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1. INTRODUCTION

Consider the following model for a finite random experiment S,

(1.1) a, da,, ..., a, A
SZ pl: p25--~apn = P B
Wi, Wy ooy W, w

where A = (ay, a,, ..., a,) is the alphabet, P = (p,, p,, ..., p,) the complete proba-
bility distribution and W = (wy, w,, ..., w,) is the utility distribution, where w;’s
are non-negative real numbers.

Belis and Guiasu [1] introduced the function

(1-2) H(P; W) = _kZIPka logp,, w20, kZ1pk =1,

which they considered a satisfactory measure for the average number quantity of
valuable or useful information provided by a source letter.

The measure H(P; W) is additive in the following sense:
(13) H(P*Q; W*V) = VH(P; W) + WH(Q, V),

m

where Q = (q;,...,4,), 0<q, <1, Y g; =1, and V= (v, ..., v,) is the utility
=1

n m
distribution associated with Q, W=} pow,, V=Y vq;,
k=1 j

=1
WV = {wu,/w, e W, v;eV},
P*Q = {p.q;/p;e P, q;€0}.
*) Supported by CNPq
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In this paper, we introduce and characterize a weighted entropy of type (o, B)
given by

(1.4) H(P; W, B) = (2" = 2" Y wpi — pl), a+ B, o f>0.
K=1

Some interesting properties of this measure and its further generalizations are also
presented.

2. CHARACTERIZATION OF WEIGHTED ENTROPY OF TYPE (a, f)

Let a function H(P; W;a, p) for all P = (py, ..., p,), P« 20, Y. po =1, a + f,
k=1
a, f > 0, satisfy the following axioms:

(1) Continuity: H,(py, ..., P Wy, ..., W,; o, B) is a continuous function of its
arguments.

(I1) Symmetry: H,(py, .., Pu; Wi, ..., W3 @, f) is symmetric with respect to the
couples (p,, w), k =1,2,...,n.

(111) Generalized Branching:
If

, ) W+ pw"
p" = p + p 3 ‘V” = .._....._’. T ";H- b
p+p
then

Hn+1(p1"" pnvla p,a P"§ wls RS wn—l’ ‘V,a WH; O(, B) =
= H/(p1, s Pus Wys oo W 0, B) +

A(l X ’ " ’ "
T PiH(p' [Py D7Dz W, w5 0, 1) +

x ]
Ay

+ L pRH(P [Py P[P W W5 L )
oA’ P[P P[P p)

where 4, = (2" "= 1), 4, =02 = 1), a B, ¢, § > 0.
(LV) Uniformity:

n

H,(1n, .., ny wy, coowes o, B) =Y (wifn) aln; o, B).
k=1
(V) Normality and Decisivity:

a(za o, ﬂ) = 17 Hz(la 0; Wi, Wa5 ﬁ) = 0.
Theorem. The function satisfying the above axioms (I)—(V) is given by
(21) Hn(pl’ A pn; Wl’ tee W'“; OC! [3) = (Aa - Aﬁ)glkz Wk(PZ - pg) >
(=1

where A, = (2'7* = 1), 4, =2"" = 1), 0 % B, o, f > 0.
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Before proving the theorem, we shall prove some intermediate results.

m

Result 1. If q; 20, j=1,2,...,m, Y q,=p,>0 and w, :quuj/qu
Ji=1 =1

j=1 j
then
(22) ]-{n+m-—l(pl? oo Pe—15 915 oo Qs Prv1s o5 Pus Wi o5 wk—~1a Uy oo, Uy,
s Wi o B) = H (Do ooy Pus Wi ooos Wt o, B) +

Wit 1y -

A
+ — paHm q PR/ ™ S UL, ooy Uy O 1 +
A - A;; k ( 1/Pk q /Pk 1 )

Ag 4
+ —5—— pH, ooy G| Py Ugs s U 1, B) .
4, - A P (‘h/l’k q /Pk 1 ﬂ)

This result can be easily proved by induction (cf. [4]).

Result 2. If
my
@G; 20, j=1L2,...m, Yq;,=p>0, k=12,...n,
J=1 .
S _ Gttt F G,

Zpk: ]5 Wi

k=1 Pr

s

then
(2.3) Hp o vm (@115 Gizs o Qms o5 Quts Dnzs -+ Gumy 3
Upgs Upns ooos Upmys ooos Upgs Upzs oees Uy 5 0 ) =
=H,(p1, s Pui Wi, oo W3 o, B) +

A, L
b S B (Gl G5 st 0 1) +
A, — Ag =1

A n
+ 2/,7—”‘,4: kglprmk(le/Pk, ceey qkm;\/pk; Upgs o Ugms 1, ﬁ) .

Proof follows from Axiom (III).

