с M 2 ÙM3 ... (jM„ i.e., {d, 2d,..., l{n - l)d} = K2 ()Кз... \JK„ where X,- are 
mutants, being M^n D = Ki i.e., {1, 2, ..., l{n — 1)} = L2 KJL^ . . . \JL„ where Ц 
(i = 2, 3 , . . . , Yi) are disjoint mutants — a contradiction to the fact that the theorem 
is true for n — 1. 

Further studies on mutants, Ике open ones in topological semigroups and (m, n) 
mutants in semigroups due to ISEKI [1] — will be left for the future. 
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