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OPTIMAL PROBLEMS IN DISTRIBUTED
PARAMETER CONTROL SYSTEMS I

by

D. ManGERON and M. N. OGUZTORELIL

To Professor OTAkKAR BorUvkA, whose research work and character are worth to
be admired everywhere, on his 70th birthday

(Received January 31, 1969)

INTRODUCTION

Two recent sets of authors’ papers, partially elaborated in collabo-
ration with L. E. Krivoshein [3], [4], devoted respectively to boundary
problems for integro-differential equations with caloric operators and
retarded arguments and to polylocal ordinary integro-differential
systems, are to be related with O. Boruvka’s research work, partially
published in the ,,Bulletin of the Polytechnic Institute of Jassy* and
subsequently continued there by some of his disciples, as well as with
Minoru Urabe’s and Setsuzo Yosida’s papers published in the Professor
Masuo Hukuhara’s valuable journal [5], [6]. While our own research
work, related with ,,polyvibrating** or draftsman’s equations!) with the
prototype the boundary value problem

[A(z) v + AB(x) u] + A[B(x) v’ + C(z)
boundary of R =0, R=1{[a; £ 2 £ b] (s =
x = (21,2, ..., Tm),

]:
1,2,...,m),

or the corresponding variational problem of the minimum value of the
functional

=Rf A(z) f2(x) dz,

subject to the condition that
H(f) = }[ (2B() f(x) (@ 2) f(x)) dz = +1 (or —1)

and f =0 on the boundary of R, where we have considered various
problems pertaining to functional equations in the theory of polyvib-
rating systems [7]—[10], is strongly related with the aims and the

1) The polyvibrating equations were called by various scientists ,,Mangeron’s
equations’ [15]—[18].
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targets of the ,,Funkcialaj Ekvaciaj** and the ,,Equationes Mathemati-
cae‘“ journals.

The novel aspects of our theorems lies in the interpretation of R as
a m-dimensional rectangular domain and the symbol ' as designating
,,total differentiation‘“ in the sense that ' = dmu/(dx, ... 0xy) (Picone’s
sense [11]). Completely new are to be considered also various results
pertaining to majoration formulas, to generalized Green’s, Hadamard’s,
Janet’s a.0. inequalities [12], [13] as well as to eigenexpansion theory [14].

In what follows an optimization problem concerning a distributed
parameter system is discussed while in a subsequent one a basic opti-
mization problem concerning a polyvibrating distributed parameter
system will be solved, and the results of the paper [2] are extended.

I. DESCRIPTION OF THE CONTROL SYSTEM

Let 8 be a given 1-dimensional control system defined on the interval
J={x|a £ x £ b}. Let I = [to, t;] be a given time interval. We assume
that the state of the system S at the time ¢ € I is described by u =
= u(t, z; v), an ordinary function in (¢, ) and a functional in ve V,
where V is a set in a given set of functions continuous on I x J. Spem-
fically, we assume that

(I.1) u(t, z; v) = @(t, ) + f Ki(t, z; 0,)dodl +

t, bt b

fffsztx o1, C1; 02, §2) X

to a to a

X v(01, 1) v(02, §2) doy Ay doz ALz +
+o

-1 b ty b ‘
+ B [ [ [ Batm b ot
o o «

X v(01, C1) ... v(0n, Ep) doydly ... dop dln + ...,

+ ...,
where 1 is a real parameter, @(t, ) is a given function continuous and
continuously differentiable in (f, ) eI X J, Ku(t, x; 01, (15 --.; On, Cn)

(n =1,2,3,...) are given functions continuous in ¢, z, 61, {1, ..., On, Cn,
and continuously differentiable in ¢ and « for (¢, =), (01, §1), ..., (On, n).
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The series in (I.1) as well as the series corresponding to u; = éu_ and

ot

uz = —— are supposed to be uniformly convergent for (f,z)el X J

ox
and | A| £ R, R being a positive number. We also assume that the
kernels Ku(t, z; 61,15 ...; 0n, Cn) are symmetric with respect to
(01, C1), -+, (6n, Cn). Any function v = v(¢, x) will be called an admissible
control.

II. OPTIMAL PROBLEM

We assume that the performance of the system S under the control
v € V is measured by a functional of the form

(IIl) F(u9 v, Ut, ux) =
th b

= fo(u(t, x), v(t, @), ult, ), ug(t, x), t, x) dt dez,
to «

where @ = Q(u, v, u¢, ug, ¢, x) is a given non-negative function, conti-
nuous in ¢ and =z, continuously differentiable in w, v, u; and u; for
(t,x)el X J, veV, u=u(t z; v) being given by Eq. (I.1). Then, our
optimization problem can be formulated as follows:

Optimization Problem. Under the above assumptions, find an ad- .
missible control +° € ¥V for which the functional F(u, v, u¢, u;) assumes
its minimum; i.e.,

(IL.2) F(u®, v°, uf, u%) = min F(u, v, us, tz),
veV
where # = u(t, z; v) and u® = u(f, x; v°).

Any v° € V for which Eq. (I1.2) holds, will be called an optimal control.
The existence of an optimal control can be demonstrated under very
general conditions on the set V. Here we shall deal only with the necessary
conditions for optimality of an admissible control », using a dynamic
programming approach.

