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1. INTRODUCTION

An ordinary tournament is well-known as a finite directed graph in which each
pair of vertices is joined by exactly one arc. Such a digraph can be obtained by
assigning an orientation to each edge of a complete graph. A bipartite tournament
is defined as an orientation of a complete bipartite graph. Thus an m x n bipartite
tournament T consists of two partite sets (say) X = {x,,x,,...,x,} and Y=
= {y1, y2> ..., yu} Of vertices, and mn arcs between X and Y. If the scores (or
outdegrees) of x; and y; are denoted by a; and b;, respectively, for 1 < i < m and
1 <j<n, then A =[ay,a,,...,a,] and B = [b, b,,..., b,] are called the score
lists of T.

If A and B are lists of nonnegative integers, then the pair (4, B) will be called
realizable if there exists a bipartite tournament with score lists A and B. Several
forms of necessary and sufficient conditions for realizability are known, and we
shall state these in the following section. If 4 = [ay, a5, ...,a,] and B = [b,,
by, ..., b,] are integer lists, we define their dual lists A =[n —a;,n— a,,...
..on —a,land B=[m — b, m — b,,...,m — b,]. Clearly, if (4, B) is realizable,
so is (4, B) — one just reverses the orientation of all the arcs in a realization.

If a pair (4, B) is realizable and all its realizations are isomorphic, then (4, B)
will be called uniquely realizable. As an illustration, it is easily seen that if one of
the lists in a realizable pair has all its entries as 1’s (we say that this list is constantly
1), then all realizations must be isomorphic. This is indicated in Figure 1, where

m-b, m-b, m—b,

Figure 1

*) Some of the results proved in this paper form part of this author’s doctoral thesis.
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we assume that 4 =[1,1,...,1] =[1"], B = [by, b,,...,b,], and that only
X to Y arcs are shown.

We also observe that a pair (A4, B) is uniquely realizable if and only if (4, B) is
uniquely realizable.

The purpose of this article is to determine which pairs (4, B) are uniquely realizable.
We shall answer this question for irreducible (i.e., strongly connected) bipartite
tournaments. In this paper, we refer to irreducible components simply as com-
ponents. From a known result stated in the next section (Theorem 2.4), it follows
that the score lists determine a bipartite tournament up to its components. Thus
a solution to the above problem for the irreducible case will lead to one for the class
of all bipartite tournaments.

For recent surveys on bipartite tournaments and many of their properties, we refer
the reader to [2], [3]. In the case of ordinary tournaments, Avery [1] proved that
there are just four irreducible uniquely realizable score lists. We also note that our
work on the uniqueness question was done independently of the work of Koren [5],
who studied the uniqueness question in the context of bipartite graphs. Also, an
incomplete form of this result was stated in [3].

2. CRITERIA FOR REALIZABILITY

There are several known criteria for determining whether or not a given pair of
lists belongs to a bipartite tournament. The first that we give is a generalization of
Gale’s constructive criterion [4].

Theorem 2.1. Let A = [ay, a, ..., a,,] and B = [by, b,, ..., b,] be lists of integers,
with 0 < a; < nand 0 £ b; £ m. Suppose that A’ is obtained from A by deleting
one entry a;, and B’ is obtained from B by reducing the largest n — a; entries
by 1 each. Then (A, B) is realizable if and only if (A’, B') is realizable.

The crucial idea in the proof of the necessary part of this result is to show that
in a bipartite tournament any vertex in one set can dominate vertices of minimum
scores in the other set (up to its score).

The generality of this result indicates that there is considerable choice in con-
structing a bipartite tournament from a realizable pair (4, B). If, however, we begin
with the lists 4 and B in nonincreasing order and then delete the first entry in A
and preserve the order in B when reducing the appropriate number of its greatest
entries by 1 each, then the result is prescribed and we call the bipartite tournament
so obtained canonical, with lists A and B.

We now turn to an existence criterion for realizability. It was found by Moon [6],
who in fact established a more general result for multipartite tournaments.

