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is r = 3; but a regular graph ofan odd degree with an odd number ofvertices cannot 
exist. Thus we shall study the cases n = 8 and n = 9. 

For n = 8 we have two possibilities r = 3 and r = 4. Consider r = 3. A connected 
graph G with 8 vertices and with constant neighbourhoods having 3 vertices is a reali
zation of Ht or H2 (Lemma 2). Any realization of H2 has the property that each 
vertex is contained in exactly one triangle and this implies that the number of its 
vertices is divisible by 3, which is not the case. Thus any such graph G is a realization 
of Hl and has no triangles. Let ui be a vertex of G, let u2, u3, u4 be the vertices 
adjacent to мІ5 let w5, ц 6 ,м 7 ,и 8 be the remaining vertices of G. From any vertex 
of the set {u2, u3, u4} three vertices go to vertices of the set {u5, u6, м7, u 8 }; these 
edges are six. Three edges are adjacent to ui and G has twelve edges, therefore the 
subgraph of G induced by {м5, u6, u7, u8} has three edges. As Gis without triangles, 
this subgraph is a star or a path with three edges. In the first case G is the graph ofthe 
cube, in the second case it is the graph in,Fig. 3; both these graphs are vertex-
transitive. 

Fig.3 

Now consider n = 8, r = 4. A connected graph G with 8 vertices and with constant 
neighbourhoods having 4 vertices is a realization of H[ or Я 2 or Я 4 or Я 7 from 
Fig. 2 (Lemma 3). Any realization ofH 2 has the property that eachvertex is contained 
in exactly one triangle, and this implies that the number of its vertices is divisible 
by 3, which is not the case. Any realization of Я 4 has the property that each edge 
is contained in exactly one triangle and this implies that the number of its edges is 
divisible by 3, which is not the case (at n = 8, r = 4 the number of edges is 16). 
Let G be a realization of H[; thenit has no triangles. Let ux be a vertex of G, let u2, 
M3, u4, u5 be the vertices adjacent to uu let u6, w7, u8 be the remaining vertices of G. 
There are 12 edges among the sets {w2, w3, u4, u5) and {w6, u7, u 8 }, which implies 
that the graph obtained from G by deleting uv is K 3 4 and G itself is X 4 4 ; this is 
a vertex-transitive graph. Now suppose that G is a realization of Я 7 . Then each 
vertex of G is contained in exactly one clique with four vertices; the unique graph 
with this property is K4 • K2 and this is a vertex-transitive graph. 

For n ~ 9 the inequality 3 ^ r % n — 4 gives the possibilities r = 3, r = 4, 

622 





n = 10 we see two such graphs in Fig. 5 and in Fig. 6. Both of them are realizations 
of K3, i.e. of a graph consisting of three isolated vertices. The vertices u1? u2 of the 
graph in Fig. 5 are contained in exactly two circuits of length 4, while all others 
only in one. The vertices vl9 v2 of the graph in Fig. 6 are not contained in any circuit 
of length 4, while all others are. Hence these graphs are not vertex-transitive. The 
number of edges of each of them is 15; according to Lemma 1 this is minimum. Q 
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