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Many authors such as Dodson, Radivoiovici [2], Koldi [7,9], Oproiu [16],
Puscas [17], Rybnikov [20] and others have dealt with prolongations of connections.
By these we understand the rule transforming a given connection on a manifold into
a connection on some prolongation of this manifold. For instance, a connection
on J'Y - X or VY — X is associated with a connection on a fibre manifold Y — X.

In the present paper we shall deal with the ““prolongation” of a linear connection
on an arbitrary manifold in the following sense. Any linear connection on a manifold
M may be identified with a principal connection on the first order frame bundle
H'M(M, L) = inv J)(R™, M), L,, = Gl(m, R); throughout the paper m = dim M.
We shall solve the problem how to construct a principal connection on the semi-
holonomic (or holonomic) second order frame bundle HM (or H*M) which depends
only on finite order derivatives of a given linear connection. All our constructions
will be natural in the sense of the theory of categories.

First we shall solve our problem using analytical methods. Then we shall show
that there is a geometrical way of solution, which uses prolongations of a linear
connection given by the geometrical constructions of Oproiu [16] and Kolaf [7].

As a consequence we obtain natural prolongations of any linear connection. This
means that there is a constructed connection on H?M over a given connection
on H'M.

All connections on principal bundles will be principal. Our considerations are
in the category C*.

1. Connections on principal fibre bundles. Let P(M, G) be a principal fibre bundle.
The r-th order (holonomic) prolongation of P is the principal fibre bundle
W'P(M, G,) = Jg (R™ x G, P) with the structure group G, = W{(R™ x G) where e
is the unit in G. It is known, [8], [10], that WP = H'M @ J"P and G, = L,, X TG
where @ is the fibre product and X is the semidirect product of groups. Then W”
is a covariant functor from 24,,(G) (the category of all principal fibre bundles with
m-dimensional bases and a structure group G and morphisms of such bundles over
diffeomorphisms) into 2%,(G;), [10]. W' transforms any morphism fe
€ Hom 24,(G) over f, into W’f := (H'f,, J'f) where H'f, and J'f are defined in"
the usual way, [5]. :
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According to Ehresmann [1] an r-th order connection on any principal fibre
bundle P(M, G) can be interpreted as a section of the fibre manifold Q"P —» M
of elements of connections. In the sense of the theory of categories, Q" is a covariant
functor from the category 24, into the category & .#,, (of all fibre manifolds with
m-dimensional bases and fibre manifold morphisms over diffeomorphisms). Q" trans-
forms any principal fibre bundle P(M, G) into Q"P — M where Q"P is a fibre mani-
fold associated with W"P(M, G;,). The standard fibre of Q"P is T,, .G = J3(R", G),
and the action of the group G}, on T}, .G is given by, [19],

m,e

(1) (4,8) Y = (SYjo[(BS) ') a™",
where (4, S)e L, X T;G, Ye T, .G, SYjo[(BS)™'] is the product in T,G induced

by the product in G and 5™ is the composition of jets. f is the target projection
Jo(R™, G) > G and (BS)~" means the inverse element of BS in G. [(BS)~*] means
the constant map of R™ on (8S)™'. Hence

QP = W'P x T G|G.

m,e m*

Any morphism f of P(M, G) into P(M, G) given by a triplet (f, ¢, fo), f: P —> P
over fo: M - M, ¢: G — G is a homomorphism of groups such that f(ug) =
= f(u) ¢(g) for all ue P and g € G, is transformed into the morphism Q'f: Q"P —
— Q'P by defining Q'f : = (W'f, T,p) where Tjp: T,G — TG is given by Tp(j5e) =
=jo(p oa), : R" > G.

In our case we consider only the first order connections and P is the first order
frame bundle H'M(M, L},) (or the second order semiholonomic frame bundle
H*M(M, L;)). Then the fibre manifold of elements of connections Q'H'M (or
Q'H’M) is associated with W'H'M (or W'H?M). W'H'M (or W'H*M) has the
reduction H2M (or H*M), [10], and hence Q'H'M (or Q'H>M) is a fibre manifold
associated with H*M (or H*M). T,, L, (or T, .L.) is the standard fibre of Q'H'M

m,e’~m ,e'm

(or Q"H?*M) and the action of the group L, (or L},) on the standard fibre is given by

m

the restriction of the action (1) to the subgroup L;, = (L},),, (or L}, = (L?),). Then
according to [5] Q'H' (or Q'H?) is a lifting functor of order two (or three) and
a connection on H'M (or H?M) is a field of geometrical objects of order two (or

three) in the sense of [15].

