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CONTACT BETWEEN ELASTIC BODIES — 1. CONTINUOUS PROBLEMS

JAROSLAV HASLINGER, [VAN HLAVACEK

(Received June 5, 1978)

INTRODUCTION

In some technical and physical regions a problem arises to determine the displace-
ment and stress fields in two solid bodies which are in a mutual contact. The classical
analysis of this problem, started by Hertz [1] in 1896 was limited to simple geo-
metries. The age of high — speed computers brought qualitative change also into the
analysis of the contact problem. On the basis of a suitable discretization — by means
of finite differences or finite elements — the problem can be solved approximately
even for complex geometrical situations and boundary conditions.

Many contributions are available in the literature dealing with the numerical
solution of the plane contact problem. Linear finite elements on the triangulations
have been applied most often and various discrete formulations proposed (see e.g.
[2]. [3]. [4]. [5])- The authors, however, do not present the formulation of the
continuous problem, but start immediately with a discretized problem. As a con-
sequence, errors can neither be defined nor analyzed.

Itis the aim of the Part I of our paper to formulate the continuous contact problems
and to discuss the existence and uniqueness of (variational) solutions. In Part II we
present a displacement finite element model for solving the contact problems, error
estimates in case of regular solution, convergence proof for the case of irregular solu-
tion and some algorithms. In Part III a dual variational approach will be discussed
(a generalization of the Castigliano principle) for both the continuous problem and
the finite element discretization.

Throughout the paper we restrict ourselves to the case of zero friction. (The
problem involving friction will be treated in a following paper by J. Ne&as.)

1. FORMULATIONS OF THE CONTACT PROBLEMS

Let us consider several kinds of contact between two elastic bodies. We start with
problems without friction, which are much easier to deal with. First we present a set
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of “local” conditions — equations and boundary conditions, defining a ““classical”
solution. Then we define “global” — variational — solution and prove that the clas-
sical and variational solutions are equivalent in a certain sense.

1.1 Classical formulations

Throughout the paper, we assume for simplicity:

— plane problem,

— bounded bodies,

— small deformations,

— zero friction,

— zero initial strain and stress fields,

— a constant temperature field,

— linear generalized Hooke’s law for an anisotropic, nonhomogeneous material.

Since the difference in the formulation of the contact problems and of the classical
boundary value problems is only the boundary condition on the contact zone, the
theory which follows, could be extended to other deformable bodies and an in-
fluence of a given temperature field or of an initial strain or stress could also be
involved.

Let the two elastic bodies occupy the bounded regions Q', Q" < R? with Lipschitz
boundaries. In the following, one or two primes denotes that the quantity is referred
to the body Q" and Q”, respectively.

Let x = (x;, x,) be Cartesian coordinates. We seek the displacement vector field
u = (uy,u,)over @ U Q" ie u =(uy,uy)on Q and u” = (uf, u3) on Q" and the
associated strain tensor field

| fou, | ou,
(1.1) e, (u) = <”"‘+(j"1), i=12.

2\éx,  ox,
('\I oX

= i

The stress tensor is related to the strain tensor by means of the following generalized

Hooke’s law
(1.2) T

ij = Cijkmekm7 L] = l, 2*

where a repeated index implies summation over 1,2. Assume that c;;,, are bounded
and measurable in Q" U Q7

(13) Cijkm = Cjikm = Ckmij ’
and a positive constant ¢, exists such that
(1-4) Cijkm€ij€km = €o€;j€;5

holds for any symmetric ¢;;, almost everywhere in Q" U Q”.
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The stress tensor satisfies the following equations of equilibrium in Q" U Q":

o1;;
(1.5) TipFi=0, i=12,
0x;
where F; are components of a body force vector.
Let the body Q' be fixed on a part I', of its boundary:

(1.6) u=0 on I,coQ.
Let the tractions be prescribed on some parts of the boundaries, i.e.,

(1.7) tn; =P, i=1,2, on I edQ andon I, c<oQ",

where n denotes the outward unit normal to 0Q’ or to dQ", respectively and P; are
given components of the surface traction.

Assume that a part I', of the boundary 0Q" is subject to “classical” bilateral
contact conditions, i.e.,

(1.8) u, =0, T,=0 on I'ycdQ",

where

u, =un;, T,=15nt, t=(t;, 1) =(—ny ny)

are the normal displacement and the tangential stress vector components, respectively.
Such conditions may occur e.g. on the axis of symmetry, enabling us to solve one half
of the whole elastic system only.

