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COMMON CONSEQUENTS IN DIRECTED GRAPHS

STEFAN SCHWARZ, Bratislava

(Received June 1, 1983)

Let V = {ay, a,, ..., a,} be a finite set with n > 2 different elements. By a binary
relation on V' we mean a subset g of ¥ x V. Let B,(V) be the set of all binary relations
on V (including the empty relation). Then under the usual multiplication of binary
relations B,(V) becomes a semigroup. :

Let M, denote the set of all n X n matrices over the Boolean algebra {0, 1}.
Then M, is a semigroup under the Boolean matrix multiplication. The map

(1) e = M(e) = (my),

where m;; = 1 if (a; a;) € and m;; = 0 othetwise, is an isomorphism of B,(V)
onto M,. In particular,
0.0 - M(e).M(c) = M(¢.0).

B,(V) is closed under the set-theoretical union ¢ U ¢ and M, admits an addition
M’ + M” (the sum of Boolean matrices). The map (1) preserves these operations, i.e.

0ua— M)+ M(o) =Meuo).

Let G,(V) be the set of all directed graphs with n vertices {ay, a,, ..., a,} with
allowable loops and simple directed edges. Each matrix in M, can be considered as
the adjacency matrix of a directed graph H in Gn(V) and determines H uniquely up
to an isomorphism. Conversely, each graph in G,(V) with labelled vertices determines
a unique Boolean matrix in M, as its adjacency matrix.

We have a one-to-one correspondence between B,(V), M, and G,(V):

e <> M(e) < G(e) -

Here G(p) is the graph corresponding to the matrix M(g).

In the following we shall freely use these obvious correspondences.

If ¢ is given and a; € V, we define a,0 = {x € V:(a;, x) € ¢}. If K is a non-empty
subset of ¥, we put Ko = {J a,0.

a;ek
The next notions concern the (finite directed) graph G(g). A sequence of vertices

@y Giys ---» A, is a path of length k in G(e) if every pair of adjacent vertices in this
sequence is in ¢. An edge is a path of length 1.
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A vertex a; is a consequent of length k of a vertex a; if there is a (directed) path
of length k beginning with a; and ending with a;. This is equivalent to the statement
ajeag.

A path of the form <a;, a;,, ..., a;, is called a cycle. If all its elements with the
exception of the last one are pairwise different, the cycle is called a circuit of length k.
A circuit <a;, a,> is a loop.

Suppose there is a circuit going through a fixed chosen vertex a; € V i.e. a; € a;0*
for some integer k > 0. Denote by h; the least integer such that a;e a" (ie.
a; ¢ a;o" for h < h;). Then any circuit of length h; going through a; will be called
an elementary circuit belonging to the vertex a; (or an elementary circuit going
through a;).

Definition. Let ¢ be given. We shall say that a pair of vertices (a;, ;), a; * a;, has
a common consequent (c.c.) if there is an integer [ > 0 such that

2 a'nap 0.

In terms of Boolean matrices this means: The rows corresponding to a; and a;
in M(g") have a 1 in the same column.

Example 0,1. Let V = {ay, a,, a;} and let ¢, be defined by

001
M(e,)=(100
110
We have
110 101
M(e})={001), M3 =(110
101 111

The pair (a,, az) has a common consequent of length 3 since
a0y N ae; =0, G1Q§ N ‘129% =0, 419? N azQ% = {al} +0.
We shall often use diagrams of the form
ay = a3 > a; = 4y,
d; > a; = dz = dag,

to specify the paths by which the c.c. can be reached.
Let again V = {ay, a,, a5} and let g, be defined by

001 ) .
M) =(100].
010

It is easy to see that none of the pairs (ay, a,), (a,, a3), (a4, as), have a common
consequent.
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Example 0,2. This example shows that some care is necessary. Let V = {a,, a,, a3}
and let ¢ be defined by

000

M(@)=[100

110
Then 000 000
M@*) ={000], M@E)=|000
100 000

Hence a0 N aso = {a;} * 0, while a,0® N aso® = 0.

We show that this situation cannot occur if M(g) has no zero row.

By the first projection IT(g) of ¢ we mean the subset of V consisting of all a;e V
for which a;0 * 0.

If I1(¢) = Vand ap = {4, a;, ...}, then a® = ap .0 = {4, a5, ...} ¢ + 0 and,
repeating this argument, we obtain IT(¢") = V for any I > 0.

If 1I(0) = V, then a;0' N a;o' # O implies the existence of an a, € V such that
a, € agQ', a,€ajo, hence a,0' < a0't’, a0’ = a;0't’, whence a0’  na'tt £ 0
for any integer t > 0. We state this fact explicitly:

Lemma 0,1. If II(¢) =V, then a'n a0’ + 0, {a,a;} eV, implies ag'"
A ajg”‘ =+ 0 for any integer t > 0.

Definition. Let ¢ € B,(V), V = {ay, ..., a,}. If a;, a; have a common consequent,
then the least integer I = 1 for which a;0' N a0’ + 0 will be denoted by L(a;, a;).

To shorten the terminology, if a;, a; have a common consequent, we shall say that
L(a;, a;) exists.

If there is at least one couple (a;, a;) for which L(a;, a;) exists, we define L{g) =
= max L(a;, a;), where (a;, a;) runs through all couples for which L(a;, a ;) exists.
If M = M(g) is the Boolean matrix corresponding to ¢ in the correspondence (1),
we shall write L(M) = L(g). If, finally, there is no couple (a;, a;) for which L(a;, a;)
exists, we define L(¢) = L(M) = 0. [Note that in contradistinction to this definition
L(a;, a;) is either 21 or does not exist.]

The cardinality of a set Q will be denoted by |Q)|.

The following lemma is known. (See A. Paz [1], p. 89.)

Lemma 0,2. Let o€ B(V), V= {ay,...,a,}, {a;, a;} e V. If L(a;, a;) exists, then
La;, a;) £ in(n — 1).

Proof essentially repeats that given in [1] We include it not only for the sake of
completeness, but rather since the modifications of the method used here will be used
several times in the sequel.

Denote t = L(a;, a;) and consider the paths

a;=a” > aP - . . a'"" Y 5agP=aqa,

= 40 ¢} (t—1) ) —
a;=4a;’°—>a;" —...4; —>a;  =a.

Here a € a,0' N a;0', while for all I < t we have a,0' n a;0' = 0.
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The sequence of pairs

” (5 () G- )
)\ ) o\ e-n)s
aj aj aj ) a

cannot contain two equal pairs, since if
aEk) agk+u)
(d) = (Go0)
with u > 1, we may omit in (3) the segment
agk +1) agk +u)
(47 (4
which yields a;0' ™ n a;0°™* # 0, a contradiction with the definition of ¢.
We next show that only one of the pairs of the form

(a,,> and (a’> [a eV, a"eV, a *a"]
a a

Indeed, suppose that ’

a(il) _ a and agl+u) _ a”
ag'l) a’ a§l+u) a/

for some u > 0. The first equality implies that v = ¢t — [ is the least integer for which
a’'e’ n a”e’ #+ 0. The second one says that a’o¥ na’e” += 0 for w =1t — (l + u).
Since w < v, we have a contradiction.

can appear in (3).

Now the number of all unordered pairs with @’ & a” [a’, a" € V] is equal

a ”

to 4n(n — 1). Hence in (3) we have t < 4n(n — 1). This proves Lemma 0,2.

A. Paz [1] remarks that it is not known whether the bound in(n — 1) is sharp.
He also remarks that the difference between the above bound and any sharper bound
is of order of magnitude in.

The purpose of this paper is to prove that the above bound is not sharp. We prove
that for any binary relation ¢ € B,(V) and a,, a; € V, if L(a;, a;) exists, then

(4) L(ai’ aj) = %nz —h+g,

where

. 1 ifniseven,
" 3 ifnisodd.

Moreover, this result is the best possible.

The formulation of this result in terms of directed graphs or in terms of Boolean
matrices is obvious.

Though we shall often use graph-theoretical methods, the use of binary relations
seems to have many advantages. For instance, a;0' describes all vertices accessible
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from the vertex a; by a path of length /. Note also that we shall have to deal with
“high” values of I (i.e. values of order %nz).

We prove our statement in several steps. We first prove it for primitive relations.
This is the essential part. For irreducible but not primitive relations we find estimates
which are better than (4) Finally we treat the case of a ““general” relation.

The function N(n) = $n* — n + ¢, defined for all integers n > 2 plays an essential
role in the following. Here we give the first eight values of N(n):

N@)=1, N(6) =13,
N(3) =3, N(7) =19,
N@#)=5, N@) =25,
NG)=9, N(9) =33.
We now prove our statement in two rather trivial cases.

Suppose that M(g) contains a zero row, say the row corresponding to ateV,
ie. a*¢ = 0. We may suppose n > 3. Clearly L(a*, a;), a; + a*, does not exist.
Let therefore a; # a*, a; # a*, a; & a;. The sequence arising from the paths joining
a;, a; with a common consequent a'”,

¥ (a) B <a§0)> (agn) (am>
- ) ) > (1> @)y
. aj a; a; a

cannot contain a couple of the form

* ’
<a’) or (a*) with a’ % a*.
a a

Suppose that (5) is the shortest possible sequence. We use the same argument as in
Lemma 0,2. The number of all unordered pairs

a® .
with a{” =+ a{”

ai.")
in (5) is at most (n — 1) (n — 2) = 4n* — 3n + 1, so that
L{a,a;) £4n* —3n+1=N(n) — (4n + ¢, — 1).

s

We have proved:

Lemma 0,3. Let g€ B,(V), n = 3, and suppose that M(g) contains a zero row.
If L(a;, a;) exists, we have

N(n) — 4n if n is even ,
La) <
L(a a)) = N(n) — %—1 if nisodd.
Remark. Here it may happen that the c.c. is the vertex a*. As a simple example
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consider the relation ¢ with
011
M(e)=1000].
110
Here L(a,, a;) = 1 and the c.c. of ay, a3 is a, = a*.

