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APLIKACE MATEMATIKY CisLo 3
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AND SUFFICIENT CONDITIONS FOR THE EXISTENCE

OF A SOLUTION TO THE 3 x 3 x 3 MULTI-INDEX

PROBLEM

GRAHAM SMITH, JEREMY DAWSON

(Received April 27, 1977)

INTRODUCTION

In a previous paper Smith [4] gave a procedure for determining necessary and
sufficient conditions for the existence of a feasible solution to the multi-index problem:

maximize:

subject to:

(1.1)
(1.2)
(1.3)

where:

(1.4)
2.1)

(2.2)

(2.3)

Xijk

1 m n
zZ = Z Z zcijk'xijk
i=1j=1k=1
Yxip=Ay; (i=1L2..,Lj=12..,m)
k=1
m
Yxip=By (i=1,2,..,k=12..,n)
=1
1
Y Xie=Cu (j=1,2...mk=1,2.n)
i=1
=0 (l:l,z,. ,Li=1,2,...m; k=1,2,. .,n)
1 n
ZAU =chk (] =1,2,. ,m)
i=1 k=1
m 1
chk =) By (k =1,2,...,n)
j=1 i=1
Y By =Y Ay (i=12..1l).
k=1 j=1
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It was shown that the above problem has no feasible solution if and only if the
problem

minimize:

M...

(3) =1

i

> B ZA.l Y Bu— 2 Cupa +
k=2 j=2

1k=1 i=2

1

+ 2 {Biy — i Ay} Bi + i’{Au - ‘;C,-k} Vi +

i=2 j=2 ji=2

n 1
+kZZ{C1k - .ZZB”‘} O + Z Z A& + Z Z By, + Z Z Cijy

i=2j=2 i=2k=2 j=2k=2
subject to:
(4.1) o =1
(4.2) By =1 (i =23, ..,])
(4.3) ;21 (j=23,...,m)
(4.9) S =1 (k=2,3,..,n)
(4.5) &zl (i =23..,5Lj=23..,m)
(4.6) mez1 (i =23..,5Lk=23..n)
(4.7) =1 (j=23...mk=273,...n)
(4.8) »OC'—B:'“V}_élI“"é;‘j*"’l;k'*’o}kg1

(i=23..,Lj=23..,mk=23..,n)

is unbounded. It was further shown that the dual to (3,4) has an objective function

1 m

value equal to ), z A;j for allfeasible solutions, and it therefore follows that problem
i=1j=
(3, 4) is unbounded (and therefore problem (1) has no fea31ble solution) if and only

if there exists a feasible solution to (3, 4) such that ¢’ < Z Z A
i=1j=1
The procedure for determining necessary and sufficient conditions for the existence

of a solution to problem (1) entailed constructing every feasible simplex tableau for
problem (3, 4). This proved to be so consuming of computer time that even a problem
having I = m = n = 3 could not be solved.

Therefore the possibility of improving the procedure was investigated. In this
paper, modifications to the procedure which considerably reduce the computer time
requirements will be given. Furthermore results of applying the improved procedure
to a problem having | = m = n = 3 will be presented. This is the smallest problem
for which necessary and sufficient conditions for the existence of a solution were not
previously known.
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REDUCTION OF TABLEAU SIZE

The first improvement is to reduce the tableau size by noting that the constraints
(4.1), (4.2),...,(4.7) are merely lower bounds. These constraints can therefore be
eliminated by the standard linear programming transformation for lower bounded
variables (see for example Vajda [6] page 105). This gives rise to the linear pro-
gramming problem
minimize:

() s-13

n 1 n m
By — Y Aig = 2 By — 2. Cpfo +
=1 i=2 k=2 j=2

1 m m n
+ Y (B — Y Ayt Bi+ Y {Ay; — 2 Cul vy +
i=2 i=2 j=2 k=2

n 1 ! m 1 n m n
+ Z {Clk - Z Bik} (jk + Z Z Aijéij + Z Z Biknik + Z Z Cjk . ij
k=2 i=2 i=2j=2 i=2 k=2 ji=2k=2

subject to:

(6) a—=fi—y; =6 + &+ + 0,20
(i=23.,0Lj=23..mk=23..,n)

where

(7) o, B, Vi O 'fija Hijs Ojk =0
(i=23.,Lj=23.,mk=23..,n)

(8.1) @ =a —1

(8.2) B =B —1 (i =2,3,...,0)

(8.3) v, =y, =1 (j=23,..,m)

(8.4) 5 =0, —1 (k=23 ...n)

(8.5) Ey=C—1 (i =23 ..k j =23 ... m)

(8.6) nj=mn —1 (i =23..,0I; k=23,..,n)

(8.7) O =05, —1 (j=2,3,...mk=23,...n).

