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ON A SEMI-VARIATIONAL METHOD FOR PARABOLIC EQUATIONS II

IvAN HLAVACEK

(Received December 23, 1971)

INTRODUCTION

In Part I of this paper we presented a numerical procedure for approximate solution
of abstract parabolic equations. It is the aim of the Part 11 to give further information
on the proposed method and to show how to apply it to some problems, which are
more general than those of Part 1.

In Section 1 we prove the invariance of the n-th semi-variational approximation
with respect to the polynomial bases and its coincidence with the Padé approximations
in some sense. In Section 2 a parabolic equation with inhomogeneous mixed boundary
conditions is solved by means of the semi-variational method. In Section 3 the ex-
extension of the method to an abstract equation with two positive definite operators
is discussed and the convergence and stability of the first and second approximations
proved.

1. SOME PROPERTIES OF THE SEMI-VARIATIONAL APPROXIMATIONS

The semi-variational approximations have been constructed by means of the La-
grangian interpolation polynomials (cf. Section I.1). A question arises, whether this
is the only possible way of derivation. We are going to show that, in case of homo-
geneous abstract equation (I.1.1), any polynomial bases lead to the same n-th ap-
proximation as a result. This assertion is formulated in the following Theorems 11.1.1
and II.1.2 exactly. Let 2,, m = 0, 1, 2, ... denote the subspace in L,(0, 7) of poly-
nomials of degree m.

Theorem IL1.1. Let {S,(1);Z% ™! form a polynomial basisin #,_, n = 1, and let
n—1 N
(1.1) ut=(n) =3 ¥ Si(1) av,

k=0 i=1
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represent an approximation of a solution to the problem

gﬂ+Au=0, u0) =¢,, 05t=1,
t .

(i.e., the Cauchy problem of Section 1.1 with f = 0 and T = t).
Then the approximation u™~ (1) is determined uniquely by the variational con-
ditions

(1.2) jt(u("‘”(r) + J‘tA u® (z)dz — @0 ,S(1) v,)dt =0,

0

0<j<n—-1, m=12,...,N,
being independent of the choice of the polynomial basis.

Proof. Consider the Legendre polynomials Pi(x), k =0,1,2,..., -1 S x £ 1,

and transform the interval (—1,1) onto (0, 7), setting x = 21/1 - 1. Tllu;we
obtain polynomials Py(2t/t — 1) = P,(¢), which form an orthogonal sequence in
L,(0, 7). Substituting S,(f) = P,(t) into (1.1) and (1.2), we obtain

n—1 N

w0t = 3, 3 P(1) aii,

k=01i=1

(1.3) kzo ;Nl f 0 {a?‘) Bu(t) P1) (00 0y) + [ j " By(:) dz v, P (i) u,,,]A} at =

0
- j (00, v) P(1) 1,
0
0js<n—-1, 1=mg£N.

If we introduce matrices p and g with the terms
T T t
Pjx = J P() P1)dt, q; = J Pj(t)J Py(z)dzdt,
0 0 0
the system (1.3) can be rewritten as follows
(1.4) Za = pow, ,
where
a'l‘ — ((a(O))T, (a(l))'l‘, e (a(n—l))T) , (a(k))T — (a(lk)a a(zk), e agc) , 1)

gjk = ijG+qjk‘d s Pg = (P00a Pios -+ Pn—l,o) .

) MT denotes the transpose of the matrix M.
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Lemma IL1.1. The system (1.4) possesses a unique solution for every n =1,
N = 1landt > 0.

Proof. We shall proceed by induction with respect to n. Let us derive eq. (1.4) ex-
plicitly. Using the orthogonality of Legendre polynomials and the formulas

f PAx)dx = 22 + 1), P{=1)=(=1), P(1)=1,

-1

(2 + 3)f Pr(€)dE = Pyoyfx) — Px). 0=,

|

j T Py(E) dE = Po(x) + Py(x).

we obtain the system (1.4), in the following form

(1.5) (G + Jrat) @ — itefa) =ty .
2
(1.5); 12/a© 4 17Ga®" — * a® =0,
: 30
) 2 -1 G+1) .
(1.5); S o + - T Ga¥ =0 ,
22 +1) \2i—1 2j+3) 2j+1

jz2, (a™ =0).