As the remaining parts of the boundaries 0Q' v 0Q" are concerned, we consider
that a possible contact may occur there and distinguish two classes of contact prob-
lems, as follows.

1.1.1 Bounded contact zone

First let us consider the case, when the contact zone cannot enlarge during the
deformation process. Such an assertion is determined by the geometrical shape of the
two bodies in a neighbourhood of the possible contact zone — see e.g. Fig. 1.

Hence we may define the contact zone

I'y =0Q noQ"
and we have the following decompositions:
(1.9) 0 =T, ulurly, 0 =T ulyuTly,

where I',, I',, I, and Iy are mutually disjoint open parts of the boundaries;
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assume that I', and I'y have positive measure. The remaining parts may be either of
positive measure or empty sets.
We say that a unilateral bounded contact occurs on I'g if

(1.10) u, +up, £0

"on

holds on I'y, where u,, = uin}, u), = u’n].
Let us describe a derivation of the condition (1.10). Suppose that before the
deformation the bodies ' and Q" were in contact along the whole arc I'y (see Fig. 2).

Let us put the x, — axis into the normal n” and the x, — axis into the tangent t”
2 N
4 \ \ \/ f{—rb <
i\ T O\ ;\‘\s

= ”X
0 @ 1

3
S
W

at a point O € I'k. During the deformation process the points O’ € 0Q" and 0" € 6Q"
will displace by a different way, in general, but always the body Q" cannot penetrate
into the body Q'. From this condition it follows that

(1.11) u7(0,0) < ui(xy, X,) + n(x,),
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where # is the function, describing the curve I'y and x = (¥, X,) is a point of I'y
such that

uy(Xy, X5) + X = u3(0,0).
The point X is unknown, of course, and (1.11) is too complicated condition. Therefore
we simplify it by means of the following “natural” hypotheses:

(1.12) n(x,) =0,
(1.13) uy (¥, X;) = uy(0,0).

Obviously, (1.12) is true for a ““flat™ arc I'y; (1.13) holds if e.g. the mutual “shifts”
\u'z — u;I and the derivatives |0u}/('3le are small in a neighbourhood of the origin.

Inserting (1.12), (1.13) and uj = u;, u} = —u, into (1.11) we obtain the condition
(1.10) at a point O € I'.

Next let us consider the contact forces. By virtue of the law of action and reaction
we have

T, =T, T/=T/ on I.

n

On the other hand, the tangential components vanish because of zero friction and the
normal contact force cannot be tensile, i.e.

7;/:7-:/:0’ T/:Tr/éo.

n n

Altogether, we define the boundary conditions on I’ as follows:

(1.14) u,+u, <0, T, =T, <0,
(1.15) (up + w) T, =0,
(1.16) T, =T/ =0.

Instead of (1.14), (1.15) we may write the following equivalent system: (1.14) and
(1.16") u,+uy,<0="T, =0,
the meaning of.which is that at points without contact no contact force may occur.

Remark 1.1 Let one of the two bodies become rigid. Then the system (1.14)—(1.16)
reduces to the well-known system of Signorini’s conditions — cf. [8], [9], [10].
A particular geometrical case of the contact problem has been deduced in [7]

Definition 1.1 A4 function u will be called a classical solution of the problem 2,
with a bounded contact zone, if u satisfies the equations (1.1), (1.2), (1.5) in Q" U Q"
and the boundary conditions (1.6) on I',, (1.7) on T', U I'Y, (1.8) on I'y and (1.14),
(1.15), (1.16) on T'y.
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1.1.2 Enlarging contact zone

In some important cases the contact zone can enlarge during the deformation
process. Such a situation occurs if the two bodies Q" and Q" have smooth boundaries
in a neighbourhood of I'y = Q" N 0Q". Then we must change the definition of the
contact conditions.

Let us consider the case of Fig. 3. We place a coordinate system (&, ) in such
a way that the ¢-axis coincides with the direction of n” and y-axis with the common

Fig. 3.

tangent of 0Q" and 0Q" at a “central” point P € 0Q' n 0Q". The figure corresponds
with the situation before the deformation. The parts of Q" and Q" which come into
a contact during the deformation process, can be estimated as follows:

ry={E&mn|asn<b &=f)
ry={¢&mlasn=sb =1,
~ where f" and f” are continuous on {a, b). (The interval {a, b) has to be chosen
a priori.)

