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INTRODUCTION

Let E" be an Euclidean space. An isometry of E” with an isolated fixed point x € E"
is called a symmetry of E" at x. A family {s,, x € E"} of symmetries on E" is called
an s-structure on E".

Let E" be an Euclidean space with orthogonal coordinate system. Then the sym-
metry at every point x = (x', ..., x") € E” may be written as

(1) S0) = x+ AR (- x). yek,

where A(x) is an orthogonal (n x n)-matrix, and I — A(x) is a nonsingular matrix.
Following [1], an s-structure {s,} on E" is said to be regular if it satisfies the rule

2 Seo Sy = 8,08, u=s/y)

for every two points x, y € E".
i.e.
(3) A(x). A(y) = A(x + A(x) (y — x)) . A(x) .
It follows by the regularity condition of an s-structure, that A(x) is an analytic func-
tion of x, [2].

An s-structure {s,} on E" is said to be parallel if A(x) = const. From (3) it is easy
to observe that each parallel s-structure on E" is regular.

Let E" be an Euclidean space and s, an orthogonal transformation at the origin
without fixed vectors. For each x € E”, let z, denote the translation such that 7,(0) = x.
Then the family

(4) S, =1l.0S 0t , Xe€E"

is a parallel regular s-structure. It is obvious that these families are the only parallel
s-structures on E".

An interesting question is whether there are any non-parallel regular s-structures
on Euclidean spaces.
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O. Kowalski has proved that the spaces E?, E°, E* admit only parallel regular
s-structures, and he has found a class of non-parallel regular s-structures in E°.
Those results have been obtained only as a random by product of the very complicated
classification of all generalized symmetric Riemannian spaces of dimension n < 5 [4].

The purpose of this paper is to reprove the above results for E3, E* and to give
the complete classification of all non-parallel regular s-structures in E°, using
a different, direct method. The new method exploits some basic facts on generalized
symmetric spaces but it is much simpler than the general method of classification
given in [4].

Therefore, the first unknown case E4 seems to be also accessible by the new method.

1. REGULAR s-STRUCTURES AND THE GROUP OF TRANSVECTIONS
OF (E", {5}

Let (E", {s.}) be a regular s-structure on E". Following [2], an automorphism
of (E", {s,}) onto itself is a diffeomorphism ¢ : E" — E" such that

) P(s(r)) = so0 $()

for every x, y e E".

Obviously, all symmetries s, of (E", {s,}) are automorphisms.

Let I(E") denote the group of all isometries of E", T(E") the group of translations,
and Aut (E", {s,}) the group of all automorphisms of the s-structure (E", {s.}).

Let K denote the group of transvections of (E", {s,}) i.e. the group generated by
automorphisms of the form s, o 5;‘, x, y€ E". The group K is a connected normal
Lie subgroup of Aut (E", {s,}) acting transitively on E". Also, K is a subgroup of
I(E") (see [5])-

If K, denote an isotropy subgroup at o € E", then E" ~ K/K,.

Let & be the Lie algebra of K and &, the Lie algebra of K,. It is known [6] that
there exists a subspace M = K such that the following reductive decomposition holds:

(5) K=K M,
(6) [Ro, M] = M.
The Lie algebra i(E") of the isometry group I(E") has the basis {X;, X;;}, where X, X ;;
denote such vectors that the corresponding fundamental vector fields on E" are
() Xf=g Xj=ol o=l
ox’ ox' ax’

In the sequel we shall identify X, X;; with X}, X};, respectively.

i

Lemma 1. The vector space M defined by (5) is generated by vectors A; = X; +
+ad'%,, ik 1=1,2,...,n k <L
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Proof. LetI*(E") denote the identity component of I(E"). Then E" ~ I*(E")/SO(n),
where as usual, SO(n) denotes the subgroup of rotations of E" at the origin. Let 7 :
:17(E") —> E" be the projection map i.e.

n(g) = g(0), gel’(E").