If we multiply the equation (1.5), by 2/z, (1.5); by 6/7. (1.5); by 2(2j + 1)z, we
are led to the equivalent system

(1.6) P™a =y,
where
(1.7) |26+, —gd, 2w,
wl, 26, —-uo, 0
5
T
‘o, 26, -‘u, 0
gm— 3 , y=
T .2 -t g
2n—35 2n —1
- w9, 26 0
B 2n—3 i B h
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Denote the matrix (nN x nN) of (1.7) by D™. Suppose that (i) the inverse (D™)~*
exists. Divide both D™ and (D®™)~" into block matrices 2 and (2™);! of the
type (N x N), respectively, as has just been done in (1.7) for D™ Moreover, suppose
that (i) the matrix (™)' | is positive definite. Then (D@+DY=1 exists and the
corresponding enty (2®+) ! is positive definite, as well. In fact, the method of in-

version by partitioning yields
D(n+1) — D(M’ Un
V., 2G|’

V,,=<0,0,...,~-T M), Ul =(0,0,...,—— % 4
(T_wl-)—x*2n—1 ~— 2n + 1

N
(n—1)x

and the existence of (D@* 1)~ if (D™)~" and 97! exist, where

‘L’2

Tent)@ao)

9 =2G - V(D™ 'U, =2G AN o

From the induction assumptions (i) and (ii) both these conditions follow, because § is
positive definite (N x N) matrix for any t, n, N. Moreover, by virtue of the relation

(@(n*&]));}} — 3—1 ,

the latter matrix is positive definite.
The assumptions (i) and (ii) hold for n = 1, when

DW =2G + 14, (2V)5, = (2G + 1#)7".

Consequently, (i) and (ii) hold for every n =2 1, N = 1 and 7 > 0.
Now we can continue the proof of Theorem IL1.1. Let {Si(f)}s~ be any poly-
nomial basis in &, _,. Then it holds

(1.8) S4(1) =,Z: e Pi) = [C P()]s

where C is a regular matrix. Consider the function

n—1 N
(1.9) v (1) =Y N Si(t) ai%; .
k=0i=1
Denoting ,
T T T t
Sjo = J Sty dt, sj = J Sdt) S0 dt, ru= J‘ Sj(’)j Si(z) dz dt,
0 0 0 0
and making use of (1.8), we obtain
n—1 n—1 n—1
(1.10) Sie= 2 CCirPirs Tk = ) CiCulirs  Sjo = 2 ¢jiPuo -
1L,r=0 lr=0 =0
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From (1.2) it follows

n—1
(1.11) kZO(SjkG + rpt)a® = si o, .
Inserting (1.10) into (1.11), we may write
n—1 n—1
IZ CrCi1 Z (Per + ‘Izrﬂ) a® = Z ¢iipiolo s

which may be written in the matrix form

(1.12) CLCTa" = Cpyw, -
Multiplying (1.12) by C~' and using Lemma I1.1.1, we can conclude that
(1.13) CTa’ =a, ie, :i;ck,a’(’" =a®.
Inserting (1.8) and (1.13) into (1.9) we obtain
(1) = Z Z e Pi(t) a®v; = ZN: "ZXP,(I a’v; = u"" (). Q.E.D.

Lk=0 i=1

Theorem IL1.2 Let {S{"~V(1)}5™" and {S{"(1)}§ form polynomial bases in 2,_,
and P,, respectively, and let

n—1 N
W) =S Y Py(1) ao,
k=0 i=1
be given. Then the approximation
n N
W) =3 Y SO 6P,
k=0 i=1
is determined uniquely by the initial condition
(1.14) (u™(0), v,) = (@o» ), m=1,2,..,N
and the projection condition
(1.15) j (1) — w0, ST (1) 0,) di = 0,
0
j=01..,n—1, m=12..,N,

being independent of the choice of the polynomial bases in 2, _, and 2,.

Proof. First let us substitute for both bases the Legendre polynomials, i.e.,
S8 = Py, S = Py. Then (1.15) yields

n N
Z Zl bf'k)pjk mi Z Z a(k)kaGmx - 0 ’
k=0i=

k=0 i=1

m=12..,N, j=0,1,..,n—1.

47



Hence we conclude that
pbG = paG

where p denotes the diagonal (n x n) matrix (p;;) and p denotes the (n x (n + 1))
matrix, which is formed by adding one zero column to p. Consequently,

(1.16) b® =a® ogkz<n-1.

The initial condition (1.14) yields

G(Y. P,(0) B¥) = o,

and therefore
n—1
(117 O = (<17 6 g — 3 (1]
k=0
Next let {S¢"™(£)}3~" and {S{(t)}s be arbitrary bases and

n N
(1.18) o) =Y Y SP(1) b ®p; .

k=0 i=1
It holds

(1.19) S =Y h,P(), 0<k=<n,
r=0

n—1
SP(M) =Y e, P(f), 0=j<n—1.
1=0

The projection condition (1.15) results in

n N n—1 N
(1.20) kzo _Zlb;“‘)zjkcmi =kzo zlaﬁ.“zjkcm,-,
=0 i= =0 i=

m=1,.,N, j=0,1,..,n—1,
where

T T
ty = J SPTUSM AL,z = J S Pde.
0 Y

We may write (1.20) in the matrix form
(1.21) th'G = zaG .
Substituting (1.19) into (1.21), we obtain
t=Cph’, z=Cp,
Cph™' = Cpa,
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consequently, (cf. (1.16)),
(1.22) (hTh)® =a®, 0<k<n-—1.