Suppose next that M(g) contains a zero column, say the column corresponding
to a** e V. If n = 2 and L(a,, a;) exists, then L(a;, a;) = 1. Suppose therefore in the
following n > 3.

If a; + a**, a; + a**, a, # a;, then the sequence (5) cannot contain a couple

of the form
a** . a’
)+ ()

[since a** is inaccessible from any a; € V]. The number of pairs in (5) is again at

most n-1
L
kK
If a = a**,i.e.in (5) we begin with (aa ) [which is possible], we obtain a sequence
J

.. n—1 .
containing at most < ) ) + 1 different terms so that

We have proved:

Lemma 0,4. Let ¢ € B,(V), n = 3, and suppose that M(g) contains a zero column,
If L(a;, a;) exists, then

L(ai,aj) < N(”) - (g - 1) if niseven,
N(n) — i(n + 1) if nisodd.

Lemmas 0,3 and 0,4 [which show that (4) holds in the special cases just considered]
will be used in Section 5.

Example 0,3. We close this section by giving a method how to find a c.c. (if it
exists). Consider the relation ¢ with

01000
00100
M()=[00010].
11000
10000
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To find L(a,, as) we write down (in an obvious notation) the sequence of ‘“‘rows”

k
(azgk , k=1,2,3, ...
as0
‘72\ as Qg ai, a az, as as, s Ay, ay, Ay
as) “\ay)’ \ay)’ as ’ as “\ay, a3)° as, as ’
Hence a,0° N ase® = {a,}, while a,0' nase' =0 for I <5 Here we have
L(a,, as) = 6 = N(5) — 3, which shows that the bound from Lemma 0,4 is achieved.
The scheme “‘contains’ any of the shortest paths joining a, and a5 with the common

consequent {a,}. Of course some of the transitions (e.g. a, — a, or a; — a3) are
forbidden. In our example we have a unique possibility:

Az = A3z > dq > Ay > 43 > 44 > 4y,

as —> a; = Ay = A3 —> A4 —> Ay > ay.

1. PRELIMINARIES

Motivated by the terminology in the study of non-negative matrices we define:

A Boolean square matrix A is called reducible if there is a permutation matrix P
such that PAP~ ! is of the form
B 0\,
(¢ 3)

where B, D are square matrices. Otherwise it is called irreducible.
A relation g € B,(V) is called reducible (irreducible) if M(g) is reducible (irreducible).
It follows that 1 x 1 matrices are irreducible.

In general, any Boolean square matrix is permutation cogredient to a matrix of the
form

A, 0 ... 0
Ay Ay ... 0,

A1 Az - Ay
where A; are irreducible.

We now recall some results concerning irreducible relations. (See, e.g., [2].)

Lemma 1,1. Let 9 € B,(V), n = 2. The following statements are equivalent:

a) g is irreducible;

b)ouolu..ug"=VxV;

¢) apuatu...uap" =V forany a;eV;

d) G(e) is strongly connected.
Note explicitly: If g is irreducible, then M(g") cannot have a zero row or a zero
column (for any integer ¢ > 0).
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The statement c) implies:

Lemma 1,2. Let ¢ be irreducible, g € B,,(V). Then for any a; €V there is a least
integer h;, 1 £ h; < n, such that a; e a,o".

Given ¢ we have defined a function h: V— {1,2,...,n} such that h(a;) = h,.
This notation will be used throughout the paper.

Definition. Let ¢ be irreducible, ¢ € B,(V). The greatest common divisor d =
= d(e) = (hy, hy, ..., h,) is called the index of imprimitivity of ¢. Clearly d =
= d(0) < n.

Another characterization of d(g) is obtained by considering the matrix representa-
tion M(p).

Lemma 1,3. If ¢ is irreducible and d = d(g) > 1, then the set V = II(g) admits
a decomposition into d disjoint non-empty subsets V=V, UV, U ... UV, such
that

(7) e (Vi x V) u(Vax Va)u...u(V, x Vy).
Hence M(g) is permutation cogredient to a matrix of the form
0 4, ... 00
00 ...00
00 ...0A,,
\4,0 ...00 )

If |V| = v; and v;4, = v, the zero matrices in the main diagonal are v; x v;
square matrices, while 4; is a v; x v;,; Boolean rectangular matrix.

Definition. The sets Vy, V,, ..., V; are called the sets of imprimitivity of o.
It follows from (7) that
e xV)uVy x )u...u(V, x V)
and it is well known that there is an integer k, > 0 such that for all k = k,,

= x VYoV x V) u...u(V, x V).
This implies:

Lemma 1,4. Let ¢ be irreducible, d > 1 and let V' be one of the sets of im-
primitivity of ¢. If a;e€ V', then there is an integer k, > 0 such that for any k = k,
we have a " = V'.

To find explicitly the sets Vi, V5, ..., V; we may use the following

Lemma 1,5. Let ¢ be irreducible, d(g) >1and a;eV= H(Q).

a) The sets
(8) a0', a0t .., a0ttt

are disjoint subsets of Vforany |l > 1.
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b) There is an integer l, > 0 such that for any | > I, (and any a;e V) the sets
(8) constitute exactly all the sets Vy, V,, ..., Vy.

c) If V' is one of the sets of imprimitivity of o, thenV',V'g,...,V'0* ' are all the
sets of imprimitivity of o.

Remark. Bounds for k, and I, depending on n and d have been given in [3].
We shall not need them in this paper.

Example 1,1. Consider the relation ¢ defined on V = {a,, a,, a, a,} with

0101
M(e)=[0010
1000
0010

o is irreducible since G(g) is strongly connected. We have, for instance,
ae = {03} . axe’ = {‘11} s a0’ = {02, ‘74} ., axe* = {as},

Here I, = 1and V, = {a3}, V, = {a;}, V5 = {az, a,}. Hence d = 3. Also h(a;) = 3
for i = 1,2, 3, 4. Further

o=V x Vo)) u(Vy x V3)u (Vs x V),

and M(p) is permutation cogredient with the matrix

\

0100
0011
1000
1000

Definition. A relation ¢ is called primitive if there is an integer t > 0 such that
.ot =Vx V.

A relation is primitive iff it is irreducible and d(¢) = 1.

Note also: If ¢ is primitive, there is an integer f, > 0 such that for ¢ = ¢, we have
a0 ={ay, a,,...,a,} = Vfor any a;e V.

Corollary 1,1. If QeB,,(V) is primitive, then any two vertices a;, a;e V have
a common consequent. That is, L{a,, a;) exists for any pair (a;, a;) where a; + a;.

Theorem 1,1. Let ¢ € B,(V). Suppose that ¢ is irreducible and d(¢) > 1. Then
L(a;, a;) exists iff a; and a; are contained in the same set of imprimitivity of g.

Proof. a) Suppose that a;e V', a;e V'. Then (by Lemma 1,4) there is an integer ko
such that for any k = k, we have a,% = V' = a;0?. Hence L(a,, a;) exists.

b) Let a;e V', a;e V" and V' & V". By Lemma 1,4 there is a ko > 0 such that
a;g™ = V', a;p™ = V" for any k = k,. Suppose (for an indirect proof) that there is
an [ > 0 such that a;0' N a;0' # 0. Choose k such that dk — I > 0. By Lemma 0,1
(multiplying by ¢®*~') we then have a,0*™ N a;0™ + 0, V' n V" + 0, a contradiction
with the fact that ¥’ and V" are disjoint. Hence L{a;, a;) does not exist.
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2. PRIMITIVE RELATIONS

The goal of this section is to prove Theorem 2,3. We begin with a series of lemmas.

Lemma 2,1. Let ¢ be irreducible, g€ B(V), n = 2 and let Q be a non-empty
proper subset of V. Then Q . ¢ contains at least one element of V which is not con-
tained in Q.

Proof. Let Q = {a,, 4y, ..., a,}. Suppose for an indirect proof that

{ag ag, ..., a,} .0 = {a, a4 ...,a,} .
Let (a,, a;) € 0. If a, € Q, we necessarily have a; € Q. Hence if a, € Q,a, eV — Q =
= B, then (a,, a;) ¢ 0. Therefore

0<(Q@x Q)u(Bx Q)u(Bx B),

i.e. ¢ is reducible, contrary to the assumption.

Lemma 2,2. Let ¢ be primitive, QeB,,(V), n =2 and a',-e V. If a;0° = a;0* for
some 1 < s < t, then laiQsl = n.

Proof. The supposition a;0° = a;0°*"~) implies a;0° = a;0°"'*~9 for any integer
I = 1. Since for a sufficiently large I the right hand side is V, we have a;0° = V, i.e.
Ia,—g“l = n.

Note that if ¢ is primitive, o' is primitive for any ¢t > 1.