The Lie algebra so(n) of SO(n) is generated by vectors X, , i < j, i,j=1,2,...,n

Let e e I*(E") denote the identity element and m,,: T,(I*(E")) - To(E") the tangent
map of the projection = at e. By the conditions (7) we have

0
(8) ﬂ*e(Xi) = (X:'k)o = (‘ﬁ) >
0x'/,
Tae(Xis) = (Xi)o = 0.
Hence 7,,(so(n)) = (0).
The inclusion K < I*(E") implies & < i(E") and &, < so(n). Now K acts transi-
tively on E" i.e.
VxeE"3geK, g(0)=x.
This means 7 : K — E" is onto and therefore m,, : & — T,(E") maps also & onto
To(E"). But the equality 7, (R) = (0) implies 7, (M) = To(E"). In other words,
Tye|M is a vector space isomorphism. Now T,(E") = ((8/éx"),), so for every i =
= 1,2, ..., n there exists X; € M such that m,(X;) = (9/0x"),. Hence X; = alX; +
+ b§'X,, because M is a subspace of i(E"). Finally m,(X;) = al(0]ox"), = (8/0x"),
implies af = & and this completes the proof.

Theorem 1. If the group of translations on the Euclidean space E" is a subgroup
in the group of all automorphisms of the regular s-structure (E", {s,}), then the
s-structure is parallel.

Proof. Let 7, denote a translation of E" such that 7,(0) = x. If for each x e E",
1. € Aut (E", {s,}) then we have by (4):

©) 1(so(y)) = s:(t:(¥)), yeE".
Therefore s, = .0 Sg o 1; ', Which means that the s-structure (E", {s,}) is parallel.
Theorem 2. If a regular s-structure on the Euclidean space E" is parallel, then the
group K of transvections of (E", {s,}) coincides with the translation group T(E").
Proof. Let s,, x € E" be a family of parallel symmetries i.e.
S, =t,08 01, xXeE",
whete s, is an orthogonal transformation at the origin without fixed vectors, and let ¢,

denote the translation with £,(0) = x. It is easy to show that K is the group generated
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by all automorphisms of the form s, o 5. ', z € E". Namely we have

1

SeoS; = 5.0 osges, = (so055") o500, ).

Hence in case that the s-structure (E", {s,}) is parallel we have:
SOOS;I = Soo(txosool;1)71 = Soo(fxosgl 01;]) = (Sooixasgl)cf;l .

It is known that the translation group is normal in the group of all isometries on E”,
thus (s(, otyo 55‘) is a translation, too. Hence the group K of transvections is gener-
ated by translations, and since K acts transitively on E" it must be the whole T(E").

2. REGULAR s-STRUCTURES ON E3 AND E*

Let (E", {s,}) be a regular s-structure on E". In order to show that this structure
is parallel it is sufficient to prove that the translation group T(E") is contained in the
group of transvections K.

In other words, it is sufficient to show that the subspace M defined in(5) is generated
by the vectors X ;.

It follows from Lemma 1 that 9 is generated by vectors of the form:

(10) A, =X, +d'X,, i,k,1=1,2,...n, k<.

Further we show that for every regular s-structure {s,} on E* and E* we get in (10)
at' = 0, i.e., that all regular s-structures on E* and E* are parallel.
Let us consider a symmetry s, at the origin o € E". By means of the formula

(11) g Seogesy , gel(E"),

this symmetry defines an automorphism of the group I(E") [2], [5], which induces
an automorphism of the group K of transvections. This latter automorphism defines
an automorphism ¢ of the Lie algebra K&, with the following properties:

(12) o(M) = M,
(13) Ko = K7 < (so(n))”
where K7 denotes the subalgebra of the fixed points of ¢ on K.

We will also make use of the following properties of the Lie algebra of the trans-
vection group K [2]:

(14) | =M+ [W, W],

(15) Ko = proj [ M, M]/so(n) .

Here (15) means the projection of [9R, 9] into so(n) with respect to the decomposition
i(E") = (E") @ so(n)

Theorem 3. The 3-dimensional Euclidean space E* admits only parallel regular
s-structures.
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Proof. Let {s_v} be a regular s-structure on E3. Let us consider a symmetry s,

at the origin o € E3. In some orthogonal coordinate system it can be written in the
form:

(16) x' = x'cosa — x?sina,
x? = x'sina + x?cos a,
x3/ — —X3,

where o € (0, 2n), @ = const. Now by (7), (11) and (16) we have:

(17) o(X,) = X,cosa— X,sina,
o(X,) = X sino+ X,cosa,
O'(X3) = -X;,

U(Xll): X2,
0(X,3) = —X,3c08 0 — Xy3sina,
o(Xy3) = Xpssina — X3c08a.