The initial condition (1.14) yields, if we use also (1.19),

(123) G(kz"_ Iy PO BP) = 0.

Hence we obtain from (1.22) and (1.23)

(1.24) (7)) = (=17 [0 3 (~ 1) a®]

By comparison of (1.22) and (1.24) with (1.16) and (1.17), respectively, we conclude
that

h'p" =b, ie., Y hb® =b"
K=o

and by virtue of (1.19), we have

v™(t) = Zzsmb'% —ZZP(t) By b %, = Y'Y P(1) b0, = u™(t). Q.E.D.

ir

Theorem IL.1.3. Let u™(t), n = 1, be the n-th semi-variational approximation of
the solution to the initial-value problem for the ordinary differential equation

(1.25) %JrAu:o, 0<t<r,
0 <A =const., u(0)=g,.

Then

(126) u®(x) = o O~ )/ 0.lx) .

where

(2n—K)nt

e S o = A4t .
(2n)! k! (n — k)!

(1.27) 0,() = Z’

Remark I1.1.1. The rational function Q,(—a)/Q,(«) coincides with the well-known
Padé approximation R,,(a) of exp (—a), conscquently, the error of u®™(z) is 0(«?"**)
(cf. [2]).

Proof of Th.II.1.3. We can interpret eq. (1.25) as a particular case of the abstract
eq. (I.1.1) if we set H = R (the space of real numbers), # = ¥ = R,N = 1,v, = 1,
G =1, o/ = A. Then the Theorems II.1.1 and 1.2 imply that any polynomial basis
can be employed instead of the Lagrangian interpolation polynomials. Let us choose
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the Legendre polynomials P,(). Then the system for a® follows immediately from
(1.7). Here we have

(1.28) 240, -2,
: 3
o, 2 s _g:
5
o o
-@(") _ §> 2 > —:'7"
— 2, .
2n — 5 2n — 1
__O_‘.__, 2
| 2n — 3 |
and w, = @,. Denote
(1.29) det 2™ = D,(a) .

First we shall prove the following

Lemma IL.1.2. Let D,(a) and Q,(x) be defined by (1.29) and (1.27), respectively.
Then

(1.30) D,(z) = 2" Q,(x)

holds for every n = 1, 2, ...

Proof. Expanding D, with respect to the last column, we obtain

(1.31) D,=2D,_; + ———X,_, for n
2n — 1

v

2,

where X, _; is the corresponding subdeterminant. Consider D,,;, multiply its
(n + 1)-th row by @/[2(2n + 1)] and add the result to the n-th row. Then expanding
the modified D, ; with respect to the last column, we obtain

(132) Doy =2(AD, 1+ —2X,_,),
2n — 1

where

o(2

Ay=2+ :
220 + 1) (2n — 1)

n
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Elimination of X, _; from (1.31) and (1.32) leads to the recurrence formula

9(2

(1.33 Dy =2D, 4+ —— nz=2,
) . Gnr )en—1)

which enables us to prove (1.30) by induction. It is easy to verify (1.30) forn = 1, 2,
by dircct calculation. Suppose that (1.30) holds for n = 1,2,..., m and calculate

D, ., making use of (1.33). Thus we have

(2m — k)t m! .

Dyt = 2"’+1 I
k=0 (2171)' k! (m — k)‘
l,z\.__ m— 1m‘_‘1 ’j”l - 2 - l») (I’H — 1)'

(2m + 1) (2m — 1) o (2m —2)k!(m — 1 — k)'

The lincar part of D, is
2m+1(1 4 ;OC)

and the coefficient by o/, 2 < j < m + 1, may be shown equal to

omt1 (2m +2 — )t (m + 1)!
(2m + 2)1jt (m + 1 — j)

Hence the formula (1.30) holds for D, ;, consequently it holds for all n > 1. Q.E.D.
Now recall the proof of Theorem II.1.2. Using (1.16) and (1.17) we derive

W(2) = g, EO; T [p 0 - o ET; PO )]

From there we deduce

u(n)(,[\ 2 m—1 it
(1.34) —t= 14+ = Y a®"*D for p=2m cven,
Po Po i=0
1 () 2 m )
(1.35) 1) =1+ = 3 a® for n=2m+ 1odd.
Po Po =0

Let n = 2m. Adding all even equations of (1.6) (i.e., those for j = 1, 3, ..

m—1

aal® + 2 Z qZi+1) _ 0 ,
i=0

consequently, from (1.34) it follows that

(n)
(1.36) u() _ 1 - % g0

Po Po

.) we obtain
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If n = 2m + 1, we add all odd equations of (1.6) (i.e., for j= 0,2, ...) to obtain
aa® + 2% a®?? = 2¢,.
i=0

Then from (1.35) we come again to the formula (1.36).
It is easy to show, using (1.36), (1.28) and the Cramer’s rule, that

w1 _ Efw)
®o Dn(“)

where E, (o) differs from D,(«) only in the first entry (E,(a));{, which is equal to 2 — o.
Multiplying every even column and row of E,(«) by (—1), we can immediately con-

clude that
E,(2) = D,(—0).

