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0. INTRODUCTION

The aim of the present paper is to prove under the GCH (generalized con-
tinuum hypothesis): given a covariant set functor F such that for each covariant
homfunctor Q, F - Q and Q - F are naturally equivalent, the functor F is itself equi-
valent to a homfunctor.

The first part contains preliminaries; in the second one we prove the theorem for
functors from the category S, of all sets of cardinality less than n, n being a cardinal
inaccessible in the sense: if a, b < n then a” < n (n is not assumed to be regular).
In the last part, the theorem is proved for small functors — and, under the generalized
continuum hypothesis for all functors — from the category of sets into itself.

1. CONVENTIONS, DEFINITIONS AND PRELIMINARY LEMMAS

Given sets 4, B and a mapping f: A — B, IAI denotes the cardinality of A, 4 ~ B
(4 < B, A < B) stands for |4] = |B| (|4] < |B|, |4| < |B|. respectively). The set
{#(x); x e X} is denoted by Im f. If X = A4 then iy denotes the inclusion mapping of
X into A. Each cardinal m will be viewed as a set (with m = |m|).

Q. denotes the covariant homfunctor from the category Set of sets into itself:
Q, = Hom (4, —). Clearly Q, ~ Q4 (~ denotes the natural equivalence of
functors) so that we shall consider Q,, (m is a cardinal) only. If n is a cardinal then S,
is the category of sets of cardinality <n. The word functor as weil as the letter F
(or G, H etc.) will stand for a covariant functor from Set to Set, or from §, to S,,
respectively.

Let F be a functor. Let A, X be sets, A = FX. (A, X) is a reaching couple for F
if for each set Y and each ye FYthereareae A and f: X — Ywith Ff(a) =y . F
is said to be small if it possesses a reaching couple; the minimal cardinality of A4 is
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denoted by OF. Clearly, dF is the smallest cardinal m such that there exists a system
{e, 1 Ox > F; a € m} which is collectively epimorphic, i.e., if ft o &, = v o ¢, for some
transformations g, v: F — G and for each « then u = v; equivalently: Im (e,)*
cover FX for each X.

Cardinal n is called an unattainable cardinal of F provided that there is x € Fn
such that x ¢ Im Ff for any f : X — n with X < n; &/ denotes the class of all unat-
tainable cardinals of F.

For every X and xe FX, put Zi(x) = {Y < X: xeIm Fiy}. F}(x) is a filter
onX [5](exp X = {Y; Y = X} is also considered a filter). Denote o F = sup y(#(x))
(if it exists) where y# (& being a filter) is the character of &, i.e., the minimal
cardinality of a base of &

A filter # is called trivial if y¥ = 1,1e, f \F e F

Let & be a filter on a set A4; let #, (a € A) be filters on a set X. Denote by

UZ,
7
the filter whose base consists of sets of the form

UZ,

acZ

where Ze # and Z, € 7, (a € A).

Lemma 1.1. Let # be a trivial filter. Let there exist F,e &, such that {F,; ac A}
is a disjoint family. Then

X[_Jga = H (X‘ga)'

F aenF
In particular, if y¥, > 1 for each a and m ~ & then

yUF, = 2",
F

Lemma 1.2. Conversely, if all &, are trivial then

/U./S.?‘"

Lemma 1.3. Let F, G be functors. Then

Fre(x)= U Z&a) (aeGX).

f‘”(x)
Lemma 1.4. For each f€ Q,X (i.e. f: m - X),
Fo(f)=1{Z<cX;Z>Imf}.

Thus all the filters F} (f) are trivial.
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Proposition 1.5. Let ¢:F — G be an epitransformation, xe FX, £%(x) = y.
Then

Fo) = {0} = U 7)) - {0} = {Z: Ze FH(2), () = v} - {0}

eX(z)=y

In particular, F(x) = F&y); if moreover e*(x) % £¥(z) for every z + x, then
#50) - 750,

Proposition 1.6. If Fm ~ m for an infinite m then m ¢ /.

Lemma 1.7. Let F, G be domain-restrictions of F, G : Set — Set, respectively,
to S,, where sup o, sup L; < n. If F ~ G then F ~ G.

Proofs of the above propositions, except 1,6, are straightforward computations.
Concerning 1,6: It is proved in [2] that, for any infinite m € o/, Fm 2 |ZD| where D
is an almost-disjoint system of subsets of m. It is well-known (e.g. [1]) that D can
be found such that ID] > m.

Lemma 1.8. [4]. F preserves intersections iff each F§(x) is trivial.
Lemma 1.9 [2]. If Ff(x) =y for some xe FX, ye FY, f:X - Y, then Ze
e FH(x) = f(Z2)e FL(y).