Arguing similarly as in the derivation of the condition (1.10), we are led to the
following condition:
(1.17) ug(n) — u(n) < e(n) Vne<a by,
where

e(n) = f'(n) — f"(n)

is the distance of the two boundaries before the deformation and u;, uf are projections
of the displacement vectors into the direction of (positive) é-axis.
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Using also the law of action and reaction, we come to the conditions

(1.18) —T{(cosa’) ™" = T{(cos )" £ 0,
(1.19) T =T =0,
(1.20) T{(u; —u; —¢) =0,

which hold at all points of I'y U I'y with the same coordinates n € {a, b). Here
(cos o)™t =[1 + (dfM/dn)*]*"*, M ="",

o’ and o” being the angle between n-axis and the tangent to I'y and Ik, respectively.

Instead of (1.17), (1.18), (1.20) we may write the following equivalent system:
(1.17), (1.18) and

" / , by
g —u; <e=>T, =T, =0,

(i.e. at points without contact no contact force may occur). The conditions (1.19)
approximate the zero friction (after neglecting the projections T/ sina’ and
T¢ sina”).

Definition 1.2 A function u will be called a classical solution of the problem 9’
with an enlarging contact zone, if u satisfies the equations (l 1), (1.2) (1 5)
QU Q" and the boundary conditions (1.6) on Iy, (1.7) on I'; U TY, (1.8) on F
and (1.17), (1.18), (1.19), (1.20) on I'y L I'k.

The following decompositions hold

0Q =T, vl urly, 0 =Ty, ol uly, T AsuppP=9.

1.2 Variational formulations

To both the problems 2, and 2, a variational formulation-principle of minimum
potential energy — can be associated. Introduce the space of displacement functions
with finite energy

W= {u ! u=(u,u)e[H(Q)] x [H'(2")]*}.

where H'(Q') and H'(Q") is the Sobolev space (H' = W'?), and the space of virtual
displacements

V={ueW| u=0onT, u,=0onTI,}.
We use the functional of the potential energy
(1.21) L(v) =+ A(v.v) — L(v),
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(1.22) Au,v) = J Cijkm €ij(U) em(v)dx . Q@ =Q L Q"
2

(1.23) L(v) = J. Fo;dx + f P ds.
Q roory

Let us consider the problem #, with a bounded contact zone. Define the set of
admissible displacements

(1.24) K={veV|u +v,<0on I'.

Definition 1.3 A function u e K will be called a weak (variational) solution of the
problem 2, with a bounded contact zone, if

(1.25) P(u) £ #(v) Vvek.

Theorem 1.1 Any classical solution of the problem 2, is a weak solution of 2.
If a weak solution of the problem P is suficciently smooth, it is a classical
solution of 2, as well.

Proof. 1. Let u be a classical solution. Then 7;{(u) = ¢;j, () satisfies the
equations (1.5). Multiplying (1.5) by a test function w e V and integrating over Q'
and Q", we obtain

ow; .
0= J- [——r[i(u)ﬂ—‘ + F,-w,] dx + J' 7,,(u) njw; ds =
2 00" Ox; 0 w0

= —A(u, w) + J‘ Fw;dx + J. Pow;ds +
QU e ol's”
+ J‘ [T(u)w, + T(u)w,]ds +
I'o
+ J [Tn' (u) w, + T/(u) w; + T, (u)w, + T,"(u) w;'] ds .
rx

The integral over I'y vanishes by virtue of w, = 0, T,(u) = 0. Using also (1.14) and
(1.16), we have

A(u, w) — L(w) :J. T, (u) (w, + wy)ds .
I'c
Let us put w =v — u, ve K. At the points. where u), + uj, < 0, T,(u) vanishes
(see (1.16")). At the points, where u,, + u), = 0,

Wy +wy =0, +0v, <0, T,(u)<0.

n
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Altogether, the integral is non-negative and we obtain
(1.26) Au,v —u)— L(v—u) =20 Vvek.

On the other hand u e K satisfies (1.25) if and only if (1.26) is true. This follows
from the convexity of K and . Hence u is a weak solution of #,.