Let ¢ be primitive, ¢ € B,(V), n = 2 and consider the chain:

9) a;ea " < ap® < ... < a"PM,

Here (and in the following) [x] is the largest integer <x. By Lemma 2,1 a;0"
contains at least two elements, by Lemma 2,1 and Lemma 2,2 a,0*"' contains at least
three elements of V, etc. Hence

o= 2] 1

If a; = a,, we analogously have |a;0"/*!"| = [n[2] + L.
If h; = hj, we have
a 0" A a ot £ Q)
hence Lfa;, a;) < [n/2] h;. If for instance h; < h;, multiply each term in (9) by
o™=k We obtain the following chain of length [n/2] + 1:

aiQ[n/Z](h,-——hi) = aith+["/3](hj‘ll:) [n/27h; s

c...cayg

whence |a,0"/?1%| = [n/2] + 1. Therefore a0/ ~ o™ + ¢, and L(a;, a;) <
< [n/2] h;. Analogously if h; < h,.

We have proved:

221



Lemma 2,3. Suppose that g € B(V), n 2 2, and ¢ is primitive. Then L(a;, a;) <
< [n/2] max (h;, h;).

Recall that h; < n. If n = 3, we have L(a;, a;) < 3. This bound is achieved since
in Example 0,1 we have L(ay, a,) = 3. If n = 2, there are only three primitive rela-
tions, namely those for which the matrix representations are:

11 01 11
1o0/°\11)°\11)°
Hence L{ay, a,) = 1

We note this explicitly, since in the following we shall often suppose n = 4.

Corollary 2,3. Let ¢ be primitive, e B,(V). If n = 2, L(a,,a,) = 1. If n =3,
L(a;a;) £ 3.

Lemma 2,3 immediately implies:

Theorem 2,1. Let ¢ be primitive, ¢ € B,(V) and n 2 3. If h(a;) < n =2, h(a)) =
< n— 2, then ,
N(n) — 1 if n is even
(a.a) < ’
L{a,, a,) = {N(n) _ %(n + 1) if nisodd .

Proof. For n even we have L(a; a;) < 4n(n — 2) = N(n) — 1. For n odd we
have L(a;, a;) £ 3(n — 1)(n — 2) = N(n) — }(n + 1).
There is a simple case which can be treated directly.

Lemma 2,4. If ¢ is primitive, ¢ € B,(V) and G(g) contains a loop, then L{a,, a;) <
< n—1(foranya;a;eV).

Proof. Suppose that a, € a0, and a; * a,, a; % a;, a; + a;. Since G(g) is strongly
connected, there is a path of length k;, 1 £ k; < n — 1, joining a; with a, and a path
of length k,, 1 < k, < n — 1, joining a; with a,, ie., a,e a,", a,e a;0*. Using
the loop (several times if necessary) we obtain a,ea;0"”', a;ea;0""*, hence
L(a;, a;) < n — 1. The same argument can be aplied also in the case if a; or a;
coincides with a,.

The next lemma may be considered a generalization of Lemma 2,4.

Note that if ¢ is primitive, then d(g) = 1 = (hy, by, ..., h,) implies that not all h;
can be equal to n. Hence the length of the shortest elementary circuit in G(g) is
<n -1

Lemma 2,5. Let ¢ be primitive, g€ B,(V) and n = 4. Let hy = 1 be the length
of the shortest elementary circuit in G(g). Denote L, = ([n[2] — 1) hy + n. Then

for any a; e V we have
n
IaiQLll > [—:I +1.
2

Proof. Denote by C = {uy, u,, ..., Uy Uy one of the elementary circuits of
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length h,. [Here hy < n — 1 and u; € V.] For each u € C we have u € ug™. For any
a;eV—{uguy, ..., u,,} there is a path of length k;, 1 < k; < n — hy, joining a;
with some u; € C. This means: there is a u;e C such that u; e a;0", where k; <
< n — h,. Consider the chain
h 2h [n/21h
ujeu;”® c U’ = ... < ujo °

and (for any integer ¢ > 1) the chain

uJQ! I ujgho"'l c ujQ2h0+t c..c ujQ[n;VZ]IIQ+t .
For any ¢ = 0 we have |u;e"/*""'| = [n)2] + 1
Now, since u; € a;0"* we have
n
_ [n/2Jho+t [n/23ho+t+k;
[2] F 1S g0 < Jag .

Putting t = n — hy — k; = 0, we have

ol > n +1,
iy

which proves our lemma in the case that a; is outside of C.
If u belongs to C, the chains

ueug™ < up < ... < ugt/?o

ho+t 2ho+t

uQrch < ug C.“CuQ[n/2]ho+t’

show that for any ¢t = 0,

IuQ[n/Z]hoth’ > [ﬁ] +1.

2

In particular, with t = n — hy we obtain |ug"'| = [n/2] + L.
This proves Lemma 2,5.

2

Fig. 1.
3
Remark 1. Some care is necessary when dealing with™ inequalities containing
expressions as |a;0'| and |a,'*!|. It may happen that |a,0'"!| < |a,0|. [This cannot
occur if g is primitive and [ is sufficiently “large”.] Consider for instance the primitive
relation g for which the graph G(g) is given by Figure 1.
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Here a,0 = {ay, a,, a3}, a,0*> = {a,, a,}, hence |a,0?| < |a,0|.

Remark 2. The exponent L; = ([n/2] — 1) hy + n in Lemma 2,5 cannot be
replaced by L, — 1. Consider for instance the primitive relation for which the graph
G(o) is given by Figure 2.

Fig. 2. 5 4

Here a,0 = {a;}, a,0* = {ay}, a,0° = {as}, a,0* = {a,}, a,0° = {a,, a,}. Further
L, = 6,and |ay0’| =2 < [n/2] + 1 = 3.

Lemma 2,6. Let ¢ be primitive, ¢ € B(V) and n 2 4. Suppose that the length h,
of the shortest elementary circuit in G(g) satisfies hy < n — 3. Then

N(n) — 3(n — 4) if nis even,
‘a. a)) < 2
Lla,, a,) = {N(n) _ (n - 3) if nisodd .

Proof. Denote L, = [n/2] hy + n — hy. Since |a;0"'| = [n/2] + 1 and |a;0"| =
= [nf2] + 1, we have a,0"' n a;e" + 0 and Lla;, a;) < L,. Now

L <<f —1)(n=3) +n= in?> —3n 4+ 3 ifniseven,
1 = 2

s

In* — 2n + 5 if nisodd.

Remark. For n'=4, hy = 1 and (by Lemma 2,4) L'a;,a;) < n — | = 3. Hence
for all n = 4 we have Lla;, a;) £ N(n) — 1.

Lemma 2,6 shows that in order to prove (4) we have to deal only with those pri-
mitive relations for which G(g) contains only elementary circuits of length n or (n — 1)
or (n —2).

We now divide our considerations into two parts. We first treat the case that G(o)
has no elementary circuit of length n. Next we shall suppose that G(g) has at least
one elementary circuit of length n.

A

We sligthly improve Lemma 2,5 (of course, by imposing additional conditions).

Lemma 2,7. Let ¢ be primitive, 9 € B,(V), n = 4, and suppose that G(g) has no
loop and G(o) has no elementary circuit of length n. Let hy > 1 be the length of
the shortest elementary circuit in G(g). Denote Ly = ([n/2] — 1) hy + n — 1.
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Then for any a; for which h(a;) = n — 1 and any integer t = 0 we have
(10) |aig™ | = [g] +1.

Proof. Let C be an elementary circuit of length n — 1 passing through the vertex a;.
This circuit contains all but one of the vertices. Denote this vertex by a*.

We assert that C contains a vertex, say u, such that h(u) = ho. If h(a*) > h,,
there is nothing to prove. If h(a*) = h, = 2, denote an elementary circuit which
passes through a* by C*. Then Cn C* + 0. If ue C n C*, we have h(u) = hy,
which proves our assertion. Note that since ¢ is primitive we have hy = n — 1,
hence hy < n — 1 so that a; + u.

[Remark. Our assertion need not be true if G(¢) contains a loop. Consider for
example the primitive relation ¢ with G(o) given by the graph in Figure 3.
, 3

/ 2
1\] ]
5 4
Here the circuit C = {a,, as, ay, as, a,> does not contain a vertex u with
h(u) = 1.]
Let k; < n — 1 be the length of the (directed) path on C joining the vertex a;
with the vertex u, i.e., u € a;,0*". Then there is a path of length s; =n — 1 — k;

(on C) joining u with a;, i.e., a; € ug™. Using u € ug" consider the chain with [n/2]
terms:

Fig. 3. —

uQSi - thg+si - u92h0+si c...c ug([n,r’Z]vl)ho-'rs,'
and (with ¢ 2 0) the chain:
(11) uQ.\'i+z c tho+s,-+t c...c uQ([u/Z]—l)hu+s;+t.

a) We first show that a; = ug* cannot hold, so that ]ug“| = 2. Indeed, a; = ug*
implies a;0" = ug*i*'; ‘= a0, hence hy = n — 1,

a contradiction.

further, a; = ug* < ug"g*

b) Suppose a0' < ug®*', a' +ug’*t for 1 =0,1,...,t — 1, while a0 =
= u@*"", where t, > 0. Since ¢ is primitive such a 7, > 0 exists. [ We have denoted
a;0° = a;.] '

b 1) For t < to, the first term in (11) contains at least two elements of ¥ so that

[g:l +1= |uQ(["/2]—1)ho+s;+t] .



Since u € a0, we conclude

n +1< |a.Q([n/2]—1)ho+s.+t+k¢|'

2 = L
The exponent on the right hand side is ([n/2] — D) ho+ (n—1 — k;) + t + k; =
= L, + t. This proves (10) for all ¢ < t,.

b 2) The equality a,0" = ug***" implies a;0' = ug**"* for all ¢ = t,.
The chain (11) with [n/2] + 1 terms can be now written (for ¢ > t,) in the form

aiQt c aiQt+ho c..c aiQ[n/Z]Ilo+t ,
and multiplying by ¢"~ ! " we obtain
a0t gttt o g ot I 2Tt —h)

Since t + [n/2] ho + n — 1 — hy = L, + t, we conclude

lag™ | = B] +1.