In the case of E*, condition (10) implies that the subspace M is generated by the
vectors:

(18) A =X, + a, X, + a,X,3 + a3X 3,
A, =X, + b X5 + by X553 + b3 X5,
Ay =X3 + ;X5 + X3 + 3Xy5 .
where a;, b;, ¢; are real numbers. Using the condition (12) we obtain:

a;=b,=¢;=0 for a=+irn+ kn,
and

a,=b, =0, b,=a;, by=—a,
cg=c¢c;=c3=0 for o=4n+ km.
Hence in the case « = i + km, the subspace 9t has the following basis:
Ay =X, + a,X53 + a3X 5,
Ay, = X5 + a3X,3 — a, X5,
Ay =X5.

Since o # km, we get (s0(3))” = (X;,), and clue to (13), 8 < (X;,). Then we have
the following two cases:

1) & = (0); then & = M and consequently [M, M] = M. Hence [4,, 4,] =
= —(a} + a}) X, €M, 50 a, = a; = 0.
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2) K, =+ (0); then we have & = (X,,) and by (6), [X,,. 4,] € M. But the form of
the bracket

[X15, A;] = X5 — asX,3 + a,X3 implies [X;,, A;] = A,

and finally a, = a; = 0.
It follows that, in both cases,
Mm = (XI,XE,X3).

Hence we have proved that the translation group is contained in the group of trans-
vections. It follows by theorem 1 that E* admits only parallel regular s-structures.
Theorem 4. The Euclidean space E* admits only parallel regular s-structures.

Proof. Let {s,} be a regular s-structure on E*. Then there exists an orthogonal
coordinate system in E* in which the symmetry s, can be written in the form

(19)  so: x! =x'cosa — x?sina,
x¥ = x'sina + x> cos o,
x* = x3cos f — x*sin 3,

x* =x3sinff + x*cos B, o+ 2kn, B+ 2kn.
Let us introduce the complex coordinates in E*:
(20) z=x'+ix?, w=x3+ix*.
Then the symmetry (19) can be written in the form
(21) z' = zel*, w = welf.

By (20) we obtain

0 1/0 . 0
2 o_1(e _;9y
@) 0z 2<6x1 6x2>
1/0 .0
== +i—),
0z 2 ox?
o _1
ow 2

o _1(0 0
ow 2 \ox3 ox*

d ? 9 d

Z = 1)
0z 0z ow ow
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The vectors {4;, A;} form a basis of the algebra (so(4))". Now the symmetry s,
induces an automorphism ¢ of the algebra K¢. By (20)—(23) we then have:

(24) o2) =e "z, o(Z) =e"Z,
o(W) = e W, o(W) = eV,
o(4;) = e P4, o(d,) = TPA
o(4,) = e P4, o(d,) =c"PA,,
o(4s) = As o(Ay) = A, -

According to (10) the subspace M is generated by the vectors:

4 2
(25) A=Z+Y aqd, + b,
k=1 k=1
B=4A4,
4 2
C=W+) qd, + dA,,
k=1 k=1
D=C,

where a;, b;, ¢;, d; are complex numbers. Making use of the condition o(im) =M
we obtain

(26) ay=as=a3=a,=0,
cg =¢c3 =¢, =0,
d,=0

and also we obtain the following implications:

(27) 20 + B #*2kn =b, =0,
20— p#+2n =b,=0,
o+2%+2nm =>d, =0,
o—2f+2mn=c¢c, =0,
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where k, I, m, n are integers. If all of the conditions (27) are satisfied, then we have
m=(2,Z,WWw).

Let us restrict ourselves for a while to the conditions (26); then for the subspace M°
we obtain the following generators:

(28) A=2Z+ bA; + b,A4,,
B =4,
C=W+ c,A, + d, A4,

D=C.
Now, we apply the conditions (13) and (15) in the complexified form i.e.
(29) 8§ = [proj [Me, M]/(so(4))] = (so(4)) .