Consequently, with the use of Lemma I1.1.2, it holds

u®™(t) _ Dy(—a) _ Q..(—u), Q.E.D.
?o D, () 0.(2)

Remark IL 1.2. For an abstract homogeneous equation (1.1.1) we can derive an
analogous relation (cf. [6])

wi = 0(=2) [Qu(0)]™" wo = [Qu(@)]™" Qu(—) wo

where w, represents the vector of coefficients wy;, (i = 1,2, ..., N) in the expansion

N
“(n)('f) = 2. Wiili»
i=1

In order to prove this relation, we multiply every matrix equation (row) of (1.6) by
G~! and introduce a regular matrix

o=1G"1o .

Thus we are led again to the matrix (1.28), where 2 is replaced by 21 (I being the
unit matrix) in the diagonal entries.

The set of all polynomials R(«) with the matrix argument « generates a commutative
linear algebra. Therefore the determinants with matrix entries can be defined precisely
in the same way as the usual determinants. Using these generalized determinants, we
can introduce (1.29) and prove Lemma II.1.2. Then (1.27) and (1.30) imply that
D,(«) is a regular matrix. We deduce again (cf. (1.36))

w, = w, — aa®
and

a® = 2[D,(«)]" ST cx) wy ,
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where S{}(a) is the complement of (21 + «) in the determinant D,(o). From there it
follows that

Wy = [D,]" D) wo
Finally, we use Lemma II.1.2 and the relation

[R()]™* S(2) = () [R(®)] ™
holding for any pair of polynomials R(x), S(«) if R(«) is regular.

Remark 11.1.3. Theorems II.1.1 and II.1.2 indicate that the orthogonal system
of Legendre polynomials may be used to develop the semi-variational approximations
even in the case of abstract parabolic homogeneous equation (I.1.1). The advantage
of this particular version becomes evident for n = 3, when the zero (matrix) entries
appear in the systems for the unknowns a® and the relative number of zeros increases
with n (cf. (1.7)). The coefficients a® can be calculated from (1.6) and then

N n-—-1
u™(t) = Y [ Y al Py(t) + b P(1)] v,
i=1 k=0

where b™ is given by (1.17).

2. PARABOLIC EQUATION WITH INHOMOGENEOUS BOUNDARY
CONDITIONS

Let us consider the parabolic equation

A
.

du N9 du
2.1 7 —la;(X)—|=f(X,1), 0<t=
@1) ot f,,Z; 6x,.[ A )6xj] T 1)

(x50 xy) = X€Q c Ey,
with the initial condition
(2.2) u(X, 0) = @o(X)

and the mixed boundary conditions of the following type

(2.3) u=g on I,x(0,T),
N R .
(2.4) Y ay(X) v; Sl P(X,7) on I, x (0, T,
i,j=1 0x;
N ou
(2.5) UX)u + Y, a;(X) vi~a— =P(X,t) on I,x(0,T).
=1 X;
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We assume that Q is a Lipschitz regionl), its boundary I' is divided into four mutually
disjoint parts

Fzrllurlzurl:UFO;

where mes I'y = 0 and each of T, I'y, T, is cither open in I'?) or empty.

Morcover, assume that f(-, 1), g(, t) e WiP(Q) (the Sobolev space of square-
integrable functions which possess the first derivatives in the generalized sense in
L,(Q)) and P(-, t) € L(I', v I,) for each t e <0, T), (dg[ot) € €(I, L,(2)), i.c., con-
tinuous mapping of I = {0, Ty into L,(Q), a;{X) are measurable functions of
X € @ such that the matrix (a;;(X)) is symmetric and positive definite with its spectrum
bounded above and below by positive numbers C, and 7, respectively, which arc
independent of the argument X?). The function «(X) is measurable and it holds

(2.6) 0<ay<oX) <oy, Xel,,

v; are the components of the unit outward notmal to I" and ¢, € L,(Q).