2. Natural operators. Let F, G: /#,, > F 4/ be two lifting functors of orders r
and s. ., is the category of all m-dimensional manifolds and their embeddings.
If for any manifold M e Ob .#, a differential operator A,;: FM — GM is given
then A is a differential operator of the functor F into the functor G.

If a differential operator A satisfies
) (40) | U = A4(e | V)

for all open subsets U = M and all sections ¢: M — FM, then the operator A is
called inclusion-preserving.

107



Let f: M — M be any diffeomorphism. Then the map Ff: FM — FM transforms
any section ¢: M — FM into the section Ffocof ': M — FM. An inclusion-
preserving operator A is natural if for any section o: M — FM and any diffeo-
morphism f: M — M,

(3) Au(Ffooof ™) = Gf o Ayo o f 7!
is fulfilled.

A natural operator 4: F — G is of order k if 4, is of order k for all M € Ob #,,.
Hence for any M € Ob .#,, we have the associated base-preserving morphism

ay: J*FM — GM , (LM(jkO') = Ayo .
From (3) we obtain
(Gfo aM—) (_];(T) = (Gfo AMG' of-l) ()_C) = (AM‘(Ffo g of_l))(jc_) =
= (a3 - J*Ff) (jio)
where X = f (x) and this yields a commutative diagram

JEM M, GM

lJ*Ff le
JFM -2, GM
Hence «: J*F — G is a natural transformation of J*F into G.
On the other hand, let «: J*F — G be a natural transformation. Then it is easy
to prove that the rule A transforming any section o¢: M — FM into Ayo =
= ay(j*e6): M > GM is a natural operator of order k.

So we have proved

Proposition 1. There is a bijective correspondence between the set of k-th order
natural operators of a lifting functor F into a lifting functor G and the set of natural
transformations of J*F into G.

3. Natural operations with linear connection. Now we can solve our problem. ‘
A linear connection on M can be interpreted as a section I': M — Q'H'M. We have
to transform any section I into a section pyI": M — Q'H?M such that p: Q'H' —
— Q'H? is a finite order natural operator. This means that a connection p,I" depends
only on finite order derivatives of T.

Assume first that p is a first’ order operator, so that we have the associated map

T JIQUH!M — Q'H?M .

The standard fibre S; = T,i,eLﬁ,, of Q'H'M is an Lf,,—space. We denote the canonical
coordinates on S; by (I'j;) (Christoffel’s). Then from (1) the action of L, on S, is

(4) (aj, aj) (T%) = (ai,atd’ + ajT,,a0ay),

where (a!, ai,) e [2, and 4 = (4!, a',) is the inverse element of A.
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The r-th jet prolongation of Q'H!M is a fibre manifold J"Q'H'M associated with
H""2M, [13]. Recall that according to [5] J*Q"H " is a lifting functor of order(r + 2).
Denote by S the standard fibre of J"Q'H'M and consider the canonical coordinates
(T T s oo Ther 1) (Christoffel’s and their partial derivatives up to order r).
Then the action of the group L*? on S} is given by gradual formal differentiation
up to order r of the action (4), [11]. For r = 1 we obtain the action of I3, on S}:

'm

(5) (a;’ a;k’ a.::kf) (F_iik’ rj’k,l) = (a;md;c"dg + a;}rfma“:‘"ﬁ“’ >

i ~q~m~p i ~moap i ~ma~p i =qrp smzr
Apmgd1 Gy 4; + a,,804, + a,,d'a;, + a,,dll}, a'a; +

pm pm m

iTp ~q ~m ~r iyp sm zr iyp smpar
+ aPrrm,qalak aj + aprrmaklaj + a’prrmak ajl) .

Further, Q'H*M is a fibre manifold associated with H3M with the standard
fibre R, = T, ,L2. Denote the canonical coordinates on R, by (I'%, I',,;) (there is
no symmetry in subscripts). Then from (1) we have the coordinate expression of the
action of I2 on R,:

(6) (@) @i @jur) (T Tt) = (a1, @ + @il 0047
o @170, + 0, TLETE + b, L) +
+ a, I, GaE + a,,d{ @ + a,1,88).
Now, according to [18] our problem is equivalent to finding all L} -equivariant
maps of S} into R,. The coordinate expression for such an I3 -equivariant map is

(7) rji'k = Fi'k(r}lo r;‘k,l) > r;‘kl = F;’k[(r;‘k’ l—_iik,l) .

