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1. Denote by Z  the set of all probability distribution functions (p.d.f.’s) on R¥.
Suppose that F,e Fx (n = 1,2,...) and F € F, and consider

(¥) Fi(x) > F(x),
(+%) [ 0(x) dF,(x) = [gu 9(x) dF(x).
It is well known that the following conditions are equivalent (see [2], § 2—3):
(I') (*) holds for each point x of the continuity set C(F) of F;

(I%) (*) holds for each point x of a dense set D;
(IT,) (**) holds for each ¢ in ,, the class of all bounded continuous functions;

(IL,) (#*) holds for each ¢ in %,, the class of all bounded uniformly continuous
functions.

Consider additionally the conditions:

(II3) (*x) holds for ¢ in &,, the class of all bounded smooth functions;

(11,) (++) holds for ¢ in %,, the class of all continuous functions of bounded
support;

(TI5) (*x) holds for ¢ in 2, the Sobolev-Schwartz class of all smooth functions of
bounded support.

We shall show that conditions (II;)—(II;) are equivalent to the preceding ones.

The convergence expressed by one of the above conditions is called, according
to (II,), the weak convergence of p.d.f.’s and is denoted by F, —" F. Note that this
is the distributional convergence, because condition (II;) means that F, — F in the
sense of distributions of L. Schwartz.

In [3], § 9 (Theorem 1), it is proved that for k = 1 the weak convergence of p.d.f.’s
is equivalent to the convergence in the P. Lévy metric: -

d(F,G)=inf{h>0:F(x — h) — h<G(x) £ F(x + h) +h forall xeR'},

where F, G € F. Some modifications of this metric as well as other equivalent
metrics have been considered lately by various authors [14], [11], [12], [13], [15].
One can show that conditions (I')—(II;) are equivalent to the local convergence

173



of the respective p.d.f.’s in I7(0 < p < o0):
(111) Jr|Fu(x) — F(x)|P dx > 0 for all rectangles I = R*,

which, for k = 1, is essentially shown in [15]. In Section 2, we would like to present
a simple proof of this equivalence, based on the Urysohn property:

(U) if for every subsequence F, of a sequence F, there is a subsequence F, of F,
such that F, - F, then F, - F.

Property (U) holds evidently if (I') is considered. Let us recall that (U) represents
a condition which plays an essential part in characterizations of topological con-
vergence (see [6], p. 51; [7]; [1]; [4])-

Condition (III) suggests natural metrics in %y connected with the local con-
vergence in IP. Fix an arbitrary sequence I,, of rectangles in R* whose union is R¥.
One of possible metrics in # ¢ may be defined as

F = G, (0<p<w),

d,(F,G) =3 2 *max (1,
s=1

which is a modification of M. D. Taylor’s metric (see [15]), and condition (IIT) can
be expressed in the form:

(111) d,(F,, F) > 0.

Let us consider now conditions for convergence of p.d.f.’s inspired by the Peck
topology in the set of doubly stochastic measures on [0, 00) x [0, o0) (see [9]).

Fix m, 0 £ m < k. Given x = (&,,..., &) e R let x™ = (£,..., &,) and given
t =Ty e Ty_m) ERF™ let

(=o0,1) = (—00,7y) X ... X (—00, T4_p)
and H, = R™ x (— oo, t). The convergence

(1v) Ja @(x") dF,(x) > [, @(x") dF(x)
represents, as a matter of fact, a variety of conditions, depending on various as-
sumptions about the points ¢ and the functions ¢. Denote by (IV}) condition (IV)
assumed for all functions ¢ on R™ of the respective class described in condition (II;)
(j=1,...,5) and for all t = (7, ..., T,_,) € Cy_,, = R*"™ such that F is continuous
at points of the form (s, t) = (o4, ..., Gy, Ty, -+ Ty_p) € R, where s = (04, ..., 0,) €
e R™. By (IV3), denote condition (IV) satisfied for all functions ¢ on R™ of the class
defined in (II;) (j = 1, ..., 5) and for all points of a dense set D, _,, in R*"™.

It appears that each of conditions (IV}) (i =1,2;j = 1,..., 5) is equivalent to the
weak convergence of the respective p.d.f.’s. This leads to some consequences for the
convergence of copulas of doubly stochastic measures (see section 3).