Assume that the solution of the problem (2.1)—(2.5) is such that

(2.7) w=(u—g)e Ly, 7), 27“ e %(I, L,(Q)),
0

(2.8) <(’Tu v> 4+ [u, o]y =(f,v) + (P,v)p, 0<t<T, ve?,
dJt

(2.9) (u(-,0),0) = (pg,0), vEV,

where

(210) ¥ ={veW{"(Q), v =0 for XeTI,} and

X
I

= {176 wi(Q), J vdX =0 2)} if I',=1T,=0, respectively,
(2]

(2.11) (u, v) :JuvdX,

1y A bounded region @ = Ey is called Lipschitz, if its boundary has the following properties:
a) to each point X € I" an open hypersphere Sy about X exists, such that the intersection Sy N I”
may be described by means of a Lipschitz function and b) Sy M I" divides Sy into exterior and
interior parts with respect to Q.

2) A set G « I will be called open in I, if for any point X, € G there exists an # > 0 such
that each X e I, satisfying dist (X — X)) << #, belongs to G.

3) From there it follows, with the use of Schwartz theorem, that all the functions a;;j(X) are
bounded on Q.

2) Or an equivalent condition — see e.g. [3].
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ou 0
(2.12) [u,v]a=| day a ;}Ur dX + J‘ auv drl’,
r,

o x; 0X;
2.13) (P, o)y — 'f Pudr .
I'nurly,

Moreover, we suppose that
(2.14) lim [u(-, 1) = u(-, 0)|lw,cr@) = 0.
>0+

Note that the formula (2.8) can be obtained, if we multiply (2.1) by v, integrate over Q
by parts and make use of the boundary conditions (2.4),(2.5) and the definition (2.10)
of 7.

Setting u = g + w, the formulation (2.7), (2.8), (2.9) can be rewritten as follows

(2.15) we Ly(I, 1), %VY e 4(I, L,(Q)),

t
(2.16) (%,U)Jr[\v,v],‘:(f,v}, 0<t<T, vey? .
(2.17) (w(-,0),0) = (Yg.v), vey,
where
(2.19) Govy = ( - %, u> o vl + (P o)
(2.19) Yo = @0 — g(-,0).

The problem (2.15)—(2.19) can be interpreted in the form similar to (I.1.1.), (1.1.2)
in the sense of functionals on 77, i.e.,

(2.20) —=Awl)=f(1), 0<t<T,

w(0) = vy ,
where A is the second order differential operator of (2.1) with

D(A4) = {we C®(w), w satisfies the homogencous boundary conditions (2.3), (2.4),
(2.5)},
](t) is a linear functional on ¥~ for cach t € I, defined through (2.18) and v, is defined
in (2.19).
Using the assumptions on f, dg[0t, a;;, o, g, P, the Cauchy-Buniakowski inequality
and the embedding theorems, we can deduce easily that f(z) is continuous on ¥". Let
us compare the notation of the present problem with that of Section I.1. If we set
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H = L,(Q), define ¥~ by (2.10) (with |[u = ||u]w,me) and [u, v], by (2.12), then
the assumptions on [u, v],, (I.1.3) and (1.1.4) hold. In fact, from the boundedness
of the spectrum of a;;, (2.6) and the embedding theorem we obtain that

() (.00 < Clal Jol . w e W(@),

i.e., the bilinear form is continuous on ¥~ x ¥". The inequality (I.1.3) is evident. The

first part of (I.1.4) is an immediate consequence of the integration by parts. In order
to prove the inequality

(2.22) colluf iy < [u, ulss

we may deduce
N du 2
[u, u]s 2 n.[ ) (?) dX -+ aof w?dr =
r,

o i=1 i

N ou 2
= min (1, o) [J‘ u?dr +-[ Y <—) dX]
r, 0i=1\0X;

and consider the following cases separately:

a) ', + 0. Then the square root of the expression in brackets defines a norm equi-
valent with |u//w, (see e.g. [4] Th. 1.1.9), consequently (2.22) holds.

b) I', = 0, I', # 0. Then the norms |ul|,, and

e (3G =]

are equivalent (according to the same theorem in [4]), consequently (2.22) holds
again, because u € ¥~ vanishes on I',,.

c) I', =0, I, = 0. Using Poincaré’s inequality (or Theorem 2.3 and Remark 3 of
[3]) we obtain the inequality

2] (2Yax = cluli,

Hence all the derivation of the semi-variational approximations of Section I.1
can be applied, with the following minor changes: the functions f(f) have to be re-
placed by the functionals f(f), all the products of the form (f(f), v) by the expressions
{f(t), vy and @q by Y. For example, we come to the Crank-Nicholson-Galerkin ap-
proximation (I.1.17), (I.1.22), where now

which yields (2.22).