J

Let (A}, A}, A}, be the canonical coordinates on the Lie algebra of L, Then
according to [ 10, 12] all L} -equivariant maps F: S} — R, are just all global solutions

m

of the following systems of partial differential equations:

oF!

jk m m m m
(8) w@l“:" Ay, + AgTh, — T AL — ry,Al) +
np
6F;k m myr myr m Ar m Ar
+ o (Anpq + Arqrnp + Ar an,q — l—‘rp,q n Fnr.q 2
np.q
- r:lnp,rA; - r:‘r;;A;q - F:I':'A;q) = A:”FIJY;‘ - F:III\A'jn - F;mAIT + Ajlk ’
BF;-_,:, m Aml—‘q rm Aq l—-m Aq
(9) ar—m(Anp'l' q-np T Lapn T g p)+
np
aF_';'kl m mrr Amrr l—wx- Ar l—*m Ar
+ o (Anpq + Arq np + A, np,g — Lrp,gn T Lorgfp T

np.q
— T AL — T AL, — T = Ay + ALF) + A F +

np,r'q p

i i m i m i m i m
+ A Fhy — FouA} — Fi Al — Fua A7 — Fo Al
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First we shall solve the system (8). Assume that Aj- =5, Aji-k = A;k, = 0, then the

system (8) is reduced to :

aF' m aFl m i
(10) Trrjnk Oy + 2 T, = Fly.
0 np np,q
(10) is the system of type
. 5
a—aji.x' +‘b—£ yP = kf.
ox! oy?

According to [4] all global solutions are homogeneous polynomials of degree r
in the variables x’ and of degree s in the variables y? such that ar + bs = k. In our
case a = 1, b =2, k=1 and hence r = 1, s = 0. Hence the solution of (10) is
a linear function dependent only on Christoffel’s I'j,. Then we have

i __ igrpp
Fie = ajioler

and if we assume 4} = ( we obtain from (8)

a4 atf = 1
and ajf, = 0 if i # p or {j, k} # {q, r}. If we denote ail} = ¢ we can express the
solution of (8) in the form

(11) Fpo=cl + (1= 0o Iy;.

Now, we shall solve the system (9). Assume again A} = &}, A}, = Al =0.
Then the system (9) is reduced to
OF %, oF %, ;
(12) o jkl ™ 4 2 ’:H r" — ZF;“

m np N np.q
arllp ornp.q

and according to [4] the solutions of (12) are homogeneous polynomials of degree r
in IT7, and of degree s in I', , such that r + 2s = 2. Thenr =2, s =0 or r = 0,
s = 1. Hence the solutions are sums of linear functions in I'}, , and quadratic functions
in I';. Express these solutions in the form

Fia = ajiplans + bl
Where biisin — pirre. Using a simple algebraic evaluation we can easily find the
relations between the coefficients. If we denote a*! = g, aifli = b, alfl}

iklj ) . Jjkli i = 6
i = d, apll = e, alii = f we obtain the solutions of (9) in the form

(13) F;’kl = ar;’k,l + brj‘l,k + crlij,l + drlil,j + er;j,k +fr§k,j +
t(e—c—e—d+o)T,In+ (1 —f—¢— o), +
te+e—a)OI+al, T +(c+d+e—1+c+ p)TLIM+ -

m* jl

t(l—e—¢= BT, + (a+/ = B) Ly + BT +
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+(E—a—b—d+y) 0+ (—e—y) 1,005 +
+(b+d—¢—y) T+ 90l
where a, b, c,d, e, f,é, 0, f,yeRand a + b+c+d+e+f= 1.

We have proved

Theorem 1. There is a 9-parameter family of first order natural operators of
Q'H' into Q'H? and any such natural operator transforms a connection I (=T},)
on H'M for any M € Ob ., into connections pyT" on H*M with components given
by (11) and (13) for some real coefficients a, b, c,d, e, f, ¢, a, B, y, where a + b +
+c+d+e+f=1

Remark. According to (11) the connections p,I" arc over connections ¢I” +
+ (1 — ¢) I where T is the conjugate connection to I'. If ¢ = 1 then p,, I are over I”
and we obtain prolongation natural operators. Hence we have

Corollary. There is an 8-parameter family of first order prolongation operators
of Q'H' into Q'H?.