Theorem 2.2. A pair of lists A = [ay, as,...,a,| and B = [by, by,...,b,] of
nonnegative integers in nondecreasing order are the score lists of an m X n
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bipartite tournament if and only if, for k = 1,2,...,mand 1 =1,2,...,n,
k

I
(1) Ya,+ Y b;=kl,
i=1

i=1
with equality when k = m and | = n.

Furthermore, the realizations are irreducible if and only if a; > 0, b, > 0 and
the inequalities (1) are all strict (except when k = m and | = n).

Another existence criterion is due to Ryser [7], and it was originally given in the
context of row and column sums in matrices of zeros and ones. We state it here for
the sake of completeness, although we shall not have occasion to use it.

Theorem 2.3. Suppose that A = [ay, a,....,a,] and B = [b, b,,....,b,] are
lists of nonnegative integers, with A in nonincreasing order. Then (A, B) is real-
izable if and only if, for k = 1,2,..., m,

-~

(2) a; g.z min (k, m — b;),

1 j=1

with equality when k = m.
Furthermore, the realizations are irreducible if and only if 0 < b; < m for each j,
and the inequalities (2) are strict for 1 < k < m.

It has been observed by Beineke and Eggleton (independently, unpublished),
that in criteria such as Moon’s and Ryser’s, one need only check the inequalities
when there are jumps. A precise statement of this result and its proof will now be
given. We first introduce some notation. For a list L = [ll, Iy .o I,,], let L, =

q
=Y I,forl <gq=<p, andlet L, = 0.
&

13

Theorem 2.4. Suppose that A = [ay,a,,...,a,) and B = [by, by, ..., b,]| are
nondecreasing integer lists, with 0 < a; < n and 0 £ b; £ m, and such that

(a) 4, + B,

(b) A, + B, = rs, whenever a, < a,.; and by < by .
Then (A, B) is realizable.

Proof. We wish to show that the inequality

(1) A, + B, = ki

mn; and,

holds for all 1 £ k £ m and 1 £ I £ n. If this is not the case for some k and |,
let g and s be the smallest and let r and ¢ the largest indices such that a,,, = a, = a,
and by, = b, = b, (¢, s 2 0). Now 4, + B, < kl. We claim that at least one of
A + By < ks and A4; + B, < kt must hold. For, otherwise (I — s) b, < k(I — s)
and (t — 1) b, > k(t — 1), which is impossible. Hence, suppose that

(1) Ak + B.s < ks.
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Now, by hypothesis,

(i) 44 + B, = gs, and

(iii) A, + By = rs
(observe that if » = m, then 4,, + B, = mn and 0 < b; < m together imply (iii)).
Then (i) and (i) give (k — ) a, < (k — q) s, while (i) and (iii) give (r — k) q;, >
> (r — k) s. These again lead to a contradiction. The case 4, + B, < kt can similarly
be treated. This completes the proof.

We now mention some known results about irreducible components. A com-
ponent is called dominating if it has no incoming arcs. While an ordinary tournament
has precisely one dominating component, the situation in the bipartite case is slightly
different. It is described in the following result [2], and is a direct consequence of
Moon’s Theorem 2.2.

Theorem 2.5. Let A = [ay, a,,...,a,] and B = [by, b,,...,b,] be score lists
(in nondecreasing order) of a reducible m X n bipartite tournament.

() If a, =n or b, = m, then there is a corresponding trivial dominating
component (consisting of one vertex which dominates all the vertices in the other
partite set);

(ii) otherwise, if k and I are the largest indices with k < m and 1 < n such that

then the nontrivial dominating component consists of all the vertices in the two
partite sets with scores exceeding a, and by, respectively.

3. SOME SPECIAL SCORE LISTS

In this section we prove two results which will be used later. These concern the
existence of bipartite tournaments and their properties under special conditions.
The first involves pairs of lists in which one list is constant or near-constant.

Theorem 3.1. Let A = [a,, a,,...,a,)] and B = [b,, b,, ..., b,] be a realizable
ppair of score lists, with 0 < a; <n and 0 < b; <m. If |a; — | £ 1 for any
i,k=1,2,...,m, then any bipartite tournament with score lists A and B is ir-
reducible.