III. APPLICATION OF THE PRINCIPLE OF OPTIMALITY

To emphasize the fact that the minimization operation in (II.2) with
respect to v € V is performed on the interval I = [to, {1], we introduce
the notation
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(IIL.1) [f(to, t1) = min F(u, v, us, ug).

vey
More generally, let = be any point in I, put I, = [, ], and define

t, b

'(111.2) f(z, t1) = min { [ [ Q(ut, @), v(t, @), wslt, ), uslt, @), t, x) dt dec}.
V za

vE

Let 4 be a small discrete t-interval and let us divide the interval I,
into two parts, namely I, = [z, T 4+ 4] and I,+4 = [v + 4, t;]. Making
use the hypotheses assumed in § I—II, we find

t+4 b

(ITL.3) f(zr,ty) =min{[ [ Q(u, v, us, ug, t, x) dt dz +
veV ¢ @

t, b

+ f fQ(ua v, Ug, Ug, L, IL‘) dtdx} =

r+4a
b
= min {A fQ(u(@’ 117), U(@’ x)y ut(@» Z), ua:(@a .’E), @7 x) dx +
vevV a

b

4+ f‘ f Q(ult, x), v(t, x), w(t, ), uslt, ), £, x) dt dx} ,

t+da

where v £ @ £ v + 4; and, applying here the principle of optimality

of R. E. Bellman [1], we obtain

(IL4)  fr,t) = f(z + 4,t) + 4 min {f Qu(®, 2), »(0, z),
. w0, x), ug (0, x), O, x) dx} ,
from which the following functional equation is obtained:
b
-gr_‘f(r, ) = I::lfn {f@(u(r, z), v(7, z), wy(, x),

(IT1.5) g

ug(7, %), 7, ) dx}.

Thus, optimal controls are among the controls v e V for which the
functional

b
(I1L6) G(; 7) = — [ Q(u(, x), v(x, ), ws(x, ), Us(7, @), 7, ) dar

assumes its minimum for each 7 € 1.
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IV. NECESSARY CONDITIONS FOR OPTIMALITY

Let v € V be an extreme point for the functional G(v; 7). = € I. Then,
we have
(IV.1) 0pG@(v; 1) =0,

where d,G denotes the first variation of the functional @ with respect
to v. Further,

0Q

WO(r5 1) = — {a o+ 22

ov

Q

61} + 61) Ug + 6911@‘ dz

for any vel, where @ = Qu(r, z), v(, ), uz, ), Ug(z, ), 7, x) and
o0v = du(t, z) is an arbitrary function continuous for (¢, ) € I X J such
that v + dv e V. Thus, according to Eq. (IV.1), optimal controls are
among the functions v € V for which the equality

(IV.2) ‘[{?Qav +u%gav+. Qam,t+- 99 6mw}dx__0

holds for any rel and for any arbitrary admissible increment J,.
Clearly, Eq. (IV.1) is only a necessary condition for an extreme point
ve V for G(v; 7).

Now, since u = u(t, x; v) is given by Eq. (I.1), we have

t, b

(IV.3) Soult, z;v) = [ [ K(t, #; 0, L) du(a, O),
to a

where

(IV.4) K(t, x; 0,0) = Ky, x5 0, 8) +

-
+ ?ff Al(t, x; 01, Cl; g, c) 0(0'1, Cl) dO‘l dCl +
o a
b t, b

A2
+ éTffffK3(t3x;Gl3CI;Gz’C2; g, C)
Lh a th a

X v(a1, (1) v(02, ;) doy {1 doz dS2 +

t b tob
An
+*,';r‘[f---f‘/‘Kn+1(t,x;m,C1§ eeis0n, 8 0, 0) X
to a to

X v(01, §1) ... v(0n, Cp) do1 A8y ... dop dln + . ..
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which, by the hypotheses of § I, is continuous in ¢, z, o, { and conti-
nuously differentiable in ¢ and z for (¢, z), (6, {) € I X J. Hence

t, b

(IV.5) Spus(t, x) = ff K(t, z; 0, {) 6v(o, §) do dC,
and

t b
(IV.6) duis(t, @) = [[ Kalt, x; 0, £) 0v(0, £) do dC,

for (t,z)eI x J. Then, combining Egs. (IV.2), (IV.3), (IV.5) and
(IV.6), and changing the order of integration suitably, we find

ty b

b

(Iv.m f% ov(r, x) dz + ]fH(‘t; 0, () dv(o,f)dedl =0
2 lo a

for © € I, where

H<r;a,¢>=f{aQ K(r,2;0,0) +
(IV.8) P

Q

S K 0,0 + i Kl 30, 0) o

Ouy

It can be shown that Eq. (IV.7) can hold for any continuous dv(t, )
if and only if

0Q
(IV.9) S-=0
and
H(z;0,0)=0

for rel, (0,{) €1 X J (cf. [2]). Thus,
Optimal controls are among the admissible controls » satisfying the
equations in (IV.9), simultaneously.

V. AN EXAMPLE

Suppose that the state of the system S at (¢, «) is described by

(V.1) ult, z) = ffK(t z; g, £) v(o, £) do dC,

where K(t, z; 0, {) is symmetric with respect to ({, #) and (o, {), and
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satisfies the general conditions of § I. Let the cost functional F associated
with the system S be the following quadratic functional

t b
(V.2) F(u, v, wg, uz) = ff {uz — 2uv + pov? + u} + ui} dt dzx,
foa

where u is a real number greater than 1. We assume that v(t, x) = 0 is
not admissible. In this case we have

t b
(V.3) ff K(t, z; g, {) v(o, ) do Al = po(t, @),

ty a

by the first equation of (IV.9), and

b
(V4)  [{(w—1)v(z,2) K(r, 2; 0, §) + w7, %) Ki(r, @5 0, £) +
+ ug(z, ) Kz(7, 25 0, {)} de = 0,

for rel, (0,{)el X J, by the second equation of (IV.9). Hence,
optimal controls are among the eigenfunctions of the integral operator 7’

tHh

(V.5) Tw) (t, ) = [[ K¢, ; 0, 0) v(0, £) do dC,
to a .

for which Eq. (V.4) helds.
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