If, moreover, f is one-to-one on a set of fﬁ(x), the converse is also true.

Proposition 1.10 [2]. A functor F :Set — Set (or F :S, > S,) is small iff </
is a set (or sup &y < n, respectively).

Proposition 1.11 [2]. If X > n = sup o/, then FX < max {Fn, X"}.

2. FUNCTORS FROM §, TO §,

Convention. Throughout this part, F denotes a small functor of §, into itself. We
shall suppose
a,b<n=a"<n.

Thus each covariant homfunctor Q, (a < n) maps the category S, into itself; we may
and we shall consider it as a functor from §, to S,,.

Lemma 2.1. For each set A < n, §(F - Q,) < 6F.

Proof. If {¢,: Qx = F; a€l} is a collectively epimorphic system, so is {¢,Q, :
105004 > FoQuaell. As Qyo Q4 ~ Qx4 our lemma follows.
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Lemma 2.2. If 6F > 1 then there exists m < n such that (Q,, - F) > JF.

Proof. Put m = 6F. Let us suppose 6(Q, o F) < 0F = m. Then there exists
a reaching couple (4, X,) for Q,, - F, where 4, = {a,; € m}. As X, can be chosen
arbitrarily large, we may assume that (FX, X,) is a reaching couple for F. Write
each a, in the form a, = {a’; e m}, x € m, where a’ € FX, for a, € m. As 6F > 1
and (FX,, X,) is a reaching couple for F, for every x € FX, there is y € FX such that
y = F f(x) holds for no f: X; - X,. Hence for each « € m we can choose y, such
that y, # F f(a}) for any f: X; —» X,. Thus, putting y = {y,; ae m} € Q,, o F(X,)
we have y + Q,, ¢ F f(a,) for any f: X, -» X, and « € m which is a contradiction
because (4, X) is a reaching couple for Q,, - F.

Proposition 2.3. Let F - Q,, ~ Q,, - F for each meS,. Then F is a factorfunctor
of some Q, (a €S,).

Proof follows from Lemmas 2,1 and 2,2.

Lemma 2.4. For each a€S,, o(F - Q,) < oF.
Proof. See {,2, 1,3 and 1,4.

Lemma 2.5. If n >.@F > | then there exists m € S, such that ¢(Q,, - F) > @F.

Proof. As n > @F > I, there is Y and y € FY with x#](y) > 1. Put m = ¢F.
Further, ¢F is infinite so that we can choose monomorphisms v, (¢ € m) from Yto Y
such that ¢ # ¢ =Imy, nImy, = 0. Put x, = Fy,(y). By 1.9, xFi(x) > 1.
Thus, putting x = {x,; tce m} € Q,, - FY, we get

@Qpo F 2 yF b(x) 22" > m = oF

(see 1,1 and 1,3).

Proposition 2.6. Let Fo Q,, ~ Q,, - F for each m < n. Then @F =1, i.e. each
filter F{(x) is trivial, equivalently: F preserves intersections.

Proof. See 1,8, 2,4 and 2,5.

Lemma 2.7. Let F be a factorfunctor of some Q, (a €S,) such that F preserves

intersections. Then there exists Ve S, and an epitransformation ¢ : Q, —» F such
that FY(' (1)) = {V}.

Proof. Let v: Q, » F be an epitransformation. As F preserves intersections,
each filter #}(x) is trivial. In particular, there is ¥ < a such that F§(v/(1,)) =
={Y < a; Y> V}. Define ¢ : Q,, —» F by £"(1,) = u, where u is the (only) element
of FV satisfying Fij(u) = v'(1,). Then & is evidently an epitransformation and
Fi(u) = {V} (see 1,9).
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Definition. For F satisfying the assumptions of 2,7 the epitransformation ¢ from 2,7
will be called the minimal factorization.

Lemma 2.8. Let ¢:Q, —» F be the minimal factorization. Let f:V —> X be
a maonomorphism, g :V— X an arbitrary mapping (X < n). If ¥(f) = €*(9)
then Img o> Im f.

Proof. Let xe(Imf — Img). Choose h:X — V such that hof =1, and
|If‘(h(x))| = 1. As
(Imhog)eFy (h-g).
we get by 1,5 that

(Imhog)e FUe(hog)) = ZH (1)) = {V}

(it is easily seen, that &'(hog) = e(h.f) = ¢"(1,)). Thus Imh.g = V which is
a contradiction because h(x)¢Im ko g.

Lemma 2.9. Let ¢:Q, > F be the minimal factorization. Let €"(1,) + &'(f)
for every f:V >V, f+1,. Let ue FX such that ({u},X) is a reaching couple
for F. Then !(sx)_’ (u)] = 1 and ((¢*)"" (u), X) is a reaching couple for Q,.