Proof. Suppose that T'is a reducible bipartite tournament on partite sets X and Y,
with score lists A4 and B, respectively. Since 0 < a; < n and 0 < b; < m, T has at
least two nontrivial components, say C and C’, with C being the dominating com-
ponent. If x;e Cn X and x, e C' n X, then x; dominates all the vertices (in Y)
dominated by x,. Also, there exist y;€ Cn Yand y,€ C’' n Y such that x; - y; —»
- x, and x; > y; > x,. Thus a; = score(x;) = score (x;) + 2 = a; + 2. This
contradicts the hypothesis, and hence the theorem is proved.
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Theorem 3.2. Let A = [a,, ay, ..., a,] (in nondecreasing order) and B = [b"]
be lists such that (4, B) is realizable. Suppose that a,, a, are two entries in A with
a, > 0 and a; < n. Define a new list A’ = [a}, a5, ..., a,,] as follows:

a,=a, — 1
a, =a; + 1
a; for i+kI.

S
Il

Then (A, B) is realizable.

Proof. This follows at once from Theorem 2.4.
There are other results like the one in the above theorem. We state one more,
although we shall not need it.

Theorem 3.3. Suppose (A, B) is irreducible (that is, (A, B) is realizable and all
its realizations are irreducible). If A' is obtained from A by adding 1 to some
entry and B’ is obtained from B by subtracting 1 from some entry, then (A’, B')
is realizable.

4. SOME LEMMAS

We are now ready to obtain necessary conditions on 4 and B so that (4, B) is
uniquely realizable. As observed earlier, it is enough to consider the irreducible case.

We find it convenient to introduce some notation. If (A, B) is realizable, we shall
let T denote a realization on partite sets X and Y. If X, and Y; are nonempty subsets
of X and Y, respectively, then T(X,, Y;) is the subtournament of T induced by the
vertex sets X; and Y.

Lemma 4.1. Suppose (4, B) is uniquely realizable. For any entry a; in A and b;
in B, let X; and Y; be the subsets of X and Y consisting of vertices of scores a; and b;,
respectively. Then any cycle in T contains the same number of arcs from X, to Y;
as from Y; to X ;.

Proof. If this were not the case for some cycle Z, then reversal of the arcs of Z
would produce an (4, B) realization nonisomorphic to T.

Lemma 4.2. Suppose that (A, B) is irreducible and uniquely ;'ealizable. Then A
or B is constant.

Proof. If neither A4 nor B is constant, let X; be the set of vertices of minimum
scorein X and let X, = X — X, and similarly define Y; and Y,. Since T'is irreducible,
every arc is contained in a cycle. Hence, by Lemma 4.1, none of the four subtourna-
ments T\X;, ¥;) (i,j = 1, 2) is unanimous (that is, has all its arcs directed from one
partite set to the other).

Choose a vertex x; in X; of minimum score in T(X{, YI) Then x; must dominate
some y, € Y,. We consider two cases depending on whether or not y, dommates
some vertex in X,.

327



Case (i). Every vertex in X, dominates y,. Let uv be an arc from ¥, to X,. Since
score (y;) > score () in T, there exists an x e€X, such that y, - x — u. (See
Figure 2).

Figure 2

But then x - u » v - y, — x is a cycle which violates Lemma 4.1.

Case (ii). Some vertex x, € X, is dominated by y,.

By our choice of x,, there exists a y; € Y; such that y; — x;. If x, = y;, we again
get a 4-cycle which has one arc from Y; to X, but no arcs in the other direction. So,
assume y; — X,. (See Figure 3). Since score (y,) > score (y;) in T; there exists an
x € X with y, - x > y,. I xe X,, we again get a forbidden cycle x; - y, » x —
— y; = x;. Hence x € X;. Likewise, there exists a y € ¥; with x, » y — x. But
then x; = y, - x5 = y > x = y{ —» x, is a 6-cycle which violates Lemma 4.1.