This proves (10) for all t = t,. Lemma 2,7 is completely proved.

Remark. It is essential for our further purposes that (10) holds not only for ¢ = 0
but also for all ¢ > 0.

We now prove:

Theorem 2,2. Let ¢ be primitive, ¢ € B,(V), n = 4. Suppose that G(g) has no ele-
mentary circuit of length n. Then for any a;, a;e V we have

N(n for n even ,
Lai aj) = {NEn; —¥(n —1) fornodd.

Proof. a) If hy = 1, then (by Lemma 2,4) L(a;, a;) < n — 1. For n = 4 we have
n — 1 < N(n) — 4(n — 1). Hence our statement holds.

by Ifh;<n-—2, h; < n — 2 our statement holds by Theorem 2,1.

In the following we may suppose that at least one of the numbers h;, h; is equal
to n — 1. Note again that since g is primitive not all elementary circuits can be of
length n — 1, hence hy < n — 2.

¢) If hy > 1 and h; = h; = n — 1, we have a;™ na;e" + 0 by Lemma 2,7,
where L, = ([n/2] — 1) hy + (n — 1). Hence

Laya) < [ﬁ B 1) (n=2)+(n—1)= {N(n) if niseven,
2 N(n) — 3(n — 1) if nisodd.
d) Suppose ho > 1 and h;=n — 1, h; < n — 2. By Lemma 2,7 we have
|aie™**| = [n]2] + 1 for any t ant L, = ([#j2] — 1) he + n — L.
By considering the chain [see (9)]

t t+h;
a' < ap'™ < ... < ap

t+[n/21h;
J= >
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we obtain
S EHE
for any t' 2 0. Here L, = [n/2] h;.
If L, < Ly, choose t' = t; > 0 such that L, + t; = L. Then a;o™* n a;o™ + 0
and this gives the same estimate as in c).

If L, > L,, choose t =t, =0 so that L, + t, = L,. We then have a;0™* n
N a;0" * 0. This implies

Liaya) < [g] h < [E:I (n—2) = {N(n) -1 if n is even,

2 N(n) — §(n + 1) ifnis odd.
Theorem 2,2 is proved.

In the foregoing considerations we have used a simple principle. If both a;o™
and a;0™ contain more than a half of all vertices, then L(a;, a;) < L.

We cannot expect that this method will give the best possible results since a common
consequent may exist even if one (or both) of the sets a, 0™, ajo™ contain a half or
Iess than a half of all vertices. This is shown by Example 2,1 below. Nevertheless,
the result obtained in Theorem 2,2 is sufficient for our purposes, since in the “worst™
case, namely the case in which there is a vertex a; with h(a;) = n, we obtain sharp
estimates in which the bounds are not smaller than those given by Theorem 2,2.

Example 2,1. Consider the relation ¢ for which G(g) is given by Figure 4. Here
h(ay) = 4, h(a,) = h(as) = h(a,) = 3.

i
4

A simple computation shows that the matrix representations of o2, 03, o* and g° are,
successively,

Fig. 4.

Q) e N

0100
0010
0001)°
1100

M(o) =

0010\, 0001\ /1100, /0110
0001| (1100| (0110 [0011
11o00f/7lot10)’loo11]’{1101]"
0110/ \o0o11/ \t101/ \t110

Here Lfay,a;) =S5, though |a,0°| =2 <3. Also L(a,, a,) =4 though both
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|a,0®| = |ae*| = 2. It can be immediately checked that a,® m a;0® + 0, while
a,0* N aze* = 0. This implies L{a;, a;) = 5 = N(4).
This example will be used in proving Corollary 2,4 below.

B

We shall now suppose that G(g) contains a vertex a, with h(a,) = n and n > 4.
With respect to Lemma 2,6 it is sufficient to consider only such ¢ for which G(g)
has no elementary circuits of length <n — 3.

For brevity we introduce the following

Notation. We shall say that ¢ satisfies Condition H if n = 4 and all elementary
circuits contained in G(g) are of length h = n — 2.
We first find the possible types of pr1m1t1ve relations satisfying Condition H.
Consider the equality
: algua,gzu...ualg"= V.

We shall use several times Lemma 2,1 in the following form: Let Q < } and
|Q| = s < n. Then |Q U Qg| = s; > s. If 5, < n, then |(Q U Qo) U (Q U Qo) o| =

=|Q U Qo L Q¢ > s, etc.

The set a,0 cannot contain more than one element of V¥ since otherwise (by suc-
cessively applying Lemma 2,1) we should obtain that a;0 U a;0* U ... Ua,0"" ' =
= V, contrary to the supposition a, ¢ a,o" if h < n. Denote a, = a,p.

Analogously, each segment a,;0 U a;0*vU...uU a0, r=n—1, contains r
different elements and a;9" contains exactly one element which is not contained
ina;0 U ... U a0 L. Denote this element by a,, , so that a,,, € a,0".

If no further condition is imposed, a,;0* may contain {a;, a,}. If a, € a,0?, i
a, € a,p, we have a loop i 1n a,. Hence if we suppose that Condition H is fulﬁlled we
necessarily have a; = a,0%

Again if no condition is imposed, a,0® may contain a subset of {ay, as, a,}.
If a, € a,0%, i.e. a, € a,0?, then ¢ has a circuit of length 2.If a3 € a,0°, i.e., a; €azp,
then we have a loop in a3. Hence if n = 5 and Condition H is fulfilled we necessarily
have a, = a,0°.

In this manner, supposing that Condition H is satisfied, we obtain the following
sequence:

—_ 2 _ n—3 - n—2
a, = a;0, A3 = 4407, ..., Ay = A40° 7, 4,1 = a4Q .

Even the last term a,0"” 2 is necessarily a one point set since, for instance, a, €
€ a,0"" % would imply a, € a;0.0" 3, ie. a, € ao" 3.

The situation changes in the next step. The set a,_;0 = a,0" ! contains a new
element a,, does not contain a;, may contain a,, but cannot contain any element
of the set {a,_y, a,_,, ..., as}. [The inclusion a, € a;0" ' is possible since a, e
€ a,0""? indicates the existence of a circuit of length n — 2 which is not forbidden.] .

Finally, a,¢" contains a,, may contain a, and a,, but contains no element of the
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set {a,, a,_y, ..., as, az}. [If for instance a, e a,0", we should have a, € azo" 3,

hence a circuit of length n — 3.]
The whole situation is illustrated in Figure 5. Here the dotted edges are possible
edges (not excluded by Condition H).

U, /az ; GJ 04
i a -
Ay 9y a7 n-3
Fig. 5.

Note that if G(¢) contains the edge {(a,-, 42>, i.€. a4, € a,_0, then a3 = a,0 =
< a,-;0* = a,0", hence G(g) contains also the edge <a,, as).

Denote by C the elementary circuit {ay, s, ..., d,, a;y passing through a,. We
then have the following 5 possible types of graphs G(g;):

) G(g,), consisting of C and the edge {a,, a,);

B) G(g,), consisting of C and the edges <a,, a,> and <a,, a3);

¥) G(es), consisting of C and the edges <a,, @3>, {a,, as», {a,_1, a,);
8) G(o4), consisting of C and the edge <a,, as);

€) G(os), consisting of C and the edges {a,, a3, {@,_1, az).

For our purposes the case B) and y) can be reduced to the study of the case o).
The graph G(g,) is a (directed) subgraph of G(¢,) and G(g3). The relation ¢, is primi-
tive (since it contains elementary circuits of lengths n and n — 1). Hence ¢, and g4
are primitive.

Suppose that we know the number L(a;, a;) = L(a;, a;) for a given g. If we form
a new relation ¢’ by adding some new edges to ¢, we have LQ,(a,-, a;) < Lfa,. a)).
In our case L,,(a;, a;) < L, (a;, a;) and L, (a;, a;) £ L,,(a;, a;). Hence it is sufficient
to find an estimate of L{a,, a;) for the graph G(g;).

Analogously G(o,) is a subgraph of G(¢5). They both contain circuits only of lengths
n and n — 2. Such graphs are primitive iff n is odd. Since (under this supposition)
L,(a;, a;) < L, (a;, a;), it is sufficient for our purposes to deal only with the graph
G(Q4)-

Summarily: We have to treat only the cases o) and §).

I) We begin with the second case, i.e. consider the relation ¢ with the graph given
in Figure 6, where n is odd (hence n > 5).

Lemma 2,8. For the relation ¢ given by the graph in Figure 6 (where n = 5 is
odd) we have ,
L(a;, a;) £ N(n) — 4(n — 3).
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Proof. Consider the chains

a3 € a30" "% < 30" < ... © az/AD

and
(12) a3gt - a3Qn~2+t c a392(n—2)+t c...c asQ[n/Z](n—2)+t,
(i.1 ,az ,aa P
an‘ an_1_ﬁ an_z-:
Fig. 6.

and denote L, = [n/2](n — 2) = 4n? — 3n + 1 = N(n) — }(n + 1). (12) implies
(for any integer ¢ = 0) |ase™ *| = [n/2] + 1 = 4(n + 1). Since a3 = a0* a; =
= a,0, the last inequality (with # = 0 and ¢ = 1) implies

QL,+2|2"+1 L1+2|2n+1.

ag s ase
| | :
Further, for 3 < i < n we have a; = a3;0' 3, whence
Li+ i—3 Li—(i—=3)+t] _ Li—(i—3)+t n+1
lase™ *| = |aze' " T TI| = |agghm I 2 —— .