Result 3.
A, A
(24) a(n; o, f) = Aa :w(;-p; a(n: o, 1) + 17_’5/;; a(n; 1, B),
where
(2.5) a(n;o, 1) = A7 (n' "% = 1), a=*1.
and
(2.6) a(n; 1, ) = A7 '(n* P — 1), B*1.
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Proof. In (2.3), put m; = m, = .- = M, = and q,; = l/nm, k= 1,2, ..., n;

m

i =1,2,...,m, then we get p, = 1/,1 and w, = Z ukj/l11, k=1,2,...,n, hence
ji=1

(2.7) H, (U nm, oo Hnms ugns dazs o Unms 0 p) =
= H,(ln, ..., 1[0y wis oo Wa3 O B) +

A Zn:(l/,,)’ H",(l/m, v UMy ugy, o W 2, 1) 4
A, — Ay k=1

+ A Y (1/,,)/’ H(1m, o ms ugy, o g 1, ) .
Ay — A, k=1

By Axiom (I1V), (2.7) reduces to

n m

(2.8) a(nm; o, B) Y. Z 24— a(n; o, ﬁ)Z" 2y

k=1j=1 nm k=1 h

+ A___éz.__.. z (I/n)z a(rn; a, 1) Z ukj/nl +
Az — Ap k=1 =t
Y (10 a(ms 1, ) Yy fm
Ay — A, k=1 i=1

or

A
a(nm; a, ) = a(n; o, B) + — (1/ny~*a(m; o, 1) +
A, — A,

Ap p-1
+ —=F __(1/n a(m; 1, B).

By symmetry,

(2.9) a(nm; a, B) = a(m; o, f) + y As " (1/my~*a(n; «, 1) +
a — Ap

Ap
A, — A,

+

(1/m)P~*a(n; 1, B) .

Putting m = 1 in (2.9) and using Axioms (V) and (I11), we get (2.4).
Also from (2.8) and (2.9), we have

A . _ _
(2.10) a(m; o, p) + :4‘*:“—/4— (tmy~*a(n; o, 1) + 1 A_”A (I/mP~ta(n; 1, B) =

a B B a

= almsa ) + = o ™ el 1) + AﬂfiﬁAa (1/nf~" a(m; 1, B) .
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The expression (2.10) together with (2.4) gives
@) Adamia )1 — (fnF]+ [@my = T as s, 1)) =
= (L1 = (P~ ami 1)+ [P~ = a5 1, )
Put n = 2 in (2.11), then
(2.12) A4(1 = 2" a(m;a, 1) = (1 — m'~7) =
— (1= 2Py almi 1) = (1= ) = € (say).

For m = 1, (2.12) gives C = 0, which immediately gives (2.5) and (2.6).
(2.4) together with (2.5) and (2.6) gives

A e — 1 A ]
(2.13) anyoa, p) = —2+ T T2 A B =
A, — Ay, A, Ay — A, A,
l—a__nlfﬂ
=" —, a* B
A, — Ay
Result 4.

2
(214) HZ(pb Da2s Wi, Wal &, ﬁ) = (21_’1 - 21_”)_1 Z wk(p: - pi) P * ﬁy
k=1
for all py, p, € [0, 1] with p, + p, = 1.

Proof. In (23) set n =2, my =r, my=s—r, q;=1[s, k=1,2; j =
=12, ...,m,

X ’ r s —r
P1=Zij=Zij=—, P> = s
j=1 j=1 S s
| - [ 1 5
W1=*Z‘l11“11=“zu1,‘, wy, = ZUZj;
Py i=1 ri=t S—rj=1 -

then
(2.15) H1s, .o 1fs3 tyqy ooty tigg, ooty o 0 f) =

= Hz(Pl, P2s Wi, Wai &, ﬁ) +

A z
. Z Pkak(CIkl/Pb <o qkmk/pk; Uprs oo os Upgmys & 1) +
A, — Agx=1

Aﬁ
Ay —

+

2
kz Pmek((ILn/Pka e qkmk/pk; Upgs ooy ukmk; 1’ ﬁ) =
=1

= Hz(Pl: Pa2s Wi, Was &, ﬂ) +
A,

A, — A,

[PiH(Ur, oo uyyg, oy, 1) +

422



+ p;Hx,,.(]/(S — r), .oy ]/(S - r)’ Uy enny “2.s~r; o, ])] +

Ay
4+ —
A/’

+ pAH((s = #), oo 1(s = 1) uag, oot 3 1 B)]

Z”u +Z“z/

p [p’iH(]/ - l/V;u“,...,ul,;l,[})Jr-

a

H (pn P2s Wy, Wy &, ﬁ) = "—”’"T*”’f a(S &, /3)
— . ’ia 7y [pa;:i (uy,lr) a(rie 1) + p{g:(uzj/(s —r)a(s—r;a 1)] —
_ Aﬁ A’ e Z(“U/") a(r; 1, B) + ph Z(uzj/(s— r)a(s—r;1,p)] =
(s o, /3)

= [rw, + (s — r)w2] =

A(X
A, — Ay

[piwia(r; o, 1) + piw, a(s — rya, 1)] —

a

- _1—4—— [plw a(r 1, B) + pzwza(s -1, ﬂ)]
Al’

The expression (2.15) together with (2.4), (2.5) and (2.6) gives (2.14) for rationals.
By Continuity Axiom (T), the above result is valid for all reals p, and p, € [0, 1].
With the help of Axiom (I1I) it is easy to prove that

tln(pl’ coos Py Wi ooy Wyl O ﬁ) = (Az - A[f)71 Z(Pz - pf) Wi, & + ﬁ ’
k=1

which completes the proof of Theorem.