Proof. As ({u}, X) is a reaching couple for F, there is h : X — V with Fh(u) =
= ¢¥(1,). Let f, g € (¢*)™" (u). Then
e"(Qy h(f)) = F h(u) = €"(1,).

Thus Qy h(f) = 1,, ie. hof = 1,; analogously # - g = 1,. Further, Imf = Imyg
by 2.8. Clearly, if two one-to-one mappings have common retraction and the same
image, then they must be equal; thus f = g. As Q,h(f) = 1y, ({f}, X) is a reaching
couple for Q,.

Lemma 2.10. Let ¢: Qy — F be the minimal factorization and let ](s")—l
(e(1,))| = 1. Given X, meS, and a reaching couple ({u},X) for FoQ,. Then
({u}. Q,X) is a reaching couple for F and there are monomorphisms g;: m — X
such that Im g, nIm g; = 0 for i & j and such that

& X({giieV])) =u.

Proof. To prove that ({u}, 0, X) is a reaching couple for F, consider any Y
and ve FY. Take an epimorphism k:Q,Y— Y and choose z€ Fo. Q,Y with
Fk(z) = y. Then z = F c Q,, h{u) for some h: X — Y so that y = F(k. Q,h) (u).
By 2,9 there exists exactly one element g = {g: i € V'} such that

e2X(g) = u

where g;€ 0,,X, i.e. g;:m —> X forie V. Let h; : m - Z (i € V) be arbitrary mono-

187



morphisms such that i + j = Im h; nImh; = 0. Then h = {h;; ie V} e Qy(0,2Z)
so that there is p : X — Z with Qy > Q,, p(9) = h (by 2,9, ({9}, Q..X) is a reaching
couple for Q). Thus pog; = h;, i€ V. As h; are monomorphisms, so are g;, as h;
have disjoint images, so have g;.

Given f: V— V and m (V, meS,), denote by f; (i € m) mappings from V x m
defined as follows:

Jix. ) = (x.j) for j i, Jixi)=(f(x) 1)

Lemma 2.11. Let ¢ : Q, — F be a transformation. Let f, g : V — V with ¢'(f) =
= ¢"(g). Then

Om o F(F) (2une)™™" (1nxv)) = Qo F(7) (Qme)™™" (1mxv)) -

Proof. Straightforward computation.

Lemma 2.12. Let ¢: Q, — F be the minimal factorization such that a"(f) =
= sy(ly)for somef:V—>V.IfFoQ,~ Q,ocF for every m < n, then f = 1,.

Proof. Put Y= {teV; f(t) + t}. Choose m > V>. Let p:0Q,.F—>Fo.Q,
be a natural equivalence. Put v = p™*¥(u), where

u = (Qme)™Y (Lnxy) -

By 2,11, Q,, o F(f;) (u) = u so that F(Q,.f;) (v) = v for each i € m. As follows easily
by 1,9, for any
ge W= NF" ()

and for any i € m there is

kie NFE ()

with g = Q,, fi(k;) = Ji o k; (i € m). Let i € m. Evidently, if k; = k; for some j # i
then f;og = g, because fiog = fio (fio ki) = fio k; = g. Thus {i; fiog + g}
< {i; k; + k;foreveryj + i} < {k;;ie m} < W.Further, W < Vas for any x € FX,
NF5(x) < V(see 1,5 and 1,6). We get {i; f;o g + g} < Vso that

{EUmgn({i} x V) +0} < v?

geWw

IIA

and finally
Ulmgn(mx V) ¥Yx V2 < V3,

geWw

On the other hand, using 1,3 and 1,4 we get

Ulmg =n7 Foon(t) = NF grde(u) -
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Since for any minimal factorization ¢, Q,¢ is a minimal factorization, too, so that
the last intersection is m x V. Hence

Ulmgn(m x Y)=mx Y.

geW

As shown above, the former set has cardinality <V? < m; weget Y = 0, i.e. f = 1.

Theorem 2.13. Let F be a small functor of S, into S, such that for every m < n
FoQ,~ Q,0F. Then F ~ Q, for some r.

Proof. Let ¢ : Qy — F be a minimal factorization. By 2,12, |(¢")™" (¢"(1y))| = 1.
It suffices to prove the following: if e¥(f) = ¢*(g) for some f, g : V- X, then f = g.
Choose m, n > m > V?, and put u = (Q,e)"*" (1,xy). Let p:Q,, o F > Fo Q,
be a natural equivalence. As ({u}, m x V) is a reaching couple for Q, - F, so
({u(u)}, m x V) is a reaching couple for Fo Q,. By 2,10 ({u(u)}, Q.(m x V))
is a reaching couple for F, and there are monomorphisms h; :m — m x V with
disjoint images such that h = {h;; i € V'} is the only element of Qy o Q,(m x V) with

eQm(m x V)(h) — #Qm(m X V)(u) .