By (23) and (28) we have:
(30)  [4, B] = —i(b;by + byb,) Ay — i(byb, — byb,) A,
[C, D] = —i(d,d, + ¢,E,) A3 — i(d,d, — ¢,8,) Ay,
[4,C] = —=b,B— d,D + (b,b, + dyd,) A, + b;b,4, + d,,A, —
— ibycy Ay + ibyc, Ay s
[A, D] = — byB — 6,C + byb, A, + d,5,4, + (byby + ¢36,) Ay —
—ib,d, Ay — ibyd, A, ,
[B.0] = [4.c],
[8.c]= [4 D]

Now it is easy to show that at least two of the conditions (27) must be satisfied.
Hence the following cases may still occur:

1) 20 + f =2kn implies o+ 2f %+ 2nn =>d; =0,
20 — = 2In =2+ 2mn=c¢c, =0,
x+ B+ 2sm =04, *+ A,
a— B*2pn =0a(d,) 4.
Then by (29) and (30) we obtain b; = b, = 0.
2) 20 + B = 2kn implies 20 — B+ 2in =b, =0,
o+ 2 = 2nrw a—28%2mn=c, =0,
a+ B2 =0(4y) ¥ 4.
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Then by (29) and (30) we obtain b, = d, = 0.
3) 20 — B =2In implies 2u+ B+ 2%kn=b; =0,
a— 2f =2mn d+213=l=2nn=dl=0,
l o= B+ 2pn=0(4;) + 4,.
Then by (29) and (30) we obtain b, = ¢, = 0.
4) 20 + f=2kn implies 2z — B+ 2inx =b, =0,
o — 2B =2mn «+ 2B +2nm=d, =0,
o+ B+2m=0(A)%4,,
«— B+2pn=0(4,) + 4,.
Then by (29) and (30) we obtain b; = ¢, = 0. The remaining cases

5) o+ 2B = 2nm,
o — 2f = 2mm,
6) 200 — B = 2In,
o + 2f = 2nm,

are similar to 1) and 4), respectively.
The cases where only one equality holds can be treated analogously to the cases
where two equalities hold. (Using conditions (29) and (30) we get again

by =b,=c,=d; =0).)
Consequently, we obtain in each case
Me = (Z, Z,W,W).

Hence we have proved that the translation group is contained in the group of trans-
vections.
By theorem 1 it follows that E* admits only parallel regular s-structures.

3. REGULAR s-STRUCTURES ON E’

Theorem 5. The Euclidean space E* admits non-parallel s-structures. Each non-
parallel regular s-structure {s.} on E® can be described in the following way:
there is a system of orthogonal coordinates (x', ..., x°) in E® such that, with respect
to the complex coordinates z = x' + ix%, w = x> + ix* and the real coordinates
t = x>, the transvection group K is given by

K: z=z.e® 4+z,, w=w.e @ 4w, t'=t+1
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and each symmetry s,, x = (2o, Wy, t,) € E® has the form:

z' Zg ! o giatzer H lz =z
w |l = wo || + !e‘““z‘”") 0 01 t W — W,
o N N

Here o0 > 0 and o €(0, 21t), o % m, are real parameters.
Proof. Put
(31) E(x', x%, x%, x* x%) = C*(z, w) x RY(1),
z=x'+ix?, w=x¥+ix*, t=x°,

and let {sx} be a regular s-structure on ES°. There exists an orthogonal coordinate
system in E® in which the symmetry s, at the origin o € E° has the form

(32) 2=z, w=we, = —1, o%2kn, B+ 2kn.
In these notations, the algebra i(ES)C has the following basis:
. 0 ~
(33) z =2, z =2,
0z 0z
w=2 w2,
ow ow
-9
o’
Al——-v_vi—i—a—, lew—q—z—a»,
0z ow 0z ow
I B I S
0z ow 0z ow
A, =nl -0 42200 _.2,
z ot 0z ot
A4=21£—W£, Z4=21i—wﬁ,
W ot ow ot

Again, the symmetry s, induces an automorphism ¢ of K¢, and from (31), (32) and
(33) we have:

(34) oz) = e "Z, oW) = e #w, oT)=-T,
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o(4) = e P4, o(dy) = e P4,

o(A4;) = —ePA4;, o(4,) = —e A,
o(4s) = As, o(dg) = A
According to (10), the subspace M is generated by:
6 4
(35) A=Z+Y pA+ Y a4,
k=1 k=1
B =4,
6 4
C =W+ rd+ Y s4,,
k=1 k=1
D=C,

6 4
E =T+ Y aA, + Y @A,
k=1 k=1

where p;, q;, 1, 5;, @, are complex numbers. Using conditions o(M) = I again we
obtain

(36) Pi=P:=ps=ps="ps =0,
ry=ry=rs=r, =5, =0,
a3y =a,=0,

and the following implications:

(37) (1) 20+ B+2kn =gq,=0,

(2) 2«— p+2rn =q,=0,
B) a+2B%2nm =s =0,
4 o-2+2mn=r, =0,
(5) a%in+ pn =gq;=0,
(6) B+in+ gqn =s, =0,
(7) o+ B+@2s+1)n=q,=s3=0a,=0,
®) a— px(r+)n=>p,=ry=a,=0,
where k, I, m, n, p, r, s are integers. If all of the conditions (37) are satisfied, then
We = (2,Z, W, W, T).

It is easy to see that one of the conditions (7) or (8) must be always satisfied. Hence
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it suffices to consider the following cases:
I a—B=Q2r+)n, a+B+02s+1)m,
I a—f+@r+)n, a+pf=02s+1)m,
M a—B+Q2r+)n, oa+p*+Q2s+1)m.

Ad I. Here 20 — 8§ + 2In and a — 28 + 2mmn, and the following three possibilities
occur:
1) 20+ B+ 2kn and « + 2B + 2nm,

2) 20+ B =2kn and o+ 28 % 2nm,
3) 2o+ B +2kn and o + 2f = 2nm.

Ad 1, 1) In this case, according to (35)—(37), we obtain for the subspace I° the
following basis:

(38) A=7Z + pAy + qA,, B=1,

@]

C=W+rAy; +s4,, D=C,
E=T + ad, + ad, .
D, q, r, s, a — are arbitrary complex numbers.

Now we make use of conditions (13) and (15) in the complex form again e.g.

(39) 8 = [proj [, Y/(s0(5))] = ((so()yY -
By (33) and (38) we have:
(40)  [A4,B] = — 2pGA, + 2pqd, — 297 ids + 2pp A,
[C,D] = 2r54, — 257A, + 2rFids — 255 id,,
[4,C] = — 2prA, + 2gsA, + 2qrids + 2psid,
[4,D]= (p—F)E—a(p—F)A, + [2(q5 — pF) — a(p — F)] 4,,
[4,E] = — 2gB — (a + 2p) C + [29q + r(@ + 2p) + ap] A; +
+ [2qp + s(@ + 2p) — aq] 4, ,
[C,E] = (a—2r)A—2sD + [—q(a — 2r) + 2Fs + as] A; +

+ [=p(a — 2r) + 255 — ar] Ay,
[3, 0] = T4, €], [B,C] = [4.D]. [B.E] - [4.E. [0.E] - [C.E].
Obviously, in our case (I, 1)

a+n, B*+n and o — f =+ 2km.



hence by (34)
U(Az) * A,, 0(A3) * A;, O'(A4) + A, .

Moreover, two following possibilities occur:

(1) o+ B * 2kn=0a(A,) + A,
(ii) o+ f=2kn=0(A4,) = A4,,
By (39) and (40) we get:

(41) alp—7) =0,

2(qs — pr) —a(p —7) =0,

2qq + r(@ + 2p) + ap =0,

2pq + s(a + 2p) —aqg =0,

gla —2r) — 2Fs —as =0,

pla—2r)—2ss +ar=0, if a+ f=2kn.
If « + B + 2km, then we have the following additional equalities:
(42) pg=0, r5=0, pr=0, gs=0.

First equation in (41) gives
a=0 or p=r.

First of all, let us consider the possibility a = 0.
In the case (I, 1,1), the conditions (41) and (42) give rise to ¢ =0, s = 0 and
pr = 0, i.e., either p = 0, or r = 0.