Lemma 1. Problem (1) has no feasible solution if and only if there exists a feasible
solution to problem (5, 6, 7) such that ¢ < 0.

Proof. The equations (8) define a one to one correspondence between solutions
to problem (3,4) and solutions to problem (5, 6, 7). Using (2), (3), (5) and (8) it can
be shown that

1 m

¢'"¢=Z ZAU'

i=1j=1
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Since problem (1) has no feasible solution if and only if there exists a feasible solution
to problem (3, 4) such that

1 m
¢ <) LAy
i=1j=1
it therefore follows that problem (1) has no feasible solution if and only if there exists
a feasible solution to problem (5, 6, 7) such that ¢ < 0.
Since problem (5, 6, 7) has fewer rows than problem (3, 4), less computation is
required for simplex tableaux transformations with the former than with the latter.

GENERATING CONDITIONS MORE DIRECTLY

The procedure [4] as originally described involves inspecting every element of
every feasible simplex tableaux of problem (3,4) in order to discover every non-
positive column vector of coefficients which indicates unboundedness. Therefore
the computation involved in constructing tableaux which do not contain such vectors
(or which only contain previously encountered vectors of this type) is in a sense
wasted. The second improvement aims to avoid constructing such tableaux un-
necessarily, by adding to problem (5, 6, 7) the constraint:

n

1 m 1 m 1 n m n
©) W IR DNIE DI DINPRITED I DWW
i=2 j=2 k=2 i=2j=2 i=2k=2 j=2k=2
to form a new linear programming problem (5, 6, 7, 9). It will be shown that a neces-
sary condition for the existence of a solution to problem (1) can be constructed
directly from each basic feasible solution to (5, 6, 7, 9) thus avoiding the complete
inspection of each tableau.

Lemma 2. If there exists a feasible solution to problem (5, 6, 7) such that ¢ < 0,
then there exists a basic feasible solution to problem (5, 6, 7, 9) such that ¢ < 0

Proof. Consider a feasible solution to problem (5, 6, 7) such that ¢ < 0. A least
one of the variables must be non-zero in this solution since otherwise ¢ = 0. Scale
this feasible solution by dividing the value of each variable by the non-zero quantity

1

m 1 n m n
Zéij +_Z Zﬂik'f‘z Zij)-
2 2 i=2k=2 Jj=2k=2

i=2 j=

1 m n
@+ X pit+ Xyi+ 2o+
i=2 j=2 k=2

The resulting point satisfies (6, 7, 9) with ¢ < 0, and thus the optimal solution to
problem (5, 6, 7, 9) has ¢ < 0. This optimal solution is basic since the objective
function (5) is bounded because (9) implies an upper bound of 1 on each variable.
Therefore there exists a basic feasible solution to (5, 6, 7, 9) such that ¢ < 0.
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Lemma 3. If there exists a basic feasible solution to problem (5, 6, 7, 9) such
that ¢ < O then problem (5, 6, 7) has a feasible solution such that ¢ < 0.

Proof. This is immediately evident since any point satisfying the constraints (6, 7, 9)
also satisfies the constraints (6, 7).
Theorem 1 given below is a direct consequence of Lemmas 1, 2 and 3.

Theorem 1. Problem 1 has no feasible solution if and only if there exists a basic
feasible solution to the linear programming problem (5, 6, 7, 9) such that ¢ < 0.

NEW PROCEDURE FOR DETERMINING NECESSARY AND SUFFICIENT
CONDITIONS

Theorem 1 provides the basis for a new procedure for determining necessary and
sufficient conditions for the existence of a solution to the multi-index problem. This
new procedure entails finding each vertex of the constraint set (6, 7, 9) and determining
the condition for ¢ to be non-negative at that vertex.

There are several published methods for searching for all of the vertices of a set
of linear constraints (see for example Balinski [1], Manas and Nedoma [2], or
Mattheiss [3]).

For each vertex the values of the variables are substituted into (5) which gives an
expression which must be non-negative for a solution to exist. The complete set
of such expressions comprises the necessary and sufficient conditions for the existence
of a solution to the multi-index problem.

The new procedure was programmed for an IBM 360/50 computer using the method
of Balinski to search for the complete set of vertices of the constraint set (6, 7, 9).

A further improvement to the procedure which takes advantage of the symmetry
of the problem will now be described and then some results of using the procedure
will be given.

USING SYMMETRY

The computer search to find all vertices of the feasible region to problem (6, 7, 9)
can be shortened by using the symmetry of the problem. Two types of symmetry
between vertices will be demonstrated.