Since all the possibilities have been exhausted, the lemma follows.

/\‘

/

<X

Figure 3

We noted in Section 1 that a realizable pair (4, B) is uniquely realizable if one of
the lists is constantly 1. We now assume, for the remainder of this section, that none
of the lists 4, B, A and B is constantly 1.

Lemma 4.3. With the above assumptions on A and B, if (A, B) is irreducible and
uniquely realizable, then A or B is nonconstant.
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Proof. Suppose, on the contrary, that A = [¢™] and B = [b"], with 1<a<n—1
and 1 <b<m— 1. We may also assume, without loss of generality, that
b= 1im.

Consider the largest r for which there is a unanimous r x a subtournament of an
(A, B) realization T, with all its arcs directed from X to Y. It is easy to see that
1<r<b<m-—r. Weclaim that r = m — b. First suppose that r = b. Then
Im<b<m-—r=m-—>b<im implies that r = m — b. Next, suppose that
r < b. Now ([a™"], [b% (b — r)"~“]) is realizable. Hence, by Moon’s Theorem 2.2,
we get

(i) m—-rya+(n—a)b—r)2z(m—r)(n—a).

Furthermore, if the lists [¢™ 7"~ '] and [b% (b — r — 1)"~“] form a realizable pair,
we can get an (A4, B) realization with an (r + 1) X a unanimous subtournament.
This contradicts the unique realizability of (4, B). Hence, we have

(i) m—-r—la+mn—-a)b-r—1)<(m-r—-1)(n—-a).
We note that the following also holds:
(iii) ma + nb = mn.

From (i), (ii), and (iii), it follows readily that » = m — b. Hence, our claim is proven.
We thus have the situation as. shown in Figure 4, where U is our unanimous
r X a =(m — b) x a subtournament.

m-b b

Figure 4

Choose an arc x;y, in U and another arc x,y, in T — U. Then we have a 4-cycle
Xy = y; = X, = ¥, = x{. On reversing the arcs of this 4-cycle, we get a realization
T’ of (A, B) in which U is no longer unanimous. Also, neither x; nor x, can lie on
an (m — b) x a unanimous subtournament of T’. Hence T” has a different number
of such subtournaments than T, and is consequently nonisomorphic to T, a contra-
diction. This completes the proof.

We may now assume that we have a pair (4, B) which is uniquely realizable and
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irreducible; and moreover, without loss of generaiity, 4 = [a"], 1 <a <n —1,
and B=[b; b, <...<b,<b;<...£b,], where L < r <n.

Lemma 4.4. With A and B as above, the list B has precisely two distinct values.

Proof. Suppose that B = [b", ¢%, dy,...,d,] with b<c<d, £...<d,, and
r,s,t > 0. Let Y;, Y, and Y; be the subsets of Y consisting of those vertices with
scores in the sublists [b"], [¢*] and [d|, ..., d,], respectively.

We first show that in the subtournament T(X, Y;) of T, the scores of the vertices
in X take on precisely two distinct consecutive values. Since (A, B) is uniquely
realizable, the canonical realization of T(X, Y,) (as described in Section 2) shows
that the scores, in T{X, Y;), of the vertices in X assume at most two distinct con-
secutive values. Suppose that.the score lists of T(X, Y;) are [a™] and [b"]. Since T'is
irreducible, we clearly have 0 < a < a. Choose y; €Y, x,€X and y,e Y- Y,
such that y; — x; — y,. Since score (y,) > score (y;) in T, there existsan x, € X
with y, = x, — y;. On reversing the arcs of the 4-cycle x; —» y, = x, = y; = Xy,
we get a realization of (A, B) which is not isometphic to T.