1° Let p = 0 then M€ is generated by:
(43) A=Z, B=17Z,
C=W+rds, D=W+Fid,,

E=T.
Then by (40) we have:
[4,B] =0,  [C,D]=2rFids, [4.C]=0,
[4,D] = —FE, [4,E] =0, [C.E] = —2¢A.

The conditions (6), (13) and (15) in the complex form give the inclusion:
(44) [proj [, Me]/(so(n))e, M] < Me .
Applying (44) in our case (I, 1,1, 1°) we have:

[[C, D], C] = —227d, e Mc .
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Hence r = 0, too, and M = (Z, Z, W, W, T).
2° For r = 0, the subspace ¢ is generated by:
(45) A=Z+pA,, B=Z+pA,, C=W, D=W, E=T.
Then we get by (40):
[4,B] = 2ppid,, [C,D]=0, [4.C] =0,
[4, D] = pE, [4.E] = =2pC, [C,E]=0.
Condition (44) implies
[[4, B], A] = 2p*pA, e M.
Hence p = 0, too, and M = (Z,Z, W, W, T).
In the second case (I, 1, ii), conditions (41) give:

|

rank |
it

pq —s —p|

=1.
sror q|

Suppose p =+ 0, then we have ¢ = —gp, r = 00p, s = gp where ¢ — is complex
number.

Then for the subspace M we obtain the following basis:
A=Z+ pA, — opAs, B =4,
C=W=—00pA; + 2pAs, D=C,
E=T.
By (40) we obtain
[4,B] = 2pp(eA, — @A, — 00 iA, + i4,),
[C, D] = —o0[A4, B],
[4.¢]= ala.5].
[4,D]= p(1 +00)T,
[4,E] = 2p(@B - C),
[C,E] = 208(e4 — D).
and using (44) we have: ’
[4. [A4, B]] = 2pp(—0@4 + @D + p(1 — 0@) Ay — 2po(1 + go) A3 € M*

which finally gives p = 0, a contradiction. Hence we have by (41) s = g = 0, r = an
arbitrary complex number, and this possibility has been already discussed previously

(cf. (43)).
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It remains the second possibility p = 7. In this case (independently of conditions
(42)), (41) implies
p=¢q=s=r=0, a=an arbitrary complex number .
Hence, in this case we get the following basis for the subspace 9i<:
(46) A=2, B=Z, C=W, D=W,

E =T+ aA, + aAd, .
By (40) we have:

[4,B] =0, [4,C]=0, [4,D]=0, [4,E]=—aWw,
[B,C]=0, [B,D]=0, [BE]=aW, [C,D]=0,

[C.E] =aZ, [D,E]=aZ.

We have obtained a 5-dimensional Lie algebra which is essentially distined from the
Lie algebra of the group of translations. This implies together with Theorem 2 that
the Euclidean space E° admits non-parallel regular s-structure.

Ad 1, 2) In this case the following additional conditions must be fulfilled:

a*xiIn+pn, fEin+gqn, o+ B+ 2k,
oF 7, e
According to (35)—(37) we then obtain for the subspace M the following basis:
A=2Z + pA, + q4,, B=4,

@'l

C=W+rd,, D=

E=T + ad, + ad,.

From the condition (39) (similarly to the case (I, 1)) we get p = g = r = 0, a = an
arbitrary complex number. Hence we obtain again the algebra (46).
Ad 1, 3) It reduces to case (I, 2).
Ad II. Here 20 + 8 & 2kn and « + 2B = 2Ir, and another three possibilities
can appear
1) 2a— B +2In and o — 2B * 2mn,

2) 20— B =2r and o — 2B * 2mn,

3) 2« — =2 and « — 2B =2mn.
Ad 11, 1) In this case we get for MC the following basis:
(47) A=2Z + pAy; +qA,, B=4,

@]