Finally note that analogous results can be obtained in the Rényi theory of con-
ditional probabilities (see [ 10], p. 70; [4]), where p.d.f.’s are unbounded. In particular,
the space of Rényi p.d.f.’s gains a natural metric while the Lévy metric cannot be
modified in this case (see section 4).
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2. Given a p.d.f. F and a rectangle

I=[a,b)= o, By) x ... X[, B) <R
we use the notation

AF = Z(_.l)mmﬂk F(By + &y(oty = B1)s s B + &0 — By)) s

where the sum is taken over all systems e = (el, ..., &) With &, = 0 or 1 for i =
=1,..,k

Probability distributions corresponding to the p.d.f.’s F,, F will be denoted
by P,, P, respectively.

We have

Theorem 1. Let F, (n = 1,2,...) and F be p.d.f’s on R*. Then all conditions:
(%), (IL), (III) and (1V) (i = 1,2; j = 1, ..., 5) are equivalent.

Proof. The proof will be organized according to the following diagram:
(i (1,
P

(1%) «(1') «— (Il,) —»(/l/,,)
¥

[ (U 3) — ()

(IV]) — (IV)) —(1V,)

1 ~

(i) v )

~

(1Vy) — (1V5)

(1Vs) —>(1Vg)

4
l—» ()
The equivalences in the chain

(1) & (') & (IT) < (IL,)
are proved in [2], § 2 (Theorem 2.1) and § 3 (see also Problem 1 in § 3).
The implications:
(III) - (IL,) — (IIS) ; (IIl) - (II3) - (IIS) ;
(IV}) > (IV}) = (IV}) - (IV3) — (IV3) ;
(Ivi) = (IV]) - (IV3) » (IV3) > (1V3) ;
(IV]) = (Iv3) = (IVY) 5 (1V]) > (IV3) - (1V3)
follow from the inclusions 4, > 6, > ¢, > 2 and ¢, o &, @ 2, and from the
fact that the set C,_,, is dense in R¥™™.
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(1%) - (1)
Condition (I') implies that F, — F almost everywhere. By the Lebesgue dominated
convergence, we see that (III) holds for every p, 0 < p < o0.

(III) - (Il)

If F, — F in the sense of (ITI), then F, — F in this sense for every subsequence F,
of F,. By the F. Riesz theorem there is a subsequence F, of F, such that F, » F
almost everywhere and thus on a dense set D = R*. In view of the equivalence (I') <>
« (I2), we have F, — F on C(F) and it remains to use the Urysohn condition.

(') = (1v3)

First consider a rectangle I = J x K, where J < R™,K < R¥™™ such that F is
continuous at each point of its boundary dI, i.e., P(3I) = 0. Given & > 0 find a
partition Jy, ..., J;of J and points x; in I, = J; x K such that §(I;) = 0 and

lp(x™) — (x7)] < ¢ (xeI)

for i = 1,...,s. Since, by (I'), F,(x) > F(x) at each vertex of rectangle I;, we have

| [10(x™) dF,(x) — [, o(x™) dF(x)| < 3¢ +'Zs:1(p(x’,-") |ALF, — ALF| <&
for sufficiently large n. Hence -
(1) Joo(x") dF,(x) = [y o(x") dF(x)
for every finite union U of rectangles I in R* such that P(0I) = 0.

Take a point ¢ in R*”™ such that F is continuous at (s, ) for each s € R™ and denote
M = sup {|¢(¥)|: y € R"}. There exists U as above such that

) [P(H) = P(U)] < = and [P(H) = P,U) <

for sufficiently large n. The second inequality follows from the first one, because
P,(A) > P(A) for A = H,and A = U. In view of (1) and (2), we have
U a1, 9(x™) AF,(x) — [y, p(x") dF (x){ < [raw |‘P(xm)| dF,(x) + [aaw|e(xm)] dF(x) +
+ [ fo 0(x") dF,(x) = fu o(x") dF(x)| < &

for sufficiently large n, which proves the implication.

(Il;) - (I') and (IV3) - (I')

Note that the convergences (II5) and<(IV3) have unique limits.