4. Geemetrical construction of natural operators. In this section we shall show
that any first order natural operator of Q'H' into Q*H? may be constructed in the
geometrical way. There are two basic prolongation natural operators of order one
of Q'H* into Q'H?. The first one is given by the geometrical construction of Oproiu
[16]. This construction can be generalized in the following form. Let P(M, G, n)
be a principal bundle. Then W'P < T!P is the set of such 1-jets of ¢: R™ — P that
@ = o is a local difftomorphism of R™ on M, [14]. Consider a connection I’
on P given by I'(p) = jiy(t), where y: M — P is a section such that y(x) = p,
and a connection A on H'M given by A(u, = ji A(t), where A: M — H'M is a section
such that A(x) = u, [9]. Let x € M be an arbitrary point and ¢ € T,M an arbitrary
vector. Then u™!(¢), we HLM, is an element of R™. Then M@) (u™'(&)): R" > ™™
and T(M(¢) (w™'(¢))): R™ — TP. The l-jet of this map is an element of T,,TP. Using
the diffeomorphism T!TP ~ TT.!P we obtain a hftmg which defines a connection
(T, A) on W'P.

Now, we consider P = H'M. Then W*H'M ~ H>M and two connections I', A
on H'M determine a connection py(I, A) on H*M. The connection Pp(, A)
determines the connection on H*M < H?M if and only if A = T (the conjugate
connection to I'). Then p is a first order natural prolongation operator and its as-
sociated map has the coordinate expression
(14) Fi

‘. = ', (the prolongation condition),

ijlzrj'l.k'i_rl Iy

Jjm

It is easy to see that Oproiu’s prolongation operator is obtained from (11) and (13)
if ¢ = 1, b = 1 and the other coefficients vanish.
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The second basic prolongation operator has been constructed by Kolaf [7] who
developed the original idea of Gollek [3]. Let I be a connection on P and A a connec-
tion on H'M given as above. Then (A(1), T(y())) is a section of W'P = H'M @ J'P
and jL(A(t), I(y(1))) determines a connection on W'P.

In our case P = H'M and W'P = H*M. Then two connections I" and A on H'M
determine the connection py(T, A) on A?M. This connection determines the con-
nection on H>M if and only if A = T and then p is a first order prolongation natural
operator with the associated map

(15) Fiw =T,
Fji'kl = rj'k,l + rlinkrTl + rj'mr;\"l - rlin’r_';ll\' .

It is easy to see that Koldi’s prolongation operator is obtained from (11) and (13)
if ¢ = 1, a = 1 and the other coefficients vanish.

According to (6) Q'H>M is an affine fibre manifold. Hence if X, ..., £, are con-
nections on H?M, ie. sections of Q'H?M, then k, X, + ...+ k,%,, k;eR,
k, + ...+ k, =1, is also a connection. Denote by E(Q'H*M) the vector bundle
associated with Q"H*M. Then E(Q'H>M) is associated with H*M. For an arbitrary
connection I': M — Q*H?M and an arbitrary section t: M — E(Q'H?M) the
sum I' + k1, k e R, is also a connection on H*M.

Consider the canonical involutive automorphism iy: H*M — H>M which maps
the point (x', x, x},) onto the point (x, x}, x;;). This automorphism transforms any
connection £ on H?M given by X(u) = jio(t) into the connection iy E(u) =
= jLiy o(t). If (Zi, Z4,) are components of X, then iy £ has components (2f,, i ).
Then i is a natural operator of order zero of Q'H? into Q' H?.

Using the natural operator i and the conjugate connection [(=T};) we can
construct for any connection I'(=TI"j,) the following connections on H*M over I':

and the following connections on H2M over I

Denote £ = §(I" + f). Then with Koldi’s operator p we can associate the section
of E(Q'H*M) given by

(18) P = 4{py(Z, %) — $pu(T, T) = +pu( T, T)}

and with Oproiu’s operator p we can associate two sections of E(Q*H*M)
(19) Q = 4{pu(Z,2) — 4um(T, T) — 1pu( T, 1)},

(20) R = (P (5. Z) — D) (1. F) = 35)u (T, 1)

Then from (16)—(20), using the affine structure of Q' H>M, we can construct a family
of connections on H*M which is equivalent to the family given by Theorem 1.
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Thus we have proved

Theorem 2. Every first order natural operator of Q'H' into Q' H? can be deduced
from Oproiu’s and KoldF’s operators.

5. Natural operators of Q'H' into Q'H?. Up to now we have considered the
second order semiholonomic frame bundle. Now, we shall consider the second order
holonomic frame bundle H2M. For the components of connections on H2M we have
the additional condition Fj':,,, = F,‘;j,. From the coordinate expression (15) of Kolaf’s
operator we immediately obtain

Proposition 2. If T: M — Q'H'M is a connection without torsion then py(T, T)
is the connection on H>M.