2
Putting t = i — 1, we obtain |a™*?| 2 #(n + 1). [Note that for n > 5, I, —
—(=3)z2Li—~(n-3)=m*—5n+4>0] '
Summarily: [a;0™ *2| = 4(n + 1)for any a; € V. This implies L(a;, a;) < L; + 2 =
= N(n) — ¥(n — 3). Lemma 2,8 is proved.

a1 a2 703 e

Fig. 7.

II. We now turn to the last case, namely to the relation ¢ defined by the graph
in Figure 7.

We first consider the set V' = {a,, as, ..., a,}. Let M, be the least integer m such
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that a,0™ N a,0™ # 0 holds for all a;, a; € V'. [Clearly, M, = max L(a;, a;), where
a;, a; run through all a;, a;e V']
Since a;, = a,0* "% (k = 2,3, ..., n) we have to find the least m such that

(13) a2Qm+i—2 A azg(m+i-—2)+j-i 4___ 0
holds for all couples (i, j) with 2 < i < j < n. Another way to write (13) is
(14) a,0" T2 A ayg™t TS £ 0

fori =2,...,n—1and s =1,2,...,n — 2. This is equivalent to finding the least
integer m > 0 such that

(15) a0™ N a"tt £ 0
for s = 1,2,...,(n — 2). [For, if (15) is satisfied, then multiplying (15) by ¢'~? we
obtain (14).]

1

Note that for s = n — 1 we have a,0™"* = a,0" ' .0" = {ay, a,} 0™, hence

a,0™ N a0 "1 £  for any m > 0.

Next let M, be the least integer m > 0 such that a;0™ nae™ + 0fori=2,3,...
..., n. [Clearly M, = max L{a,, a;).] Since a; = a,¢'"? a, = a0, this can be
rewritten as i

(16) aZQm—I A azgm—1+(i—1) :*: 0

for i = 2,3,...,n. As noted above, (16) is always satisfied if i = n. Hence we have:
The number M, is the least integer m for which

azgm——l A asz—1+s :i: 0
forall s = 1,2, ..., (n — 2). This immediately implies M; — 1 = M.
We have proved:

Lemma 2,9. If M, is the least integer m > 0 such that a,o™ n a0™** + 0 for
s=1,2,...,(n — 2), then max L(a;, a;) = Mo + 1, where a;,a; e V.

To find M, we describe a;QJ’ explicitly:
(17) ae"”!  ={aya},
4,01 = {a,0" ", 450"} = {45, a1, 0.},
4,0 = {a,0"" !, a0"" Y, a,0" '} = {ay, a5, 0, 0,4},
(18) a,0"" Y = {a,,ay, Ay Qs oo Que(m2)) -

The last equality holds for those k for which n — (k = 2) > 3 and k > 2,ie. 2 <
< k= n— 1 [Fork = 1 we have (17).]

From now on we consider the cases n even and n odd separately.

o) Let n be even. The case n = 4 has been settled in Example 2,1.
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If n = 6, then k = in — 1 satisfies 2 < k < n — 1. In (18) put k = n — 1 and
denote L, = (4n — 1) (n — 1). The following set contains n elements of V:

aZQLl = {a2: ay, Apy Ayy—15 -+ s an/2+3} .
Denote further Ly, = L, + 4n — 1 = 4n* — n. The last equality implies

Lo Li+n/2—1

a,o = a,0 = {a../2+1, Ayj2s -5 A3, ‘12} >

Lo+ 1 Ly+n/2

ae = aQ = {an/2+2’ Apa 415 -+ Aas aa} .

We assert that a,o™ n a,e™*s 0 for s =1,2,...,n — 2 (hence M, < LO).
For s =1,2,...,4n — 1, each of the ,shifted” sets a,o™*', ajo™*?, ...

.. @0™ "2~ 1 contains the element a,, . so that our statement is true.

For s = 4n we use the usual argument. Since

a,€a,0" 1 © ... < a®Pe

we have |a,0®?® Y| = 1n + 1 and also |a,0™?® V¥ 2 In + 1 for any ¢ 2 0.
Now 3n(n — 1) + t = Ly + 4n + t, so that |a,0™*| = in + 1 for s = In, 4n +
+1,...,n — 2. Since |a0™| = in we have ay0™ N a0 ™ + 0 for s = 4n, in +
+ 1,...,(n — 2). This proves our statement.

To prove that M, = L, it is sufficient to show that for some se {1,2,...,n — 2}
we have a,0™™! N ae™ !t = 0.

Now
Lo—1
ae™*” = {an/l’ Ayi2—15 -0y A2, 01}
and for s = in,
Lo—1+4n/2 __
a,o ° " - {an, Ap—15 o+ an/2+1} .

Hence

(19) aZQLo—l A aZQLo—I—Hl/Z — 0 .

Lemma 2,9 implies max L{a;, a;) = L, + 1 = N(n). Since a, = a0, a,0"*™ ' =

i,J
= G,+1> (19) can be written in the form a,0™ N a,, 0" = 0.

Corollary2,4.If n is even, then max L(a,, a;) = N(n) and the value N(n) is achieved
for the couple (ay, a2+ y).
B) Let now n be odd (hence n = 5). Denote Ly = [4n] (n — 1) = 3n* — n + %
Since
a, < ao" o ... < ayAemD

we conclude that |a,0™| = [4n] + 1 = ¥(n + 1) and also for any s> 0,
laze™**| = 4(n + 1). Hence ayo™ naxe™™* + 9 for s=1,2,...,n — 2. This
implies My < L.

To show that M, = L, it is sufficient to show that for some s € {1,2,...,n =2}
we have a,0™ ! nazloT' e = 0.
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Forn = 5and k = [4n] we have 2 < k < n — 1 so that we can use (18) by which

aZQLO = {02: A1y Ays ov ey a(n+5)/2} ’
while
(20) a2QLOVI = {an’ Ay—15 -+ a(n+3)/2} .
Multiplying (20) by ¢~ "> we obtain

Lo—1+(n—1)/2

Y
ae = 19m+1)/2> Qn-1)j2> -+ d25 Ay -

Hence for s = 4(n — 1) we have a0~ "' N a,0" '** = 0. This proves My = L.
Lemma 2,9 again implies max Lfa; a;) = Ly + 1 = N(n). We further have
a0 na T T = a,0™ a4 00" = 0. Hence:
Corollary 2,5. If n is odd, max L{a;, a;) = N(n) and the value N(n) is achieved
for the couple (ay, ag.yy2).

Lemma 2,10. If ¢ is the relation defined by the graph in Figure 7, then L{a;, a;) <
< N(n). The bound is sharp since there is a pair (ay, a;) for which L{a;, a;) = N(n).

Taking into account Corollary 2,3, Lemma 2,6, Theorem 2,2 Lemma 2,8 and
Lemma 2,10 we finally have:

Theorem 2,3. (The main result.) Let ¢ be primitve, 9 € B(V), n = 2. Then for any
a;, a;e Vwe have L{a;, a;) < N(n). This result is the best possible.

The goal of the following sections is to prove that the estimate of Theorem 2,3
holds not only for primitive relations but for any ¢ € B,(V).

3. IRREDUCIBLE RELATIONS WITH d(g) > 1

Let now ¢ € B,(V), ¢ irreducible but not primitive. Since in this case L{a,, a,)
does not exist for n = 2, we may suppose n = 3.

Without loss of generality we shall suppose that the matrix representation of ¢
is of the form

0 B,...00
00 ...00
Me) = | :
00 ..0B,,
\B,0 ...00 )
Here d = d(g) > 1 is the index of imprimitivity of ¢. In this case we have

4,0 ... 0

M) ={0 A, ... 0 |,

00 ... 4,

where A, are primitive v, X v, Boolean matrices, [1(4,) = V, are the sets of impri-
mitivity of g, and Vi u ... 0V, =V, v, + ... + vy = n.
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By Theorem 1,1, L{a;, a;) exists iff a;, a; are contained in the same set of im-
primitivity, say V,. Suppose that this is the case and v, = 2. We may use Theorem 2,3
by which

Lia,a) £d. (30} — v, + &,).

We essentially improve this straightforward result. Denote min IV,‘| = f§ and denote
by V, a fixed chosen set of 1mpr1rn1t1v1ty with |V,| = k=1,

a) Suppose first |Vo| = p = 1. If |} = 1 for all k =1,...,d, no two elements
of V have a c.c. In any ¥, with [Vi|] = 2 choose two vertices a;, a;. Since V, = V0"
for some u, 1 < u < d — 1, we have a" = a;¢", i.e. L{a;, a;) exists and L{a;, a;) <
<d-1

b) Next suppose |Vo| = p = 2. For any a;a;eV, we have L(a, a;) <
< d(iB* — B + &) = Lo, ie. a™ nae™ * 0. Let V, + V, be any set of im-
primitivity and a,, a;€ V. Since V, = V0" with some u, 1 £u <d — 1, both
a,0", a,0" are contained in V,. Therefore a,0" . 0™ N a,0* . o™ + 0. Hence L(ay, a)) <
Su+Lo<d—1+d3p* — B+ ¢).

We have proved:

Theorem 3,1. Suppose that ¢eB,(V), n 23, ¢ is irreducible and d(g) > 1
Denote mln Vil =

a) If ﬁ =1 and L(a,-, a;) exists, then L{a;, a;) < d — 1.
b) If B > 1 and L(a;, a;) exists, then

(21) Lla,a))sd—1+d3p> — B +¢p).