Wo; = (‘//o’ Uj) 5
(2.23a) ,_ Fy; = 3{f(mt) + f(mt + 7),v;> or
(2.23b) Fo; = {f(mt + 17),v;> .
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Douglas and Dupont proved in [5] some a priori estimates for the latter procedure
applied to non-linear equations of the type (2.1) with a;; (u, 6u/6xk, X, t), the bound-
ary conditions (2.3), (2.4) (I‘,, = () and for its linearization by means of the predictor-
corrector method. The proofs of Theorems 7.2, 7.3 and Lemma 7.1 of [5] may be
extended also to the mixed boundary conditions of the type (2.3)—(2.5) and con-
sequently, the estimates from [5] hold for the linear C.N.G. approximation (I.1.22),
(2.23b), as well. For the procedure (I.1.22), (2.23a), the estimate of Theorem 7.2 [5]
can be proved easily with the norms in H{" replaced by norms in Wé’)(Q), if we sup-
pose also (1.2.5). Replacing f by f and the products (f(1), v) by (f(f), v} also in Sec-
tion 1.2, the proofs of Theorems 1.2.1 and 1.2.3 remain without any other change.
In Theorem I1.2.2 and its proof we have to replace only Wi by WiV,

3. A CLASS OF MORE GENERAL EQUATIONS

The method of semi-variational approximations may be easily applied to a class of
abstract problems of more general type, namely to the following initial value problem

(3.1 Biil—u+Au=f,0<t§T,
t

“(O) = Qo>

where 4 and B are linear symmetric and positive definite operators in a real Hilbert
space H, which do not depend on t. We assume that two Hilbert spaces ¥7,, 7" with
the norms |u|, and [u],, respectively, a bilinear form [u, v],, continuous and sym-
metricon ¥y X ¥, a bilinear form [u, v]p, continuous and symmetricon ¥’y x 77,
and positive constants c, a, f§ exist, such that ¥7,, ¥"; < H, the domains D(A) <7
D(B) = ¥4,

(3.2) (Au,v) = [u,v]4, u,veD(A),
(Bu,v) = [u,v]p, u,ve D(B),

Bluli < [wuls, ue?’y,

(3.3) ocHqu Slu,uly, uev,,

(34) Yooty July £ clalo. uesy.

Furthermore, f(f) is assumed to be a linear continuous functional on ¥~ =
=N ¥ foreachtel =<0, T) and ¢,€ 7 ;.

Obviously, if B is the identity operator, ¥'; = H and ¥, = ¥/, tiien the present
problem reduces to that of the abstract parabolic equation (I.1.1.) and all the as-
sumptions (I.1.4) arc satisfied.
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The derivation of the first semi-variational approximation goes through similarly
to that of Section I.1, with the following minor changes:

a) all the scalar products of the type (u, v) in (I.1.9)—(I. 1.16) should be replaced by
[u, v]p, consequently G;; by %&;; = [v;, v;]p and the matrix G by the matrix %,

b) all products concerning the right-hand side of the form (f(f), v) should be sub-
stituted by {f (), v).

The projection condition (I.1.18) remains unchanged. Thus we obtain the system
(3.5) <% + %d) a, = ABw,, + i [F(mt) + F(mt + 1)],

gwo=w05 wm+1=2am_w

mo

which is equivalent to the Crank-Nicholson-Galerkin scheme

1
(3.6) ;[Uerl = Up Vg + 3[Ups1 + Uy V] = 3f(0) + f(2), V),
0Em<Tlr—1, V=v;, j=1,...,N,
[U0$ V]B = [(pO aV]B .

As the second approximation is concerned, similar modifications lead to the fol-
lowing system

(3.7) Be,, — (1: o + %ﬂ) b, = 2w, + % [F(mt) — F(mt + 7)],

Ac, + lﬂbm = %[F(m‘c) + 4 F(mr + %) + F(mt + r)]
T

together with (I.1.42) and (1.1.43). Remark 1.1.2 remains in force. Modifications of
the third approximation are analogous.

Remark II.3.1. It is easy to see that the matrix 4 is also positive definite. Hence
(3.5) has a unique solution for every m and any 7. The solvability of (3.7) at each time
step can be proved like in Remark 1.2.1, replacing only G by 4.

Let us investigate the convergence of the first and second approximations. Assume

that the mapping f(t) is continuous on I and the solution u of the problem (3.]) is
such that (cf. Section 1.2)

(3.8) ueLy(I,v), duldte®(I,v,),

(3.9) [dufdt, v]p + [u,v]s =<{fivd, O0<t<T, vey,
(3.10) [u(0), v]5 = [0, v]5, vEY,

G0 tim )~ )] = 0.

Using the basic ideas of the proof of Theorem 1.2.1, we obtain

58



Theorem I1.3.1. Suppose that the solution u of (3.1) satisfies (3.8) —(3.11), possesses
continuous derivatives in ¥, up to the second order and the norms ||d*u/ds*|, are
bounded for 0 < t < T. Denote z,, = u,, — U,, whelc U,, is the solution of (3.6),

u,, = u(mr), @ any function of the form d(r) = Z a(t) 05 Spa1j2 = 2(Sm + Sma1)s
i=1
d; the Kronecker’s delta.