2. Let ue K be sufficiently smooth weak solution. It satisfies (1.26). Integrating
in (1.26) by parts, and denoting v — u = w, we may write

(1.27) 0 < A(u, w) — L(w) = — J (alff.(ﬂ) + F,.> W, dx —
aoer \ 0x;
- J‘ Pw; ds +j (T,w, + Tw,)ds.
I ouly” 002" uo”
If we choose v = u + w, where w; e C3(QM), M =, ”, then v € K and the equations

of equilibrium (1.5) follow.
Let v = u + w and let the support of the traces of w; on 0Q U Q" belong to
I'. v I']. Then we have ve K,

0= j (T; — P)w;ds
reore

and the boundary conditions (1.7) on I', U I', follow. The conditions (1.6) and (1.8)
for u and u,, respectively, are satisfied by definition of u € K.
Let v = u + w, where the support of the traces of w; belongs to I'y and w, = 0

on I, ThenveKk,
0=J. Tw,ds,
I'o

and the second condition (1.8) follows.
Thus we obtained from (1.27):

(1.28) 0 gJ‘ (Tywy, + T/w; + T,wy + T{'w{)ds.
I'x

Let us choose w such that

w,=—wr =+, w,=w, =0on Ig.
Then

(1.29) 0

Il

-[ (T, - T)yds=T, =T, on I'y.
'k

Next let us choose

w,=wr=0, w/, =0, w, =4y on I'y.
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Then

0=I T/ yds= T, =0 on I'y.
'k

A parallel approach results in T, = 0 on I'g.
It remains to verify the conditions (1.14), (1.15). To this end let us choose a func-
tion w such that

wr =0, w,=¢y =20on I'g.

Then v = u + we K and (1.28) implies that

ogj TWds Yy <0.
.

From there it follows that T, < 0 on I'y. Using (1.29), we may write T, < 0 as
well and (1.14) is true.

Let u, + u, < 0 at a point x € I'y. Then a smooth function ¥ = 0 exists on I
such that y(x) > 0 and u, + u, + ¢ < 0 on I'k. There exists a we V such that
w, =1y, w, =0onTg Thenv =u + wek.

The conditions (1.28) and T, < 0 on I'k result in

ogj Ty ds = T)(x) = 0,
.

K

which means that (1.15) holds. Q.E.D.
Next let us consider the problem #, with an enlarging contact zone. Define the
set of admissible displacements

K, ={ve V] vi(n) — v(n) < e(n) for a. a.ne (a, bd} .

Definition 1.4 A function u e K, will be called a weak (variational) solution of
the problem 2, with an enlarging contact zone, if

(1.30) P(u) £ L(v) WeK,.

Theorem 1.2 Any classical solution of the problem 2, is a weak solution of 2,.
If a weak solution of the problem 2, is suficciently smooth, it is a classical solu-
tion of P,, as well.

Proof. I. Let u be a classical solution. Multiplying the equations (1.5) by a function
w e Vand integrating by parts, we obtain

0= —A(u, w) + L(w) +‘[ (Tiwe + T,w,)ds" + j (TYw: + T, wy)ds”,
rx’

I'x”
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where the boundary conditions (1.6) on I',, (1.7) on I'. U I', and (1.8) on I’y have
also been used. On the basis of (1.19) we may write

b
A(u, w) — L(w) = f [Tiwi{cos o)™ " + Tiwi(cos ") '] dy .

Moreover, let us employ the relations
| Teup = T(u +0).
Tows = TY(0f — ) =TI — = o),
which follow from (1.20) for any w = v — u.
Using also (1.18), we may write for any v e K,:
Ti(cos ') ™" (vf — ug) + T{(coso”) ™' (v} — ul — &) =
= T{(cos ") " (v} — vl —¢€) 20
on the interval {a, b). Consequently, ue K, and
(1.31) Alu,v —u) — Liv —u) 20 VveKk,,

which is equivalent to the condition (1.30).

2. Let u e K, be a sufficiently smooth weak solution. Integrating in(1.31) by parts,
we obtain that u satisfies the equations (1.5) and the boundary conditions (1.7) on
I, U T} and (1.8) on Iy, as previously (see the proof of Theorem 1.1).

Denoting v — u = w, we have then
(1.32) 0 gj (Tiwi + T,w,)ds” + J (TYwi + Twy)ds”.
Ik’

I'g”
Let us choose w such that

" , o
we=w;= ¢, w,=w, =0

s

holds on the interval {a, b). Then we may write

b
which implies that
(1.33) —T{(cos o')™" = T(cos ")~ 1.

Next let

we=w; =0, w, =0, w,==%¢.

Then

OZJ YT, ds=T, =0
g’
follows. An analogous approach leads to T;" = 0.
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Let w be such that
we=0, wi=y =0.
Then

ogj YT, ds" VY =0=T, =0on I,
rg”
and (1.18) follows, making use of (1.33).
It remains to prove (1.20). Assume that
ug(n) — ugn) < &)

at a point i € {a, b). Then a smooth function ¥ = 0 exists on <{a, b) such that
() > 0 and
ug —ug + Yy <¢ Vneda, by.