We now transform (21) into another form which enables us to obtain estimations
in which B does not appear explicitly. This will be worse than (21), but sufficient
for our purposes.

Write n = ad + oy, where « = 1 is an integer and 0 < a; < d — 1. At least one
of the numbers |V;], ..., |Vy| is S« [If all of them were =« + 1 this would imply
de+ 1) =od + d > n.]

We have 2 £ f < a = (n — y)[d. Since N(f) is an increasing function of § we
have (for any a;, a; for which L{a,, a;) exists)

s

— 2 —
L, a) <d—1+ (3 —oc+sa)d=d—1+d[%(n d“l) _<" d“1>+£{|=

=2—1d(n—d—oc1)2+d(£a+%)—1.

Putting here o; = 0, ¢, = 3 we obtain:

Corollary 3,1. Let ¢ € B(V), ¢ irreducible, n > 3, d(g) > 1. If L(a;, a;) exists,
then

1
La,a)< —(mn—d?+2d - 1. -
@) s Lo a)
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A still weaker estimate in which even d does not appear explicitly is obtained as
follows.

Suppose n = 3. If d = 3, then M(g) is a permutation matrix and L{a,, a;) does not
exist. If d = 2, then § = 1 and (by Theorem 3,1) L(a;, a;) = 1 < N(3) = 3. Suppose
n=4.1fd = 4, L(a;, a;) does not exist. If d = 3, then § = 1 and (by Theorem 3,1)
L(aya) £2<N(4)=5.1f d =2, then f =2 and (by Theorem 3,1), L{a,a;) £
<2d-1=3<N(4)=5.

Suppose n = 5, and note that for d = n the matrix M(g) is a permutation matrix,
so that L{a;, a;) does not exist. The function

1 1 5
d)=—m—-d?+2d-1=-—n*-n+>d-1
fld)= - (n—d) 2

is a decreasing function of d in (1, n/\/5) and an increasing function in (n/\/5, n).
Hence it assumes the largest value either for d = 2 or d = n — 1. We have
1

f(2)=in2_n+4, f(n—1)=211—3+m.

Hence

Lla; a;) £ max 1r12—11+4, on -3 .
4 2(n = 1)

For n = 5, 4n*> — n + 4 < N(n) and 2n — 3 + 1/(2(n — 1)) < N(n). This implies:

Corollary 3,2. Let ¢ € B(V), n = 3, ¢ irreducible but not primitive. If L{a,, a;)
exists, we have L{a;, a;) < N(n).

This together with Theorem 2,3 implies:

Theorem 3,2. Let ¢ be irreducible, ¢ € B(V), n 2 2. If L(a,, a;) exists, we have
L(a;, a;) < N(n).

Remark. Though it is irrelevant for our purposes, we remark that Corollary 3,2
can be easily sharpened. Since

<l§——n—|—4>—[Zn—3+2(n1_1)]=§[(n—6)2—8]—z(nl__l)

and the right hand side is positive iff n = 9, we have:

Corollary 3,3. Suppose that g € B(V), n 2 3, ¢ is irreducible but not primitive.
If L'a,, a;) exists, we have

1 for n=3,
3 for n=4
(a, a; ’
La,a) =45, 3 for n=25,67138,
In? —n+4 for nz9.

[Even these results are not the best ones. |
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4. SOME LEMMAS

We now have to consider the case

M(o) =

where A, are irreducible.

If [II(M)| = n, we wish to prove that for any x, y e II(M) for which L(x, y) exists,
we have L(x, y) < N(n).

With respect to Lemmas 0,3 and 0,4 we may suppose that M(g) has no zero rows
nor zero columns.

Though such a result may be intuitively expected the detailed proof is rather long.

We begin by considering the case ¢ € B,(V), where

@) M(e) = (’é (,)3)-

Here A is any r x r Boolean matrix without a zero row, B is an s x s irreducible
Boolean matrix and B # 0. For our convenience we write IT(4) = {a,, a;, ..., a,},
I1(B) = {by, by, ... b}, r>0,5>0, and r + s = n.

Further, let JI(B) = Ty u T, U ... U T, be the decomposition of [1(B) into the
sets of imprimitivity of B. Put |T;| = s;, so that s, + ... + 5, = s.

In this section we shall find some estimates for L{a, b), where a € I1(4), b € II(B),
and for L{b;, b;), where b, b; € IT(B) [provided they exist].

If L{a, b) exists, the sx r matrix C cannot be the zero matrix. Denote gc = ¢ N
N [B x A] and let

(23) oc = {(b, a?), (b3, a3), ..., (by, @)} -

If b, b; € I1(B) have a common consequent, two cases are possible:

a) There is a c.c. of b;, b; which is contained in IT(B). This is the case iff both
b;, b; are contained in the same set of imprimitivity. By Theorem 3,2 we then have
L'b;, b;) < N(s) < N(n).

b) If L(b;, b;) exists but the c.c. is contained in I7(4), then g + 0 [and we shall
again suppose that gc is given by (23)]. In this case we necessarily have b; e T,
b;eT,and T, *+ T,.

We first give two examples to show various possibilities which may occur. (Both
examples will be used in the proof of Lemma 4,5.)

Example 4,1. Consider the relation ¢ given by the matrix

a; /0 1 0 0
a,J1 0 0 O
b1 0 0 1]° .
b,\0O 0 1 O
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Nere oc = {(by, a,)}. Recall the definition of L(A4) (before Lemma 0,1). Here
Liay, b,) = 1 while L'A) = 0. Next, L{ay, b,) = 2 as the following diagram of paths
shows:

a; = dz; > 4y,
bz - b1 - {al, bz} .
L(by, b,) does not exist since the diagram is of the form
by > {ay, by} - {ay, b} = {a;, by} > ...,
b, > {b;} - {ay, by} = {as b} —....
In this simple case the situation becomes clear when considering the graph G(Q).
[See Fig. 8.] //—\
a, a

~_

2

N

Fig. 8. b,\_/ b,

Clearly (up to an isomorphism) the same situatiou takes place if gc is any couple
(bi» a;).
For further purposes consider more generally all Boolean matrices of the form
a;; a3 00
sy A, 00
1 0 01
0 0 10

If a;; = 1, L(by, b,) = 2. There are only 3 matrices A for which a;; = 0 and 4
does not have a zero row, namely

01 01 01
(o)) G)
In the first case L(b,, b,) does not exist, in the second and the third case L(by, b,) = 3.
Hence in any case either L/b;, b2) does not exist or L{by, b,) < 3.
Example 4.2. Let ¢ be given by the 5 x 5 Boolean matrix
a; a; by by by
a, /0 1 0 0 0

a1 000 0
bll 0 0 1 0
b0 0 0 0 1
b\0 0 1 0 O
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By considering the graph [see Fig. 9]

b

1
Fig. 9. \
b

3
we easily find that L(ay, b,) = 6. The vertex a, is reached from a; by paths of length
2k;, from b, by paths of length 3k, + 3 + 2k, (k; nonnegative integers). Now s =
= 2k, = 3k, + 3 + 2k; has a solution with the smallest s > 0 if k; = 3, k, = 1,
ks = 0. The corresponding sequence is (we omit the arrows):

a; a, a; a ag as a;
o () G- G- G- () (2)- (2)
a;
'). In our example
b.l'

oc = {(by, a,)} but it is clear that an analogous situation takes place if g is equal
to any couple (b, a;). :

The sequence (24) shows that L(a;, b;) exists for any couple (

b,
bs
paths of length 3k; + 3 + 2k,, from the vertex b; by paths of length 3k; + 2 +
+ 2k,4. The positive minimum of s = 3k, + 3 + 2k, = 3k; + 2 + 2k, is achieved
by putting k, = 0, k, = 1, k; = 1, k4 = 0. The corresponding sequence is

(o) (82)- (62)- (o) () (2)

Hence L(b,, b3) = 5 and L(b;, b;) < 5.

J
Again for further purposes, consider the case that

()

is replaced by any 2 x 2 Boolean matrix without a zero row (and not changing o
and B). If there is a loop in a,, then L(b,, b;) < 3. The case

b |

Consider now the couple ( ) The vertex a, is reached from the vertex b, by
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has been settled above. In the remaining cases

A=<g i) and A=<(1) i)
we easily find L(b;, b;) < 4.
Summarily: In any case in which 4 does not have a zero oW L(b;, b j) exists, and
L(b; b;) < 5.
We have obtained this result by supposing that |oc| = 1; it holds the more if
lec| > 1. g

ESTIMATIONS FOR L(a, b), a€ II(4), be II(B)

We suppose M(g) in the form (22). Our aim is to find estimations for L(a, b),

aell(A), bell(B).
M(o) = G (1))

If n = 2, then
is the single case for which L(a, b) exists and L(a, b) = 1. In the following we shall
suppose n = 3.

1) We first settle the case r =1, s = 2. (By supposition, 4 0.) Any sequence
which leads to a common consequent is of the form

(-5 ()

Hence after at most s steps we obtain the couple (a). Therefore L(a, b) < s =
=n—1< N(n). a4

From now on we suppose r = 2.

2) Next we settle the case s = 1. Write II(B) = {b}. [Recall that B = 0 has been
settled by Lemma 0,4.]