Then there exist positive constants C and t,, independent of t, such that for
T < 1oand any k, 1 < k < TJr, it holds

IIA

k—1
(3.12) [zt + X elzmsrallo

<cC { [11 s 1720 + (1 = 814

1 -
r— 5(“ - ll)m, 1/2
T

2
]+
1

= Dol + = ygall? + [~ Dycrpal + }

Remark IL. 3.2. In case that (3.4) fails to hold, Theorem II.3.1 remains in force,
if the term H(u - ﬁ)mﬂ/z”f is added in the square bracket of the right-hand side of
(3.12)

The system (3.7) of the second approximation is equivalent to the fol]owmg finite
difference scheme (cf. (1.2.2)—(1.2.3))

4 .
(313) ; [Um - 2Um+l/2 + Um+]’ Uj]B + [Um+1 - Unw Uj]A = <fm+1 - jm& Uj> ’

1 .
; [Um+1 - Um’ Uj]B + %[Um + 4Um+1/2 + Um+1’ Uj]A = %<J‘m+ 4fm+1/2 +fm+13 Uj> s>

[Uo, Uj]B = [(PO» ”j]a >

0sm<Tlt—1, j=1,...,N.

Note that here U, 1, = uP(mt + 11), frr 12 = f(mt + 7).

Theorem 11.3.2. Suppose that the solution u of (3.1) satisfies (3.8)—(3.11), possesses
continuous derivatives in ¥, up to the fourth order on {0, T) and the norms
[ldsu/dt5 ” 1 are bounded for 0 <t < T. Denote z,, = u,, — U, where U, is the solution of
3. 13) u, = u(mt), @ as in the Theorem 1L3.1, s = (s, + 4Spr1/2 + Sms1)s
OSm = Spys1 — Spe

Then there exist positive constants C and t,, independent of <, such that for
T S 19and any k, 1 < k < Tr, it holds
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(.14 Jad + % el 3 + 132003 + ) <

s c{ e[l agl+ | Lot -

o =l +

+ Z'E !
m=0

T

3 = D+ 1= el + (e = D3R+ [0 = D] + ).

Moreover, for k = 1 we have the estimate

(3.15) 215 + (235 + [6205) =

= c{e 1= @ez + | ot = ] + o - alg] + o - ali + ).

Proof is nearly the same as that of Theorem I1.2.1 with some obvious minor
changes. Namely, instead of (u, v) and |u| we employ the bilinear form [u, v], and
[, u],l/2 = ”u”B, respectively and use the inequalities (3.3). Note that, in contrast
with Remark I1.3.2, we are not able to modify the proof of Theorem I1.2.1 so simply,
unless (3.4) holds.

The estimates (3.12) or (3.14)—(3.15) can be used to get rates of convergence. To
this end, let us consider the following mixed problem

(3.16) —Ag-’f+AAu=f, 0<t=<T,
t

I

u(-,0) = ¢q ,
u=0, dufov=0, (x;,x,)€dQ,

where @ = (0,1) x (0,1), 4 is the Laplace operator, v denotes the normal to the
boundary 0Q, ¢, € W$"(Q) and f a linear continuous functional on W§?(€). The
problem (3.16) represents a particular case of (3.1). In fact, if we set

H=L,Q), B=—-4, A=44,
D(B) = {ue C®(Q), u =0 on 0Q},
D(A) = {ue C®(Q), u= duldv =0 on 0Q}, ¥, = W(Q),

Il

Vy=WNQ), V' =V oV,

2 N
[u,v], = | dudvdX, [u,v]p= Y %—(}Ld)’,
o o i=1 0x; 0x;

w(Q),

then the assumptions on the bilinear forms and domains, (3.2), (3.3) and (3.4) can be
verified easily.

Let us employ the Hermite interpolation theory in the (x4, x,)-plane, as in Section
1.2. Then we come to the following

60



Theorem IL.3.3. Let /4 = H” n WP(Q), n = 2. Let u, U,y Zy> Zm+1/2 be as in
Theorem 11.3.1, related to the problem (3.16). Suppose that for each te {0, T) u
and du[ot satisfy the hypotheses of Lemma 1.2.1 and that

IR LICEIREEES

p* Lu, 1)

<40,
P < (1)

L,

la]=2n

where C' is independent of t, y € L,(0, T), D* denotes spatial derivatives only.
Then there exist constants C, t,, independent of h,t such that for © < 1, and
any k, 1 £k T/r it holds
k=1
‘?W;_(U + ZOT“ZM+1/2”°2W2(2) = C(I12(211~2) + T4’) .

m=

2

Theorem 11.3.4. Let ., u, (?u/&t be as in Theorem 11.3.3 and U,,, =, z,n, 0z, as in
Theorem 11.3.2, related to the problem (3.16).