A function w € V exists such that w; = y on I'y, w; = 0 on I'y. Then we have v =
=u + wek, Since T/ < 0on Iy, from (1.32) we obtain

ogf YT ds” = T(7) = 0.
I'g”

Consequently, (1.20) is verified. Q.E.D.

2. EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS

In the present section we shall discuss the conditions, which guarantee the existence
and uniqueness of weak solutions to the problems #; and #2,, respectively.

2.1 The problem with a bounded contact zone

Let us introduce the subspace of rigid bodies displacements
A={zeW|z=(z.2'), 2\ = a)' — b¥x,, M =".", 2} =a)f + b"x,},

where a}' e R', i = 1,2, and b™ € R" are arbitrary parameters. Obviously, e;(z) = 0
Vz € A Vi, j and therefore we have

A(v,z) =0 VzeZ.

Moreover, if pe W, e;,(p) = 0Vi, j, then p € Z. (For the proof — see [11]).

Lemma 2.1 Let there exist a weak solution of the problem 2. Then it holds

(2.1) Ly) <0 VyeKn 2.
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Proof. The weak solution u satisfies the condition (1.26). Inserting v = u + y,
ye K n #%, we obtain ve K and

0= A(u,y) = L(y) .
Theorem 2.1 Assume that VA = {O} or

(2.2)

L(z)£0 VzeVn 2 = {0}.
Then there exists at most one weak solution of the problem 2,.
Proof. Let u', u? be two weak solutions. Using (1.26), we may write
A(u', u? — u') 2 L(u? — u'),
A(w?, u' — u?) 2 L(u' — u?).
Adding these two inequalities leads to the following
| Au' —uv? u? —u') 2 0.

Denoting z = u' — u?, we have A(z, z) < 0. From (1.4) it follows that ei(z) =0

Vi, j, consequently ze VA Z. If VAR = {0}, z = 0 and the solution is unique
If z + 0, let us denote u®> = u, u' = u + z. Then

A(u, z) = A(z, z) =0,
L(u) = L(u+z)=Lu) = L{u+ z)=L(z) =0,

which contradicts the assumption (2.2). Hence z = 0 again.

Example 2.1 Let Iy consists of straight segment parallel to the x,-axis (see Fig
1). Then we have

Va# ={z|z =(0,0), 2’ =(a,0), aecR'}.
Assume that nj >

=20on I'y (almost everywhere) and there exists x € 'y such that
n{(x) > 0. Then

Kn#={y|y =(0,0), y=(a,0), a £0}.
Infact, yeKnZ c Vn AR,

yo+ Ve =an]{ £0 on I'k<a=<0.

From Lemma 2.1 it follows that a weak solution exists only if

V;’:J Fldx+.[ P, ds20.
Q" r.”
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Indeed, inserting y € K n # into the condition (2.1), we obtain
0= L(y) =aVy Va<0.

From theorem 2.1 it follows that if V{" % 0, there exists at most one weak solution.
In fact, for ze V. # = {0} we have

L(z)=aV{, a%0

and if ¥y % 0, then L(z) + 0.

Let us present a general result on the existence of a weak solution of the prob-
lem 2,.

Let us introduce the set of “bilateral’” admissible rigid displacements

Il

R* {zeKn{%lze%*:—ze%*}.
It is readily seen that

(2.3) R ={zeRnYV

z, + 2, =0 on Ig}.

I

Theorem 2.2 Assume that

(2.4) Lly) <0 VyeKn 2,
(2.5) L(y) <0 VYyeKn%® = %*.

Then there exists a weak solution u of the problem #,. Any other weak solution &
can be written in the form & = u + y, where ye # n Vis such that u + yeK,

L(y) = 0.

Proof. Existence can be based on an abstract theorem by Fichera ([10] — Th.
1.11).

The nonuniqueness of solution, however, isa great obstacle in the numericalanalysis
of the contact problera. Moreover, in the proof of convergence (Part II) also the
coerciveness of the functional & over the set of admissible functions will be required.
Therefore we restrict ourselves to cases with one-dimensional spaces of rigid virtual
displacements, in what follows (see Remarks 2.1, 2.3 and 2.5). This enables us to define
a contact problem, possessing a unique solution and the coerciveness property
mentioned above.