Since bebg, we have bebg < bg® = ... < bg"™ ' =bg" = .... If L(a;, b)
exists, then there is an [ > 0 such that a0’ n bo' + 0. Let a’ € a;o' N bg'. Since a,¢'
is contained in the transitive closure {a;0 U a;0* U ... U a;"" '}, there is a v,
1 £v=n—1, such that a’ e a;¢”. Hence a’' € a;g" n bo' = a;0" n be"~*. Multi-
plying by ¢""'7° we have a'¢" '""ea;0"' n bg""'. [Here a’g® denotes a'.]
Hence L(a;, b) < r = n — 1 < N(n). [Note that we have used that 4 has no zero
row.]

3) Suppose that s = 2, r = 2 and g is given by (23). Then any one-step transition
from a vertex in JI(B) to a vertex in II(A) is of the form b; — af (i = 1,2, ..., v).

The shortest sequence which leads to a common consequent is of the form

a a(O) a(l) a(l) a(l+ 1)
(25) (b) = (b(0)> s (b(l)) > cees (b: >’ <a:|= >y cee
for some ie{1,2,...,v}. :
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The necessary steps to obtain such a sequence are described by the diagram

a ko qUl ki ql21 k2 o keop g0l 1 qUFD)

— > cee — LR

(26)

Here " = a®®, 0 < kg < s — 1, 1 < k; < s (for i > 0).

b—kga b: ——&‘a ; 53——) ...(‘"7_1—) b: ,,L__, a:k b

[vl
Since no repetitions are allowed, there are at most r terms of the form < ) SO

b’

O] i
that the length of the paths by which (Z > is reached is at most ko + (k; + ...
coot ko) S(s=1)+ (r—1)s=rs — 1. This result is trivial since there are

a
(o
constructed allows to easily sharpen the result obtained.

a) Suppose that the column corresponding to a¥ in A has a non-zero entry. Then
there is a vertex aje I1(A) such that (a}, ai) € 0. We then have a* € ajo N bjo, i.c.
L'a, b}) = 1. ’

eaxactly rs different couples of the form > . But the method by which (26) has been

b

If <af> is contained in (25), then it is reached in at most rs — 1 steps and La, b) <

< (rs — 1) + 1 = rs. (Note that in this case a*1 = at)

’

If (25) does not contain the couple (Zﬂ), then in (26) we have at most r — I

i

at¥ ale\
terms of the form (b’ . The couple b ) reached by a path of length at most
s — 1+ s(r—2), so that after s — 1 + s(r —2) + | = rs — s steps the both
,,coordinates’ are contained in T[(A). Hence

Lla,b)y<rs—s if a"*Y =g*  and
Lla,b)y < rs — s+ LIA) if a"*D 4 g%
[The first possibilfty occurs in particular if L(a, b) exists but L A) = 0]

b) Suppose that the column corresponding to af in A4 consists entirely of zeros.
£

Then the couple <Z'> is not contained in (26) so that ZEul) is reached by path of

length at most s — '1 + s(r — 2). We certainly have o+ li) + a¥ and
Lia,by<(s— 1)+ s(r—2)+ 1 + L'a®V, a*) < rs — s + L(A).

We have proved:

Lemma 4,1. Suppose that M(g) is of the form (22), where A is any r x r Boolean
matrix without a zero row and B + 0 is an irreducible s x s Boolean matrix.
Denote n =r + s and suppose n = 3. Let aeII(A), be Ii(B) and suppose that
Lfa, b) exists. We then have:

1) Ifr=1,s 22, then Lla,b) < n — 1 < N(n).
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2)If r 22, s =1, then (a,b) < n — 1 < N(n).
3)If r =22, s 22, then Lla, b) < max [rs,rs — s + L(4)].

Remark. The proof shows that Lemma 4,1 holds also without the supposition
that B is irreducible.

The next lemma will be useful in some forthcoming computations.
Lemmad2.If n =r + s, (r 22, s = 2), then
(27 N(r) + N(s) = N(n) — rs + 4,

where
2 if both r,s are odd ,

Ops = & + & — Eppy = ;
s s s 1 in all the other cases .

Proof:
N(r) + N(s) =3 —r+¢ + 3> — s+ ¢ =
=3r+s)P—rs—(r+s)+e+e=
=in® —n+eg, —rs+ (e + & —g)=Nn)—rs+d,.
We now apply Lemma 4,1 to the case of A % 0 irreducible. First, rs < 1n? < N(n).
Next, L(4) < N(r) so that
rs — s+ LAY < rs — s + N(r) = N(n) — N(s) + 6,y — 5.
Note that 8,, = 1, so that 6, — s < 0 for any s = 2. Hence rs — s + L(A4) <
< N(n) = N(s) — 1 £ N(n) — 2 < N(n). We have proved:

Corollary 4,1. Suppose that the suppositions of Lemma 4,1 are satisfied and A # 0
is irreducible. Then L(a, b) < N(n).

THE ESTIMATES FOR L(b;, b)), b, € T b; € T;, Ty  T;

Suppose that M(g) is of the form (22) and s = 2. Suppose that b; e T}, b; € T},
T, + T; and L{b, b;) exists. The c.c. is then necessarily contained in IT(A) and

0c ¥ 0.
The diagram of paths which lead to a common consequent a” € [1(4) has the

following form:
(28) by =b" > b" > ... 5a=a%>5a" > . . >a?,
b; =b" > bV > ... 5b=0b>b" 5 . >a®.
Denote by (g)(b,», b;) = g[M(g), b;, b;] the number of couples in (28) which are of

b )
the form( , 0= 0. After the terms of this form a certain number of couples of the

i
(v)
bj

(@)
form (Z(“’ follow (possibly none) before enterring with both “coordinates” into
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)
If in (28) no term of the form (Z(")) occurs, then either

L(bi; bJ) = g(bi, bj) or L(bi, b_,) < g(bi, bj) + L(a(u), a(p))
for some a® #+ a®. Hence in both cases L(b;, b;) < g(bi, b;) + L(A).
If (Z) occurs, then L(b,, b;) < g(b;, b;) + L(a, b).

In any case we have to find an eastimate for g(b;, b;). We suppose that (28) des-
cribes a shortest sequence leading to a common consequent.

’

b .
In a shortest sequence no repetitions of a couple b are possible. Further,

’ "

analogously as in the proof of Lemma 0,1, if (Z,,) occurs in (28), then (Z,) cannot

’

I;,,) to at most 3s(s — 1). But here a further

reduction can be made. No pair b{"), b{") can be contained in the same say, any T,
since otherwise there would exist a common consequent in IT(B), contrary to our
assumption. Denote as above |T;|'= s, so that s; + s, + ... + 5, = 5. The set T,
contains exactly 1s,(s, — 1) unordered pairs with different coordinates which are
included in the number {s(s — 1) and which have to be subtracted. Hence

d d
glby, b)) S Is(s — 1) = Y si(s; — 1) = 3> — 1 Y57 .
i=1

occur. This reduces the number of pairs

i=

We first settle the case that for all s; we have s; = 2 (hence s > 4). In this case

d d
s; = 2 implies s7 = 25; and ),s; =2 s; = 2s. Hence g(b;, b)) < 3s* — 1.2s =
= 15> — s < N(s). =1 =t
It remains to deal with the case that at least one of the sets of imprimitivity of B
is a one-point set.
Suppose first d = 2 and put Ty = {b;}, T, = {by, b3, ..., b;}. Recall that Tjg =

= T,, T,0 = T,. When beginning with the couple I;‘ ,j€{2,3,..., s}, any admis-
sible sequence is of the form I

() ): () )

No such sequence without repetitions can contain more than s — 1 terms. Hence
g(b;, b)) <s — 1 < N(s) for s = 3. For s = 2 we have g(b;, b;) = 1.

Suppose now d = 3 (hence s = 3) and b;e T, b;e T;, T; + T;. Consider the
sequences

(29) T, T, Te?, ..., T ™1,
' T;, Tye, Tje?, ..., Te" ™.

Let {by} be one of the sets of imprimitivity containing exactly one element. Then
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there is integer ko, 0 < ko < d — 1, and an integer [, 0 < Iy < d — 1, such that
To* = {bo}, Tjo" = {bo}. [Here T;o° denotes T;.] Denote Tjg" = T”, Tjg* = T'.
The equality ko = I, cannot hold since the couple (b;, b;) has no common consequent
in I1(B). Now (29) can be written in the following form:

(30) 7}7 T’,Q, ey {b0}9 coey T”9 ceey T'igd—l )
T, Tie, ..., T, ..., {bo}, ..., Tig* 1.
[It may happen that {b,} appears in the second row earlier than in the first row, but

this has no influence on the following considerations.] Denote T' = {B, ..., B.},
T" = {yy, ..., 7,} and consider the paths

by, by 4 by—4... %, b,,

i

by fo, B 4B 4. . L.8,.

Another application of a path of length d necessarily leads to a repetition, while an
addition of a path of length d — 1 cannot be excluded.
If b; % b, (i.e. ko + 0), we have

9(bi b)) < (1 + ko) + [|T'] = 1]d + (d — ) < [|T'| + 1]d - 1.
If b; = by, We obtain
gbsb) =1+ [|T| - 1]d +(d - 1) = |T].d.

We may proceed analogously with the second row and consider the paths

1 d d d
bi——°—>'yl — =Yy ——= . —— Py

1 d d d
b;— b, by by ,

whence
g(bi b)) = d[|T"| + 1] — 1 if by + by and g(b, b)) < |T'|.d

if b; = by

We have proved:

Lemma 4,3. If d = 3, then using the notations introduced above we have
(31) g(by, b)) < d.min(|T'|,|T"|) +d - 1.

We now prove:

Lemma 4,4. Let M(g) be of the form (22) and s 2 4. If b, b; € II(B) have a com-
mon consequent in II(A), then g(b;, b;) < N(s).