Then there exist constants C, 1, independent of h, 7 such that for 7 £ 7, and any
k, 1 < k < T/t it holds

k—
[zl + X dlzn e + [0zulare + 2w =

< (R 4 79,
Proofs of both Theorems are analogous to that of Theorem 1.2.2.
Theorem I1.3.5. Let f = 0 in (3.6). Then
(3.17) B2Unsi]i £ [Uniills = [|Unls = ll9olls = Cloo]s
holds for every m = 0,1, ..., Tt — L.

Proof follows directly from (3.6), if we insert V = U,, + U, , use (3.3) and the
Schwartz’s inequality.

Theorem I1.3.6. Let f = 0 in (3.13). Then (3.17) and
”Ur;; ”B é “Um”B ’ HLIIH'FI/ZHB é ZHUmHU
hold for every m =0, 1,..., T/t — 1.

Proof is analogous to that of Theorem 1.2.3.

APPENDIX

There exists an alternative approach to derive the semi-variational approximations.
Let us consider again the case of homogeneous equation (I.1.1).
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Theorem 11.3.7. Denote {S{™}7'_ a basis in 2, (cf. Section 1). Let us set

n N
(A'l) u(") =’\'ZO iglb(ik) Sf('l)(t) Ui >
*/du™
(A2) J ( LT, s v,,,) dt=0, j=01, ..n—1,
0
(A3) (Vms 4(0)) = (Vg @o), m = 1,2, .., N.

Then the n-th semi-variational approximation is determined uniquely by the condi-
tions (A.2), (A.3), being independent of the choice of the polynomial bases.

Proof. First let us consider the Legendre polynomials P, = S = S~ 1, Using
the formula

d
—P(x)= Y (2k —4s — 1) P,_p,_4(x),
dx 1<k

25+1<
§20

the equations (A.1)—(A.3) with b® = % Jead to the following system

n N
(A4) Y Y BNGuRy+ Aipy) =0, 0Sj<n-—1,
k=0 i=1
N n
G, Y B P(0) = wop, m=1,...,N,
i=1 k=0
where
=
P = S T

was introduced in the proof of Theorem II.1.1 and

T _ e — 25 — 1, >0 ’
(A5) Ru= [P, dpar=f? Mi=k=-2-15sz

o dt 0 otherwise.

The system (A.4) may be rewritten as follows

(A.6) B =g,
(A7) G, -G, G, s (=1 G I | @ |
o, 2G, 0, 2G, 8 0
Lo, 26, 0, :
3
B S B T T T ’ ﬂ= ) g =
! , 26, 0
2n — 3 :
' o, 26 p™ 0
i 2n —1 i | L
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Recalling the system (1.14) (or (1.17)), (1.7) and comparing it with (A.6), (A.7), we
observe that, in the block matrix form,

(A.9) D= [G P T(O)] _ LB,

D!
where
D =[2™,0],

Lli —611
L,j =20,;+(8,; —63;) for n=2 or Ly;=28;+6,; for n=1,
L,; =01 = Oy, for 3=k=n,

L,y ;j=20,;, for n=2.

We can see easily that det [L| = 1. As D is regular [cf. Lemma 1I.1.1], by virtue of
(A.8) the matrix B is also regular. Moreover

(Lg)" = (o, 200, 0, 0, ..., 0)

and consequently, the system (A.6) is equivalent to the system (1.17), (1.7) of Section 1.
In order to prove the independence of the choice of bases, let us recall (1.19) with
regular matrices h and C and set

W) =Y 3 b0 SO v,
K=0 i=1
We obtain from (A.2), (A.3) and (1.19)
(A.9) C(GR + /p) hTh = 0,
G PT(0) h7b = w, .
By comparison of (A.9) with (A.4) we conclude that
Wb = B

and using the latter result, we deduce

™M=

o)1) =
k

SO(1) b, = ¥ Y P(t) hyb$v; = Y B P(1) v; = u™(f), Q.E.D.
k,r i

0i=1 s r,i

1]
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Souhrn

O JEDNE POLOVARIACNI METODE PRO PARABOLICKE ROVNICE II
IvaN HLAVACEK

V druhé &dsti prdce jsou dokdzdny dalsi vlastnosti n-té polovariaéni aproximace
feseni daného problému s homogenni rovnici: nezdvislost na volbé polynomidlni bdze
v t a Gizkd souvislost s Padéovou aproximaci. Ddle je metoda aplikovdna na po&dteéni
ulohu pro parabolickou rovnici s nehomogennimi okrajovymi podminkami a na
obecnéjsi abstraktni problém se dvéma positivné definitnimi operdtory.
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