If T is a linear connection in our sense, then the classical connection, [6], is — T
From th%s and the coordinate expression (14) of Oproiu’s operator we immediately
obtain

Proposition 3. py (T, f‘) is a connection on H*M if and only if T is a connection
on H*M such that T is the connection without curvature.

In general, the additional condition I j.,(, =Ti ;1 leads to a four-parameter family
of natural operators of order one. This family is obtained from (11) and (13) by
puttinga=c,b=d,e=f,a=p,y=(2b—¢)2.

Theorem 3. There is a four-parameter family of first order natural operators
of Q'H' into Q'H? and any such natural operator transforms any connection T
(=T%) on H'M into connections on H*M with components

(21) Iy =él, +(1—2¢) Iy
Iiy = a(lh, + Ti) + b, + Thy ) +-e(Ti, + i) +
+@E+a—HTrn + 000+ (1 —e—¢— o) ([, + TLTT) +
+(a + e — ) (TL,T + TLIE) + aT),T5 + TLIY) +

c i i E i i
+ (i —a— b) (CL,Ir; + I,re) + <b - 5) (rire + I
where 2a + 2b 4+ 2e = 1.

Corollary. For ¢ = 1 we have prolongation natural operators and hence there is
a three-parameter family of first order prolongation natural operators of Q'H*
into Q*H?.

Rybnikov [20] constructed geometrically a prolongation natural operator of Q'H'
into Q'H? for connections without torsion. In coordinates

i 1pi 2ri P _ ly1i e
= gl + 30600 — 3Tk
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where (...) denote symmetrisation. It is easy to see that this operator is obtained
from (21)if¢ = l,a =0, a =b=e =L

6. The order of natural operators of Q'H! into Q' H?. Up to now we have assumed
only first order natural operators. In what follows we shal prove that natural
operators of finite order r > 1 do not exist.

We have denoted by S; = R™ ® ®2 R™* the standard fibre of the lifting functor
Q'H*' and by (T';) coordinates on S;. Then (4) is the action of the group L, on S,.
The standard fibre of the lifting functor J'Q'H! is S| =T'S, =S, ® S, ®
QR™ ®...®S, ® O"R™. Let i, denote the canonical monomorphism of
groups i,: L, — L, (a}) > (a}, 0, ..., 0). Then from the coordinate expression of the
action of I, * on S} we immediately prove the following

Lemma. The action of the structure group L.}? on the standard fibre S} of the
lifting functor J'Q'H* is such that its restriction to the subgroup i,.,(L,) is the
tensor action of type (1, s + 2) on any component S; ® O°R™,0=s = r, of S}.

Consider an L, -equivalent map f of the tensor space of type (r, s), r # s, into the
tensor space of type (p, q). Then using the standard methods of the theory of dif-
ferential invariants, [10], [12], we see that f is the solution of the equation

(r—S)%x"=(P—Q)f~

According to [4] f is a homogeneous polynomial of degree m where (r — s) m =
= (p — q). Hence f must be a homogeneous polynomial of degree (p — q)/(r — ).

Theorem 4. All natural operators of Q'H' into Q'H' of finite orders are zero
order natural operators with the associated maps given by (11).

Proof. Let f: Q'H! - Q'H! be an r-th order natural operator, r = 0. Its as-
sociated map F is an " 2-equivariant map of T,S, into S;, [18]. F must be also an-
L} -equivariant map if we identify L}, with i, ,(L},). If we restrict F to the component
S, ® O°R™, 0 < s <r, we have an L} -equivariant map of the tensor space of
type (1, s + 2) into the tensor space of type (1, 2). Hence F must be a homogeneous
polynomial of degree 1/(1 + s) which yields s = . In Section 3 we have proved
that all such maps are (11), QED.

Theorem 5. If the order of a natural operator f: Q'H' — Q'H? is finite then its
order is less than or equal to one.

Proof. The standard fibre of the lifting functor Q'H* is R, = S; ® S; ® R"™*
and the action of I3, is given by (6). It is easy to see that the restriction of the action
(6) to the subgroup i5(L},) is, on the first component, the tensor action of type (L, 2)
and, on the second component, the tensor action of type (1, 3). Let the natural opera-
tor f: Q'H' — Q{2 be of finite order r. Its associated map F is an L, *-equivariant
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map of S]into R,. F has to be an L} -equivariant map and resticting F to the com-
ponent S; ® O° R™* we obtain for the first component of R, the map described
in Theorem 4 and for the second component of R, a polynomial map of degree
2/(1 + s5). Hence s < 1, QED.
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