We have thus proved that the score lists of T(X, Y,) are [«?, (« + 1)?] and [5"]
for some p,q >0, p+ q = m. Now let § = a — a. Then the score lists of
T(X,Y-Y,)=TX,Y,u Ys) are [(B — 1)% p7] and [¢’, dy,...,d,]. Since T is
unique, so is T\ X, Y — Y;). Hence, by Lemma 4.2, T(X, Y — Y;) is reducible. But
one of its score lists is near-constant. Hence, Theorem 3.1 applies, and it follows
that one of the following must hold:

B—1=0, ¢=0, B=s+1t, dg=p+qg=m.

Clearly, ¢ = 0 and d, = m are impossible. Suppose that g = 1. Then the score
lists of T(X, Y, U Y,) are [(a — 1)%*, a®] and [b", ¢*], where p; + g = m. More-
over, a consideration of the score lists of T(X, Y;) gives a + r + s and g, > 0.
Hence, the score lists of T(X, Y; U Y,) are irreducible and uniquely realizable. An
application of Lemma 4.2 shows that we must have p; = 0. But then the score lists
of T(X, Y, U Y;) are [a™] and [}", ¢*], a contradiction to the irreducibility of T.

Finally, if § = s + t, then every vertex of X must dominate all or all but one of
the vertices in Y, U Y;. From the canonical construction for (4, B), it follows that
a = n - 1, again a contradiction.

This completes the proof of the lemma.

Let us now recapitulate the results proved thus far. If (4, B) is an irreducible,
uniquely realizable pair, then we have proved that one of the following must hold:

(i) one of 4, B, A or B is constantly 1;

(ii) (without loss of generality) A = [a"], 2<a<n -2, and B = [b,¢],
withl<b<em-—1,r,s>0andr + s = n.

Lemma 4.5. Suppose that (A, B) is irreducible, uniquely realizable, and (ii)
above holds. Thenr = 1ors = 1.
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Proof. Suppose, to the contrary, that » = 2 and s = 2. If Y] is the subset of Y
consisting of those vertices with score b, then as in the proof of Lemma 4.4, the score
lists of T(X,Y;) are [«f, (« + 1)?] and [b"], while those of T(X,Y — Y;) are
[(B — 1)%, p”] and [c*], with p,q > 0, and « + B = a. Since (A4, B) is irreducible
and B is nonconstant, we get 3 < m = p + ¢q. Thus, p = 2 or g = 2.

We first consider the case when 0 < a < r — land 1 < < 5. If p = 2, then the
score lists of T(X,Y;) and T¢X,Y,) imply the realizability of the pairs of lists
([o = 1,772, (e 4+ 1)?* 1], [67]) and ([(B — 1)**1, p*~2, B + 1], [¢*]), respectively,
by Theorem 3.2. If T; and T, are realizations of these two pairs on partite sets X, Y;
and X, Y,, respectively, then T; U T} is another realization of (4, B), nonisomorphic
to T, a contradiction. If, on the other hand, g = 2, then the list pairs
([t (o + 1072, o + 2], [67]) and ([B — 2, (B — 1)*" 2, p***], [¢*]) again lead to
a contradiction.

We are now left to consider the case when one of « = 0, a = r — 1, § = 1 and
B = s holds. Suppose « = 0. Then the score lists of T(X, Y;) are [07, 17] and [b],
while those of T(X, Y,) are [(a — 1)%, a”] and [¢*]. Hence, g + rb = rm, and since
r>1and m > b, q > 1. It follows, again from Theorem 3.2, that the list pairs
([or*1,1972,2], ["]) and ([a — 2, a — 1)*"2,a?* "], [¢*]) are realizable. This
contradicts the unique realizability of (A, B), as before. For the other possibilities,
namely « = r — 1, B = 1 or B = s, an analogous modification of the original pairs
of lists can be made. This completes the proof.

5. THE MAIN THEOREM

We start by summarizing the results proved in Section 4. It has been shown that
if (4, B) is irreducible and uniquely realizable, then one of the lists (or its dual)
consists entirely of 1’s or one of the lists is constant and the other has exactly two
distinct values, one of which appears precisely once. We are now ready to state and
prove our main theorem, which gives necessary and sufficient conditions for unique
realizability in the irreducible case.