Theorem 2.3 Denote # NV = R,. Assume that:

(2.6) RAK =R,
and
(2.7) Lly)=0 Vye®,.
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Denote by
V=H®R,

the orthogonal decomposition of the space V (with an arbitrary scalar product).
Then

(i) & is coercive on H, (i.e. £(v) — + o0 for Hv“ — o0, ve H).
(i1) there exists a unique solution it € R of the problem
(2.8) P(i) £ #(z) VzeKR, K=KnH,
(ii1) any weak solution of 2, can be written in the form
u=i+ty,
where i e K is the solution of the problem (2.8) and y € 4,

(iv) if deK is the solution of (2.8), then u = i + y, where y is any element of 4,
represents a weak solution of the problem 2.

Remark 2.1 Note that the assumption (2.6) can be satisfied only if dim %, < 1.
In fact, dim 2, < 3 (since mes I, > 0) and the case dim #, = 2 is not possible.*)
Therefore, let us consider the case dim 2, = 3, which implies I'y = @ and

%(’ = {y = (Y'» Y”)l y’ = 09 )’/1' =a; — bx2$ ); = da + bxl} )

with a; and b arbitrary constants. Consequently, the bedy Q" is completely free.
Since the set Z N K = £, is restricted by the condition y, < 0 on Iy, we have
# n K + A, which contradicts (2.6).

An example with dim #, = |, satisfying (2.6), is shown in Fig. 4. Then a, =
= b = 0, a, is arbitrary. If the force resultant

v;':f F’{dx+j P{ds =0,
Q" r”
(111D N
\

Fig. 4. E

*) f I'o= ¢ thendim#, = 3;if I,  »,dim#, = 1.
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then
L(y)=a,Vi =0 Va,eR'
and (2.7) is also true.

Another example is given if both I' and ' are parts of concentric circles. Then the
rigid body Q" may rotate, and if the moment resultant

M :j. (x,F5 — x,F7)dx +'[ (x,P; — x,P{)ds =0
(924 r”
then

L(y) = bM =0 VbeR'
and (2.7) holds (provided the origin coincides with the center of the circles).

Remark 2.2 From the numerical point of view it is convenient to introduce the
following types of scalar product in V (see [11] — I, Th. 2.3). For example, let
dim #, = 1. We set

(u,v), = J ’ ”eij(u) e,-j(v) dx + p(u) p(v),

where p is a linear bounded functional on V such that
(2.9) {yez, ply) =0j=y=0.
For instance, if
A, ={y=(y.y)|y =0,y =aeR' y; =0}

(see Fig. 4), we can choose

(2.10) p(v) = J. vy ds,
I

where I'y = Q", mes I'; > 0.
Then (cf. [11]-1, Remark 4)

(2.11) H=Ve A, ={veV|pv)=0}.

Proof of Theorem 2.3 (1) The following inequality of Korn’s type is true for any
ve H (cf. [11]-1, Remarks 3 and 4)

(2.12) Cyfv| = v,
where “H is the norm in W and
(2.13) v = j e;(v) ei(v) dx.

%)
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Then we have for any ve H
L(v) 2 Yol = L(v) = Llv|* = L] [v]
and the coerciveness of & over H follows.

(ii) Since # is Gateaux differentiable and convex, K being convex and closed, there
exists a solution # of the problem (2.8).

Let u' € K and u? € K be two solutions of (2.8). Arguing as in the proof of
Theorem 2.1, we arrive at

z=u'" —u'eR,.
Since ze H, we obtain ze H n #, = {0}. Therefore the solution & is unique.
(iii) By virtue of (2.7) we have
(2.14) L(v)=Z(v+y) Vyek,.
Moreover, it holds
(2.15) Py(K)=KnH.
In fact, let v € K. Then using (2.3) and (2.6), we obtain

— E J—
Pyv=v—Pyuv, R*=2R,,

(Pgv)y + (Pyo)y = v, + vy £0 on [,

consequently P,ve K n H.
The inclusion K n H = Py(K n H) = Py(K) is obvious.
Let u be a weak solution of the problem 2,. By virtue of (2.14) we may write

L(Pyv) = L(Pyv + Pyyv) = Z(v) VeV,
furthermore, Pyue K n H,
L(Pyu) = L(u) £ L(v) = L(Pyv) VvekK

and from (2.15) it follows that Pju is a solution of (2.8). The uniqueness implies
that Pbu =i, u=d +y, ye,.