By 1.4,
Z gvoon(h)
contains
U Im h;
and so does
FFogn (1" (1))

(see 1,5). By 1,4, the last filter is equal to

Z 3vo0,(Inxy) = {m x V}
so that
Ulmh, =m x V.

Further, f; o h; * fiohyforeveryi,j, k, j + k (indeed,fi(x) = f:(y) for at most V2
couples x, y with x =+ y; the equality fioh ;= fi o b, would require m such couples,
namely the couples h(t), h(t) for te m). Analogously Jioh; * §;o by, fioh; +
*+ §ioh, for i,j, k as above. Let p;, p,€ Qy (Qm(m x V) pi(j) = fio h; for
j€V, py(j) = gio h; for je V, where i€ m is arbitrary but fixed. As noted above,
j #+ k= p,(j) # p,(k) and analogously for p,. Thus P, P are monomorphisms.
By 2,11, 0, 0 FJi(t) = Quc F §i(u)so that F o Q,, J{u"""(u)) = F o Q,, gi(u™"" (u)).
Further Qy o Qm(ii) (hj) = P, Qo Qm(gi) (hj) = p,; hence

2 N(py) = F o Qu (1 (W) = F o @ (1™ ")) = &2 M(py).
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By 2,8, Im p, = Im p,. In other words, the set of all §; - h; (j € V) is equal to the
set of all f; o h; (j € V). In particular, each f; o h; is equal to some g, - h,; then neces-
sarily j = k (see above), i.e. §; o h; = f; o h; for each j. As

Ulmhj=m x V,
J

we get §; = fi: thus f = g which completes the proof.

3. FUNCTORS FROM Set TO Set

Let us define a transfinite sequence {a;} of cardinals by the transfinite induction:

a = No, o4 =2%, a; =supa; provided i is limit .
j<i

Lemma 3.1. Let i be an ordinal such that either i is limit or i = 0. Then a* < a;
provided a, b < a.

Proof. The case i = 0 is easy. Let i be limit, a, b < a;. Choose j with a, b <
< a; < a;. We have

a" <oy =2" =0 <a.
Lemma 3.2. Let F : Set — Set be a small functor. Then there is a cardinal n
such that n > sup o/ and

a) F maps S, into S,;
b) the restriction of F to S, is a small functor:
c) for any two cardinals a, b, a® < n provided a, b < n.

Proof. Let (4, X) be a reaching couple for F. Choose i such that «; > FX and
either i = 0 or i is a limit ordinal. Put n = a;. Now, c) and a) follow by 3,1 and 1,11;
b) is obvious.

Lemma 3.3. Assume the GCH. Let
n=NW

at+wo *

Let F:S,— S, be a functor such that Fo Q,, ~ Q,,  F for each m < n. Then F
is small.

Proof. For any natural k such that F2 < N, ,, we have
F(N1+/¢+1) ~ F(ZR“”‘) ~ (F 2)“’”‘ ~ 2N = Nk
and so N, .+ ¢ & by 1,6. Hence sup . < n and F is small by 1,10.
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Lemma 3.4. Assume the GCH. Let F : Set — Set be a functor such that F - Q,, ~
~ Q,, o F for any m. Then a), b), ¢) of 3,2 take place for every n = N, ., where
N, > F2.

Proof. a) follows by 1,10, b) by a) and 3,3, ¢) by the GCH.

Theorem 3.5. Let F : Set — Set be a small functor such that F - Q,, ~ Q.o F
for every m. Then F ~ Q, for some n.

Proof. See 1,7, 2,13 and 3,2.
Proposition 3.6. Assume the GCH. Let
n=N\N

a+ o

arbitrary. Let F : S, — S, be a functor such that F - Q,, ~ Q,, o F for every m < n.
Then F ~ Q, for some r.

Proof. See 2,13 and 3,3.

Theorem 3.7. Assume the GCH. Let F : Set — Set be a functor such that F - Q,, ~
~ Q. o F for every m. Then F ~ Q, for some r.

Proof. According to 3,4 and 3,6, for every a with X, = F 2 the restriction F
of F to §,, where

p— .
h = “a-{-a)o H

is naturally equivalent to some Q, restricted to S,. The cardinal r does not depend
on a, since it is uniquely determined by

2’~Q2~F2.
Thus, r = sup &/ and our theorem follows by 1,7.

Remark. The above theorem can be proved under a little weaker set-theoretical
assumptions than the GCH, viz: There is a proper class of cardinals a such that
at =2%and «* " = 2" (+ denotes the follower).
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