Theorem 5.1. An irreducible pair (A, B) of score lists is uniquely realizable if
and only if one of the following holds:

(I) (without loss of generality ) A = [1™] and B is arbitrary;

(T) the dual of (), that is, A = [(n — 1)"] and B is arbitrary;

(IT) (without loss of generality) A = [1"~', a] and B = [6"];

(IT) the dual of (IT);
(IIX) (without loss of generality) A = [1,a" "] and B = [27];

(TIT) the dual of (IIT).

Proof. The sufficiency of (I) has already been noted in Section 1, where Figure 1
shows the unique realization. Now suppose T is a realization of 4 = [1"~!, 4] and
B = [b"], on partite sets X = {X,, x,, ..., X,,} and Y = {yy, y2, ..., y,.}, respectively.
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If (say) x,, has score a and it dominates (say) yi, y,, ..., Vo then T — X, has score
lists A, = [1™"*] and B, = [(b — 1)"7% b"]. Hence, by (I), (4, B,) is uniquely
realizable. The unique realizability of (4, B) follows. This proves the sufficiency
of (II). The proof for (III) is similar, and the dual cases follow by a remark made in
Section 1.

We now prove the necessity by induction on the total number m + n of entries
in 4 and B. Since (4, B) is irreducible, we have m, n = 2. If (say) m = 2, then
B = [1"], and the theorem follows. Now assume that the result holds for all ir-
reducible and uniquely realizable pairs of score lists with combined length less than
m + n, and consider such a pair (4, B) with [A| = m and |B] = n (m,n = 3).

Suppose that 4 and B are not of the type (I) or (I). Then, by the remarks at the
beginning of this section, we have, without loss of generality, 4 = [a"’] and B =
=[b"Yc],withl<a<n—-1,1<bc<m—1landb+ec.

If y is the vertex of score ¢ in a realization T of (A, B), then T — y has score lists
Ay = [(a — 1)""¢, a] and B; = [b"~']. Now the the unique realizability of (4, B)
implies that of (A4,, By). Also, by Theorem 3.1, (4;, B,) is irreducible. Hence, by the
induction hypothesis, 4, and B; must belong to one of the six given types. We
consider these cases one by one. -

(i) If B; = [1""*], then B = [1"7%, c], so that 4 and B are of type (II).

(ii) If B, = [(m — 1)"'], then A, B belong to (II).

(iti) If By = [b" '] and 4, = [1™" %, a], then ¢ = 1 and a = 2, so that 4 = [2"]
and B = [1, b"~']. This is of type (III).

(iv) If B,= [b""'] and 4, = [d, (n — 2)""*], we get A and B to be of type (III).

(v) If By =[2"""'] and 4; =[1,a"" '], then b=2,a=2and c=m — L.
Hence 4 = [2™] and B = [2""!, m — 1]. Using Moon’s Theorem, we get

2m +2(n — 1) + (m — 1) = mn;;
or
2n — 3
m = .
n—3

It follows that n = 6 and m = 3. But then 4 and B are both constant, a contradic-
tion. Thus, this case is not possible.

(vi) The impossibility of By = [(m — 2)""! and A, = [a"" ', n — 2] follows
by duality.

This exhausts all the possibilities, and hence, by induction, the theorem is complete-
ly proved.

The results proved above can now be summed up as follows: An irreducible pair
of score lists is uniquely realizable if and only if that pair or the dual pair is one of
the following types (not mutually exclusive):

(1) one list is constantly 1 (and the other is arbitrary);
(2) one list is constantly 1 except for exactly one entry, and the other is constant;
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(3) one list is constantly 2 and the other list is constant except for exactly one entry
which is 1.

Now suppose that (4, B) is a realizable pair and Q,, @5, ..., @, are the irreducible
components of a realization T of (4, B). Also suppose that O, has score lists 4,
and B, 1 £ k £ p. Then it is a simple observation that (4, B) is uniquely realizable
if and only if (4, B;) is uniquely realizable for all k. Hence Theorems 2.4 and 5.1
together solve the uniqueness problem for the class of all bipartite tournaments.
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