(iv) Let u = & + y, where y € %,. Then we have u € K, using (2.3), and
(2.16) P(u) = (i) < #(z) VzeK.
Let v e K. Making use of (2.14) and of the decomposition
v="Pyv + Pyv,
we obtain for z = Pyve Py(K) =K nH =K
(2.17) L(z) = 2(v).
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Finally, (2.16) and (2.17) lead to the relation

Z(u) < PL(v) Vvek.

Theorem 2.4 Assume that

Il

(2.18) R*
(2.19) L(y) 0 Vye#, =~ {0}

{0}, 2, + {0},

and either K n # = {0} or
(2.20) Kn 2+ {0},
(2.21) L(y) <0 VyeKn 2 = {0}.

Then & is coercive on K and there exists a unique weak solution of the problem 2,.

Remark 2.3 The assumption (2.19) cannot be satisfied unless dim #, < 1. In
fact, for I'y = &, dim #, = 3 (cf. Remark 2.1) and

L(y) = a,Vy + a,V, + bM =0

for any vector (ay, a,, b) orthogonal to (V, V,, M) in the space R*. An example
with dim #, = 1, satisfying (2.18) and (2.20), is shown in Fig. 5.

Another example with dim 2, = 1, satisfying (2.18) and K n 2 = {0}, is presented
in Fig. 6.

Fig. 5. Fig. 6.

Let I'y be parallel to x, — axis and let V] > 0. Then
ye#, = {0} = Lly) =a V| %0,
consequently (2.19) is satisfied. It is also easy to verify (2.21) in case of Fig. 5.

Proof of Theorem 2.4

(i) Let us consider the case K n 2 = {0}. We shall employ the following abstract
result ([12] — Th. 2.2):
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Proposition 1. Let lu’ be a seminorm in a Hilbert space H with the norm ;MH
Assume that if we introduce the subspace

R={ueH||ul=0].
then dim R < oo and it holds
(2.22) C1Hu” < |u| + ”Pku“ < CZH“H YueH,

where Py is the orthogonal projection onto R.

Let K be a convex closed subset of H, containing the origin, K n R = {0},
B :H — R' a penalty functional with a differential, which is 1-positively homo-
geneous, i.e.

DB(tu, v) = t DR(u,v) Y1 >0, uveH,
and such that
Blu)y=0<uek.
Then it holds

(2.23) lu]* + B(u) = Clu|® VueH.
The Proposition 1 can be applied with:

H=V. R=ZnV=%,, |vdefined as in (2.13)

Blu) = ;J'IK([u; + U]t ds

To verify (2.22), we make use of the inequality of Korn's type [11] and of the
decomposition V = Q @ 4, to obtain

Jull® = [Poul* + [Puu]® = ClPoul* + [|P.u

= Cuf ¢ [P

B

From (2.23) it follows that

[u[2 > CH”HZ Vuek.
Then we can deduce easily that % is coercive on K and the existence of a weak
solution u of 2.
If u' and u? are two weak solutions of 2, using the same approach as in the
proof of Theorem 2.1, we obtain
y=u'" —uviex,.
Moreover,
L(u') = L(v?)= L(u") = L(u*) = L(y) = 0

and from the assumption (2.19) we conclude that y = 0.
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(i) Let us consider the case (2.20), (2.21). We shall employ the following abstract
result ([12] — Th. 2.3):

Proposition 2. Let the assumptions of Proposition 1 be satisfied with the only
exception that K n R = {0}.
Moreover, let f be a linear bounded functional on H such that

f(y) <0 VyeKnR={0}.
Then

(2.24) [u]* + (u) = f(u) = Cy|ul| = C, VueH.
The Proposition 2 can be applied with the same H, R, H, B as previously and with
f(v) = L(v).

Then (2.24) implies that . is coercive over K. The existence and uniqueness of the
weak solution can be deduced in the same way as in the previous case (i).

Remark 2.4 The simplest is the “‘coercive™ case, i.e. the case ¥V n # = {0}. Then
we have the inequality of Korn’s type

so that & is coercive on the whole space V. The existence and uniqueness of the
solution of 2, is readily seen.

2.2 Problems with enlarging contact zone

Let us consider the cases of one-dimensional spaces of rigid virtual displacements.
First we obtain a theorem analogous to Theorem 2.3.

Theorem 2.5 Let us denote

Ko ={veV|v! —v; £0 fora.a nea, b)}.

Assume that
(2.
(

o
3o}

5) R, =Ky A,

N
to

6) Ly) =0 Vye#,.