To show it for (IVZ) suppose that F, —» F and F, — G in this sense and F(x,) +
+ G(x,) for some x, = (yo, zo) in C = C(F) n C(G), where y, € R" and z, € R*™™
We can assume that F(x,) > G(x,) + 2¢ for some & > 0. Clearly, there exist

rectangles I = [aq, yo) X [bo» 2o) and J = [ay, y1) x [bo, ), where a; < a,,
Yo < Y1, 2o < tand te D,_,, having the following properties: P(aI) =0, A/F >
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> A/G + ¢ and
frgdG(x) < &.

Let ¢ be a smooth function such that 0 < ¢(y) < 1 for all y e R™, ¢(y) =1 for
y € [ao, ¥o) and ¢(y) = 0 for y ¢ [ay, y;). Then

fa, o(x™) dF(x) > [;dF(x) > [;dG(x) + & > [, ¢(x™) dG(x),
which contradicts the supposition. Thus F = G on C and, by the continuity of F
and G from the left, F = G on R*. In a similar way one can show that the convergence
(II5) has unique limits.

Assume that F, - F in the sense of (IL5) or (IV2) and that F, is an arbitrary sub-
sequence of F,.Since the sequence F, is uniformly bounded, we can select its sub-
sequence F, which converges to some p.d.f. G on a countable dense set D in R,
i.e. F,— G in the sense of (I?) as well as (II;) and (IV2), by the implications already
proved. Also F, - F in the sense of (I;) or (IV2), according to the assumption.
The uniqueness shown above yields F = G. Hence F,, — F in the sense of (I'). Con-
sequently, F, — F in the sense of (I'), by the Urysohn condition.

All the implications in the diagram are now proved, so the proof of Theorem 1 is
finished.

Remark 1. We have omitted proofs of the equivalences in the chain (I?) < (I') <
“ (III) > (IIZ) which result from general theorems on convergence of probability
distributions in metric spaces given in [2], §2, and some obvious properties of
p.d.f’s in R*. However direct proofs can be easily obtained. Implications (I') — (I?)
and (II,) - (II,) - (1) are trivial and implication (I?) — (II,) follows in a similar
way to that demonstrated in the proof of implication (I') - (IV}) (cf. [3], § 9). For
completing the chain, it remains to add implication (II5) — (I') in which we have
encountered condition (U). We encounter it also if implication (III) — (T') is replaced
by the fact that the distributional convergence in (Hs) is more general than the local
convergence in I? and again by implication (II5) — (I'). The method used in the
proof of (II;) - (I*) and (IVZ) — (I') was presented in a very general setting in [8].

Remark 2. It is evident that the set H, in all conditions (IV) can be replaced
equivalently by the set

(=00, @) X ... X (=00,71) X «eo X (=00,7) X ... x (=00, 0).

3. A measure p on the o-algebra of all Borel sets in X x X, where X = [0, o)
or X = [0, 1], is doubly stochastic (d.s.m.) if

w4 x X) = u(X x A) = I(4)

for every Borel set 4 = X, where [ is the Lebesgue measure on X.
The function defined by the formula

Clx,y)=p({s,)eX x X:s<x,t<y}) (x,yeX)

is called the copula corresponding to the d.s.m. g on X x X.
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The family of copulas is equicontinuous which follows from the following ine-
quality:
Clxz, y2) = Clxy, ¥1) S ul{s, 1): %1 S s S o)) + pl({(s, 1)1 1 St S 32}) =
= (x2 - x) + (2 = 1)
for arbitrary points (xy, y1) and (x,, ;) of X x X such that x; < x, and y, < y,.
Observe that copulas C in X x X can be identified with the following p.d.f.’s F
onX x X. Weput F=ConX x X and F(x,y) = 0if x <0 or y < 0 in both

considered cases. Moreover, if X = [0,1], we put F(x,y)=1if x>1, y 20
orx=0, y>1.