Remark. For s = 2 we have g(by, b,) = 1, and for s = 3 we have g(b;, b;) < 3.

Proof. With respect to the results obtained above it is sufficient to suppose that

d = 3 and at least one of the sets of imprimitivity is a one-point set.
1) Suppose that s is even (hence s 2 4). Then both |T'}, |T"| cannot be = %s
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simultaneously since then the cardinality of {bo} U T’ U T” would be >s. We may
suppose |T'| < 4s — 1 and |T"| 2 |T'|.

a) If |T’| < 4s — 2 (hence s = 6), then (since d < s5) we have by (31)
g(by b)) <s(is —2)+s—1=14s>—s — 1 < N(s).

b) Suppose that |T'| = 4s — 1 (hence s = 4). Since |{bo}| + |T'| + |T"| =
214+ (3s—1)+(4s—1)=s— 1, there is at most one further class of im-
primitivity, so that d < 4 and by (31)

g(by, b)) < d[|T'| +1] —1=4[(3s—1)+1] —1=2s— 1 <N(s) for s=6.

If s=4,d = 3, wehave g(b;, b;) < 5 = N(s).

It remains to assume s = 4, in the case all sets of imprimitivity are one-point
sets. It is immediately seen that in this case g(b;, b;) = 4 < N(4) = 5.

2) Suppose that n is odd. Then both |T’| and |T”| cannot be greater than }(s — 1)
simultaneously. We suppose |T’| < |T”| in what follows

a) If |T| = |T"| = ¥(s — 1), then d = 3, and by (31) we have g(b;, b,
S3.4s—1)+(3—1)=103s+ 1) < N(s) for s = 5.

b) If |T'| £ 4s — 5) (hence s = 7), then by (31) we have g(b, b;) <
Ss.Hs—=5+s—1=4s>—3s—1<N(s)

c) Let |T'| = 4(s — 3) (hence s =5). Since [{bo}| + |T'| +|T"| =1+
+ 3(s —3) + ¥(s — 3) = s — 2. there are at most two further sets of imprimitivity
so that d < 5 and by (31) for s > 5,

g(bi,bj)gs[s; 3 ]— 1 =3(55 = 7) < N(s).

Ifs = 5,then |T’| = 1 and d iseither 3 or 4 or 5.1f d = 3, then (by (31)) g(b;, b;) <
<5< N(5)=9. If d = 4, then (again by (31)) g(b; b;) =7 < N(5). If d =5,
we immediately have g(b;, b;) = 5 < N(5).

This proves Lemma 4,4.

We are finally able to find estimates for L(b;, b j) if the c.c. is contained in I1(A).

1) Suppose r = 1, s = 2. This case can be treated directly. By supposition there
is a b} e II(B) such that (b}, a)€ g, ie. a = ag N bjg (since a = ag = ag*> = ...).
Since B is irreducible, for any b, there exists an integer (O < I, <s—1)such that
b} € byo™, hence a € bj*'. This implies a € bo* (for any k). In particular a € b,0° N
nb,¢*, whence L(b;, bj) <s=n—1<N(n). 2

2) Suppose r = 2, s = 2. Returning to (28) recall that if no term of the form ( b(")>
occurs in (28) we have L(b;, b;) < g(b;, b;) + L(A). 4

3) Suppose that r = 2, s = 2 and (18) contains a term of the form (b‘"))' Then
L(b;, b;) < g(b;, b;) + L(a, b) with some a € IT(4), b € IT(B). Hence

Lb, b;) £ g(b;, b;) + max [rs,rs — s + L(4)] .

If L(A) <s, max [rs,rs — s + L{A)] = rs > 5 > L(A4). If L(4) = s,
max [rs,rs — s + L(A)] = rs — s+ L(4) = (r — 1)s + L(4) > L(4).

IIA
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Hence we always have L(4) < max [rs, rs — s + L{A)], so that the case 2) may be
omitted (giving bounds smaller than the case 3))

a) Suppose L{A) > s, then L(b;, b;) < g(b;, b;) + rs — s + L{A). By Lemma 4,2
Liby b)) < [olby b) = Ns)] + N(a) — [NG) ~ LLA)] = (5 = 5,).

Since g(b;, b;) — N(s) < 0, s — ,, = 1, we have L(b;, b;) < N(n) — N(r) + L{A).

b) Suppose L{A) < s, then L{b, b;) < g(b;, b;) + rs = [g(b;, b;) — N(s)] +
+ N(n) — [N(r) = d,]-

For r = 3 we have N(r) — 8,, = 1, and since g(b;, b;) — N(s) < 0 we obtain
L(b;, b;) < N(n).

If r=2 and s >4, we have g(b, b;) — N(s) < 0 and N(r) — ,, = 0, hence
L(b,, b;) < N(n). Fotr = 2, s = 4, we find directly L(b,, b;) < 6 < N(n).

Now two cases remain, namely r = 2, s = 2 and r = 2, s = 3. The case r = 2,
s = 2 has been settled in Example 4,1 by which L(b, b,) < 3 < N(4) = 5. The
case r = 2, s = 3 and dy = 3 has been considered in Example 4,2 by which
L(b;,b)) <5< N(5)=9.If r =2, s =3 and dy = 2, we have seen above that
g(b;, b)) £5s—1=2, so that L{b;,b;) <2+ rs =8 < N(5) = 9. [As a matter
of fact by considering the corresponding graph we obtain in the last case that either
L(b;, b;) does not exist or L(b;, b;) < 3.]

We have proved:

Lemma 4,5. Suppose that M(g) is of the form (22), where A is an r x r Boolean
matrix without a zero row and B is an irreducible Boolean matrix with s = 2.

Put r + s = n. Suppose that b, bjeH(B) have a common consequent contained

in I1(A). Then the following holds:
a)If r=1, s 22, then L'b;,b;) £ n — 1 < N(n).
b)If r =2, s 22 and L(A) < s, then L(b;, b;) < N(n).
¢)If r =2, s 22 and L(A) > s, then L(b;, b;) < N(n) — N(r) + L(A).

I

In the special case that also A is irreducible we have L{A4) < N(r) (for r = 2),
so that L(b;, b;) < N(n). This enables us to prove:

Theorem 4,1. Suppose that M(g) is of the form (22) and both A % 0, B + 0 are
irreducible. Let x, y € I1(A) L II(B). If L(x, y) exists, then L(x, y) < N(n).

Proof. We have to consider the following cases: a) x, y € II(4) (if r > 1); b)
x e II(A), yeII(B); c) x,yeII(B) (if s > 1). In the first case (by Theorem 3,2
L(x, y) £ N(r) < N(n). In the second case L(x, y) < N(n) (by Corollary 4,1). In the
third case if the c.c. of x, y is contained in IT(B), L(x, y) < N(s) < N(n). If the c.c.
is contained in IT(A4), then L(x, y) < N(n) (by the remark made just before the state-
ment of our theorem). This proves Theorem 4,1. R
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5. THE CASE OF REDUCIBLE RELATIONS

Theorem 5,1. Let M(¢) be a n x n Boolean matrix of the form

4,
M(Q) = A:Zl AZ

Ay Ay ... A

where | 2 2 and 4;(i = 1,2, ..., 1) are irreducible Boolean matrices. If x,y € II(M)
and L(x, y) exists, then L(x, y) < N(n).

Proof. We may suppose 4, + 0 since otherwise the statement is true by Lemma
0,3. We proceed by induction. For our convenience we denote

and 4,,, = B, so that

where C has the obvious meaning. Denote |[[I(A™)| = r, |II(B)| =s, so that
r+s=n

The statement is true for the matrix A!?), Indeed, if 4, = 0 it follows from Lemma
0,4, if A, % 0, it is the statement of Theorem 4,1.

Let k > 2 and suppose that for any x, y € I1(A™) we have L(x, y) < N(r). Our
statement will be proved if we are able to show that then L(x, y) < N(n) for all
pairs x, y € II(A™* 1) (provided L(x, y) exists).

We may suppose r = 2. Then we have to consider several cases. When writing
L(x, y) we suppose that it exists.

1) If x, ye I[A™] and L(A™) > 0, we have by supposition L(x, y) < N(r) <
< N(n).

2) If 4™ has a zero row, we have (by Lemma 0,3) Lx, y) < N(n) for any x, y e
e H(A[k+ l]).

3) If s =1, B=0, we have (by Lemma 0,4) L(x, y) < N(n) for any x, y e
e (A% 1),

4 If s =1, B+ 0, xelI(A™M), ye1I(B), we have (by Lemma 4,1) L(x, y) <
< n-—1<N(n). ‘

5) Suppose s = 2, A1 has not a zero row, and x & IT (4¥), yerr (B).

By Lemma 4,1 we have L(x, y) < max (rs, rs — s + L(A™)). Now rs < 1n? <
< N(m). Next, since L(4™) < N(r), by the induction hypothesis, we have

rs — s + L(A™) < rs — s + N(r) = N(n) — N(s) = s + 6,, < N(n).

Hence L(x, y) < N(n).
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6) Suppose s = 2, A™ has not a zero row, and x, y € II(B). If the c.c. of x and y
is in II(B), then (by Theorem 3,2) L(x, y) £ N(s) < N(n). Suppose therefore that
the c.c. is contained in [7(4™).

If L(A™) < s, then (by Lemma 4,5b) L(x, y) < N(n).

If L(A™) > s [and, of course, L{4A™) < N(r) by supposition], we have (by Lemma
4,5¢) L(x, y) < N(n) ~ N(r) + L(A™) < N(n). This proves Theorem 5,1.
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