Given a vertex of this feasible region

V= ((1, ﬂi’ ’yj9 5k’ éij’ Niks ej") b4
then

W = (aa B:s y;r 51/(9 é;js rl:’kv ;k)

is also a vertex
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where:
B = Bn(i) s )’J/' = Yo(jy » op = 5a(k) s
& = Latotin Mk = Magyowy > O = Ouiiyaeey
(i=23..,Lj=23..mk=23..,n),

and 7, ¢ and ¢ are permutations of {2, 3,...,1} {2,3,...,m} and {2, 3, ..., n} re-
spectively.
This will be referred to subsequently as a symmetry of the first type.

Also if I = m, Wis a vertex where:

Bi =i, Vj‘:ﬁj, O = Ok, é;jziji’ N = O - 0}k=’7jk
(i=23..5j=23..,mk=23..,n)

Furthermore if I = m = n, Wis a vertex in each of the following cases:

Bi =9, V}=Vj’ O = B é;jzajia Nk = Mii s O}k'_"ékj;

Bi= Bi, )’_'f = 5,‘ s O = Vs S::',-' = Nij>» e = Ca» Q}k = okj;

Bi=0;, 3’}=ﬂj, O = Vi iéjznjia N = Oxis 0}k=fjk;

P= Y )’}251', or = By, é;jzoij’ N = ki s 9}k=’1kj§
(i=23.,5Lj=23..,mk=223..,n):

This will be referred to subsequently as a symmetry of the second type.

The new procedure for generating necessary and sufficient conditions was applied
to a multi-index problem having I = m = n = 3. The computer search for vertices
was limited to those vertices on the hyperplane 0;; = 0. Then the list of vertices
found was extended as far as possible by the symmetries described above to generaet
vertices having 055 = 0. It is now necessary to show that this procedure finds all the
vertices of the feasible region.

Given a vertex V in which 055 + 0, V has nine basic variables and therefore at
most nine of the variables are non-zero. Since the variables &;;, 7, 0 number twelve,
one (at least) must be non-zero, and so ¥ can be transformed by a symmetry of the
first type to a vertex V' in which &35 = 0 or 535 = 0 or 053 = 0. Then V' can be
transformed by a symmetry of the second type to a vertex V" with 0353 = 0.

Now such a vertex V" (which would be found by the computer search because it is
on the hyperplane 6;; = 0) can be transformed to the given vertex V by the inverse
transformation, a symmetry of the second type followed by a symmetry of the first
type.

Hence by finding all vertices V" with 0,5 = 0, and taking all vertices derived from
them by symmetries of the two types specified above, all vertices are generated.
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CONDITIONS FOR THE MULTI-INDEX PROBLEM HAVING /= m=n=13

Smith [5] has conjectured that the necessary conditions:

(10) — Y A+ Y B+ Y Cpz0 all Apv
(i)l (i k)ep U k)ev

(where L= {1,2,..,1}; M ={1,2,...,m}; N={1,2,..,n}; A Lx M; pc
< L xN; v M x N such that if (i, j) €4, then for each k, either (i, k)eu or
(Jj, k) € v) are sufficient for the existence of a solution to multi-index problems having
l=m=n=23.

This conjecture was substantiated by applying the procedure described in this
paper. The conditions generated by the procedure were rearranged using the equa-
tions (2), yielding the equivalent conditions:

—Ayj, + B, + Big, + Cip, 2 0 all iy, js, ky, ky

~Aij, + Big, + Cip, + Cppy 2 0 all iy, js, ke, ks
—Aijy, — Aijy + Big, + Big, + Bi, + B, + Cjyp, 2 0
all iy, iy, 3, ky, kg
—Aijy, — Aijy, + Big, + Big, + Cip, + Cipy 2 0
all il: i25j39 k1> k2
—Aile - Ainjz - Al'zjz + Bixkx + Bizkl + Bilkz + Cizkz + leks + Cj'zh ; 0
all i19 iz,ij kls k2
Bilkl > Cj;kl > Ai1j3 g 0 all ilajS! kl
where:
iy, 9, 03, J3, ki, koy ks € {1, 2, 3}
j17j23 € {1’ 2}
such that:

iy F iy, iy Fiy, i,Fi1, kyFky, kiF+ky, ky+xks, ji+j,.

It can be shown that these generated necessary and sufficient conditions are a proper
subset of the conditions (10) and therefore the conditions (10) are necessary and
sufficient for the existence of a solution to multi-index problems having I = m = n
= 3.
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Souhrn

URCENI NUTNYCH A POSTACUJICICH PODMINEK EXISTENCE
RESENI PROBLEMU 3 x 3 x 3 MULTIINDEXU

GRAHAM SMITH, JEREMY DAWSON
Jsou popsany upravy procesu ureni nutnych a postacujicich podminek existence
feSeni problému multiindexu. Tyto Upravy redukuji potfebné vypolty do té miry,
Ze je mozno ur€it nutné a postacujici podminky existence pro problém 3 x 3 x 3

multiindexu. Tyto podminky jsou v praci uvedeny.
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