C=W+rdy; +s4,, D=

>

E=T + ad, + ad,,
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D, 4,1, s, a — are arbitrary complex numbers. By (33) we have:
(48) [4,B] = —2pqA, + 2pgA, — 2ppids — 297 iA,,
[C, D] = —2Fsd, + 2r54, — 2rFids — 255id,,
[A, D] = —2fqA, + 2psA, — 2pFidAs — 2g5iA,,
[A,C]l= (q—r)E—a(q—7r)A, + [2(ps — qr) — a(qg — r)] A,,
[A,E] = —2pB — (a + 2q) D + [2pp + (@ + 29) F + aq] 45 +
+ [2pg + (@ + 2q)5 — ap] A, ,
[C,E] = (a—2r)B—2sD + [—p(a— 2r) + 2sF + as| A; +
+ [—q(@ —2r) + 255 — ar] A, .
Similarly as in the case (I, 1), we obtain by (39), (44) and (48):
(49) p=q=r=s5s=0,
a = an arbitrary complex number .
Hence, the basis of 9 has the following form:
(50) A=Z, B=Z, C=W, D=W,
E=T+ aA, + a4, .

It is easy to check that this is a 5-dimensional Lie algebra, which is isomorphic to
algebra (46).

The remaining cases (11, 2) and (I1, 3) are completely analogous to (I, 2) and (I, 3).
Each of them implies conditions (49).

Ad III. According to (35) and (37) the subspace ¢ is generated by:

(51) A=7 4+ q A, + 4,4, + q;A;, B =4,
C=W+r,A, + 5,4, +s,A,, D=C
E=T.
Then we have by (33) and (51):
(52)  [A B] = (4285 — 43d1) A + (0135 — 4332) Aa —
= (9141 + 4244 + 24335) i4s + (9,4, + 4232) 46,
[C.D] = (545, — r254) Ay + (54F2 — 5454) A3 + (ryF, — 5,5,) 145 —

— (ryFy + 5,5, + 2545,) ids ,
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[4,C] = — q:B = 5;D + (9,3, + 5:5,) Ay + 243544, + 4,4, +
+ 517245 + 414343 — 425445 + 515,44 — q3raA, —
— G2y 145 + g1y i4g,
[4, D] = — q,B — 7,C + 4, Ay + 5,724, + (4232 + r2F;) Ay +
+ 2435345 + 424343 — 415445 — 435,40 + s,F2 A, —
— q,5, 145 — q,5, 14, ,
[A4, E] = — 243B + 2434, 4, + 243G,4; + 2433345 ,
[C,E] = — 25,D + 25,7,A; + 25,5, Ay + 25,5,A, -

It is easy to check by means of conditions (34), (39) and (52) that each of the six
possibilities (1)—(6) in (37) implies

g1 =gy =gz =1, =5 =5,=0.

Hence in the case 111 we have:

We = (z,Z, W, W, T).

Now we shall determine a Lie group of transformations of E®, the Lie algebra of
which is isomorphic to (46).

For this purpose we find first the l-parameter group of transformations cor-
responding to the vector field E. By solving the system of differential equations

we get:

dz
ds

=aw,

z =z, cos(\/la,)s + Wl W sin (\/Ial)s,

w = wocos(y/|a])s — —\ml zo sin (y/[al)s,

t =ty +s.

Hence the 1-parameter group of transformations has the form:
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z' = zcos (/|a])s + m wsin (\/|a]) s,



wo= — 71;1 z (sin /|a) s + wcos (/) s,

V =t+s.

Therefore our 5-dimensional Lie group of transformations of E* ~ C*> x R' has
the form:

z' = zcos (y/|a]) 1o + 4 sin (Vla]) to + 2o
Jla|
w = — -2 2sin (\/|aD to + Wcos (\/lal) to + Wo s
N
o=t +t.

This is isomorphic to the matrix group

oW sl 0

- Lsin(\/laDto cos (y/]al) 1o 0 Wo
Jlal

0 0 1 to

0 0 0 1

Introducing new coordinates (admissible in the space C?).

Z + iw z — 1w

where

" a
W= ——w
Vlal
one can write our transformation group in the form
Z = ze Mo 4 29
’

i 0
Wy = Wlemo + Wy,

fo=t+1,
where 1 = \/|a|.

The symmetry s, looks out as follows:



The family {gosoog~':geK} is the regular non-parallel s-structure on E° ~
~ C? x R.

And can be expressed in the form:
| | |

; 0 e—i(a+2/1!g) 0

z' Il zg , z — z,
wll = w(,! + || ei@t2i0 0 w—wo| -
t 10 || 0 0 =1 |jt—1
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