One can derive the following corollary from Theorem 1:

Theorem 2. For arbitrary copulas C, (n = 1,2,...) and C on X x X, where
X = [0, ) or X = [0, 1], the following conditions are equivalent:

(@) Cu(x,y) = C(x, y) pointwise;

(b) C\(x, y) = C(x, y) on a dense set in X x X;

(© [Ca = Cleeo,mxon =0 (0 < p < )
for arbitrary intervals [0, a] and [0, b] in X;

(@) [xxx @(x, y) dC,(x, ¥) = [xux 9(x, ) dC(x, y)
for each function ¢ on X X X of one of the classes €y, 8,, &y, 6o, D;

(€) Sxxro,q¥(¥) dC(x, ¥) = [xxpo.q¥(x) dC(x, ¥)
and|or
Jro.axx ¥(x) dC,(x, ») = [ro,axx ¥(x) dC(x, y)

for each function \y on X of one of the classes €,, ,, &y, €9, 2 and for each te X
(for each t from a dense set in X).

Proof. The equivalence of conditions (a), (b), (d), (¢), and condition (c) for p,
0 < p < oo, follows directly from Theorem 1 and Remark 2. For p = oo, the
equivalence of () and (a) is a consequence of equicontinuity of the sequence of
copulas C,.

Remark 3. If X = [0, 1], we obviously have ¢, = ¥, =%, and 6, = 9 in
conditions (d) and (e). :

Remark 4. For X = [0, ), condition (¢) means the convergence of the respective
d.s.m.’s in the Peck topology (cf. [9]).

4. In the Rényi theory of conditional probability spaces, unbounded probability
distributions and unbounded p.d.f.’s are introduced (see [10], p. 245—254, and [5]).
As a matter of fact, a Rényi p.d.f. is not a single function but a class of all nontrivial
nondecreasing functions F on R* (i.e. A,F = 0 for every rectangle I = RY), continuous
from the left (in each variable), which differ from each other by the sum of functions
Fx)=F&, ... &1 &vrr - &) (i=1,...,k) of k— 1 variables. In other
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words, F and G belong to the same class if A;F = A,G for every rectangle I = R*
(see [5]).

Denote such a class, if it contains a function F, nondecreasing and continuous
from the left, by [F].

We can introduce a metric on the space # of all Rényi p.d.f.’s in the following
way. Fix a sequence of rectangles I,, whose union is R* and put for any p,0 < p < oo,

4[FLIGD = 5 27" max (1, 4,[F], [6).
where
dyw([F], [G]) = inf {|[F — G 1oqr,,y: Fe[F], Ge[G]}.

It is easy to see that d, is a metric on .

Given a Rényi p.d.f. [F] and a rectangle I = [a, b) = [og, B;) X ... X [0, B)
in R¥, define the function F; on R*:

F(x) = Fi¢y, ..., &) = 0if & < o, for some i = 1,..., k; F(x) = 1if & > 1
and &; 2 0 (j # i) for some i = 1, ..., k; and

Fy(x) = Ay F[ApenyF for xel =[a,b).

Clearly, F, is a usual p.d.f. on R* and the definition does not depend on the choice
of a representant of the class [F].

Given Rényi p.d.f.’s [F,] and [F], consider the following conditions for r = 1, 2
and s = 4,5:

(") F,,; —" F, for every rectangle I in R* whose boundary points are in the set
considered in condition (I");

(iir) SeFn  AE

AF, A

in the set considered in (I');

for arbitrary rectangles I, J in R* whose boundary points are

(iii") there exist representants F, and F of [F,] and [F], respectively, such that
F,(x) > F(x) for each x of the set considered in (I");

(iv,) there exist constants o, > O such that
%, [ re 9(x) AF,(x) > [ @(x) dF (x)
for each function ¢ of the class considered in (IIS);
() d[F.1[F) =0 (0 < p < ).
Theorem 3. Let [F,] (n = 1,2,...) and [F] be Rényi p.d.f.’s on R". Then all the
conditions (i"), (ii"), (iii"), (iv,) and (v) for r = 1,2 and s = 4, 5 are equivalent.

Proof. The equivalence of conditions (i), (ii"), (iii") and (iv,) for r = 1,2 and
s = 4,5 in the one-dimensional case is proved in [5]. The proof in the case k > 1 is
analogous. Similarly as in the case of equivalence (I') <> (IIT), we prove that (iii?) <>

o (i) > (v).
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