Let V.=H @ 2, be an orthogonal decomposition of the space V (with an arbitrary
scalar product).
Then

(i) & is coercive on H,
(ii) there exists a unique solution i € K, of the problem

(2.27) L(i) £ L(z) VzeK,nH =K,;
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(iit) any weak solution of #, can be written in the form
u=4g+y,
where ii € K is the solution of (2.27) and y € &,,
(iv) if i e K is the solution of (2.27), then u = ii + y, where y is any element of R,,

represents a weak solution of the problem 2,.

Remark 2.5 Arguing in the same way as in Remark 2.1, one can prove that (2.25)
can be satisfied only if dim 2, < 1. An example, when the assumption (2.25) is
satisfied, is shown in Fig. 7. Then

R, = {Y' =0,y = (a, 0), aeR'),
and if V| = 0, (2.26) is true.

Fig. 7.

Remark 2.6 For the choice of a suitable scalar product in V, the approach of
Remark 2.2 can be applied.

Proof of Theorem 2.5 is quite analogous to that of Theorem 2.3.

Theorem 2.6 Assume that I'y consists of straight segments parallel to the x-axis,
cos (&, x;) > 0 (see Fig. 8) and

(2.28) -[ F’{dx+'[ P{ds > 0.
Q" re

Fig. 8.
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Then &£ is coercive on K, and a unique solution of the problem &, exists.
Proof. Let us define

b
polt) = j (0% — vf) dn,

V, ={veV|pyv)=0}.
Then it holds
(2.29) AV, =1{0).

Infact, ZV, = #,=1{z =0,2" =(c,0), ce B'}. I py(z) = 0, then

b b
0=ngdrl=cfcos(§,xl)dn:c:0.

Using (2.29), we can prove the following inequality of Korn’s type (cf. [1 1])
(2.30) v = C|v| wev,.
Let v e Vand define y € %, as follows

y =0, » =plv)d ', ¥;=0,
where

d = 'rcos (& xy)dn.

b

It is easy to verify that for Pv = v — y it holds

Po(P¥) = po(v) — poly) = po(v) — f Po(V) d™"cos (& xy)dn =0,

consequently Pve V.
Using (2.30), we may write

(2.31)  2(v) = 1 A(Pv. Pv) — L(Pv) — L(y) 2 C,|Pv|* — C,||Pv|| — y{V7,

where
V'{=J‘ Fldx—l—J‘ P, ds.
Q re

If [|v| - co, at least one of the norms |Pv|| and ||y| tends to infinity. Moreover,
we have
b
(2.32) veKc:po(v)éjsdn<+w,

a

(2.3 Iyl =

1/2
vy (J dx) = Ipo(v)| d~'(mes Q")"/%.
o
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19 Let HyH — +o0. Then (2.32) and (2.33) imply — po(v) — + o0, and consequently
—y{ = +o0. Since

Clpe? = elpe 2 ¢ o,
(2.31) and (2.38) lead to
L(v) > +0.
2" Let };Pv” — +o0. Then

Z.(Pv) = (‘1|in

ST e

b
Zo(y) = —yiVi = —po(v)d Vi z —d"lVi"[Sd'? > — o

a

holds. by virtue of (2.32) and (2.28). Finally, (2.31) yields
P(v)z Z(Pv) + L,(y) > + .

Thus we have proved that & is coercive over K.

Since K, is closed and convex, & convex and continuously differentiable, the solu-
tion of #, exists.

The uniqueness follows from (2.28). In fact, we prove that any two solutions u
and u? differ by an element z e #,, such that L(z) = 0 (sec the proof of Theorem
2.1). On the other hand,

1

L(z) = ¢V, ceR'.

Hence (2.28) implies that ¢ = 0, i.e., z = 0.
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Souhrn
KONTAKT PRUZNYCH TELES — I. SPOJITE PROBLEMY
JAROSLAV HASLINGER, [IVAN HLAVACEK

V praci je provedena podrobnd analyza kontaktni ulohy v rovinné pruznosti. Je
zkoumana situace, kdy v zdvislosti na geometrii ulohy nemuize dojit k rozsifeni
kontaktni zény pti deformaci a rovnéz uloha, kdy zona styku se mize rozsitit béhem
deformace.

Od heuristickych ,,klasickych* formulaci se piechazi k formulacim ve tvaru va-
riaénich nerovnic. Pro né se pak dokazuje existence feSeni metodami konvexni
analyzy, s ddrazem na jednoznadnost feSeni a na koercivitu energetickych funk-
cionald.
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