3. PROPERTIES OF H,(P; W;a, p)
1. Nonnegativity: H,(P; W; o, ) 2 0 for o, § > 0.
2. If wy =wy, = ... =w, =w, then
H,(P; Wsa, f) = w(2'™* = 21971 ¥ (p — pi) = HA(Ps 2. ),
k=1

which is an entropy of type («, f) (cf. Sharma and Taneja [3], Taneja [4]).
3.

Hyi(Prs +oos P 05 Wiy s Was Wy 130, B) = Ho(Drs ooos Py Wi ver W &, )

whatever the weights wy, ..., w,, w,,, and the probabilities p,, ..., p, are.
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4. The measure H,(P; W;o, ) is a convex ) function of the probability distribution
(p1» ---» Pu)» provided one of the parameters o and f8 (>0) is greater than unity and
the other is less than or equal to unity, i.e., either a > 1, 0 < f <1 or ff > 1,
0 < a < 1 (cf. Sharma and Taneja [3], Taneja [4]).

5. Linearity: For a, § > 0, the function H,(P; W; «, f8) is linear with respect to
the utilities W, i.e., if W eR*, W' eR", J,eR", J,eR", then H(P; ., W' +
+ W' o, B) = A H,(P; W' o, f) + A,H,(P; W5 o, p).

4. GENERALIZED MEASURES OF WEIGHTED ENTROPY

The measure H(P; W) satisfies the additivity in the sense
(4.1) H(P*Q; W*V) = VH(P; W) + WH(Q: V),
where W= Y wp,, V=23 vy4;.

k=1 i=1

In general, regard W and V as functions of probabilities and utilities and consider
the generalized additivity in the sense

4.2) H(P*Q; W*V) = G(Q; V) H(P; W) + G(P; W) H(Q; V),
where P, Q, W, V, P*Q and U*V have their usual meaning.
Write
(4.3) H(P; W) = Z h(pw wi), G(P; W) =kz 9(Pis W) »
k= (=1

where h and g are continuous real functions defined on the set [0, 1] x [0, 1].
The expressions (4.2) and (4.3) together give

n m

(4.4) Y Y h(paj, wivy) ;.Z Y 9(pe, wi) h(qj, v;) +
=1 =1

k=1 j=1
+ 2 > 9(a; ;) h(pis wi) -

k=1j=1

Real continuous solutions of the functional equation (4.4) (cf. Sharma and Gupta
[2]) are the following three sets of solutions:

(i) h(p, w) = p*wh(c, log p + ¢, logw), g(p, w) = p*w?,
(i) h(p, w) = (12k) ("W — p'w’), g(p, w) = 3(p°W* + p*w’), and
(iii) h(p, w) = (1/R) p"W’ sin (y log p + & log w),
g(p, w) = p*w” cos (y log p + 6 iog w),

where « > 0, B = 0, , 6, ¢, ¢2, k and R are real constants.
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Now take ¢, = 0in (i), f = 0 in (ii), d = 0 in (iii), only for the function h, and
introduce the boundary condition h(1, 4) = 1. Then the above three sets of solutions
with regard to (4.3) reduce to

(45) HI(P; W) = —2*! Z piwt log py

k=1

(46)  H(PiW)= (2" =2 Yl — pl), x%7, 0y>0,

k=1

a—1 n

(4.7) H(P; W) = — r Y piwl sin(ylogp), 7 +0.
sin y ¥=1

The limiting case of both the measures (4.6) and (4.7) when y — o in (4.6)and y —> 0
in (4.7) is the measure (4.5). Thus, (4.5) is the weighted entropy or useful information
foroa=f = 1.

These measures (4.5), (4.6) and (4.7) are the measures parallel to that studied
earlier by Sharma and Taneja [3]. A more detailed study of these measures will
appear elsewhere.
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Souhrn

ENTROPIE TYPU (o, f) S VAHOU A JEJi ZOBECNENI

GuUR DiAL, INDER JEET TANEJA

Belis a Guiasu studovali zobecnéni Shannonovy entropie, tj. entropii s vahou nebo
uziteCnou entropii. V tomto ¢lanku je definovdna a charakterizovdna entropie typu
(2, B) s vahou a jsou studovdny jeji vlastnosti. Je pojedndno tézZ o dalSich zobecnénich,
kterd zahrnuji entropii s vahou s vice parametry.
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