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In paper [1] there has been deduced a simple, sufficient condition for the mono*
tonicity of order » in the sequence of differences of zero points of linear combination
of any solution and its first derivative of the differential equation

(9) yV'i+qt)y =

in the interval I = (a, b), where a < b, ac E,, be EY = E, U (). ,
In paper [4] J. Vosmansky has investigated the higher monotonicity properties
of zero points and extremants of (q). By “extremant” of the function y(t) € C,(I)
we understand any number 7 € I in which the function y(¢) acquires an locally extreme
value (only proper local extremes are considered).
In this contribution there will be extended some results from paper [4] to the
linear combination of the solution and its first derivative of (g).

1. In paper [2] M. Laitoch has deduced that if y(¢) is a solution of (g), where
g(t)e Cy(I), g(t) > O for any 7 € I, then the function
ay + By’
(1) Y(1) = #l: :
Ja? + B’q
where o, B are real numbers with the property a? + B> > 0, is a solution of the
differential equation

Q YY"+ Q@)Y =0,
where
@ o =q+ 0 L Fa 3 B9

4 @+ By

and conversely, if ¥(¢) is any solution of (Q), then there exists a solution y(¢) of (q)
such that

o> +pq 2 o+ gy

ay + By’

— = Y(1).
Vo + pqa @
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Definition 1: The function F(t) is said to be of the class M,(a, b) or monotonic of

the order n in (a, b) if it has n (2 0) of continuous derivatives F©®, F', F", ..., F™
satisfying
©) (-DFP0) 20 j=0,1,2,...,n

If the preceding inequalities are fulfilled for j = 0, 1, 2, ..., then the function F(t)
is called a completely monotonic in (a, b) and is denoted by F(t) e M, (a, b).

Definition 2: The function F(t) is called the function of class M, ,(T,, ) if there
is F(t) e M,(Ty, o) and F(t) has for t > T, m derivatives for which there holds

) FO(t)ys0fort—+0 i=0,1,2,....m

(Evidently F(t)e M, (T, ) implies F(t)e M, ,-1(To, ) for n 2 1).

Lemma 1: Let g(t) possess a derivative q'(t)e M, (0, 0)n 2 1, g(t) > O for
t€(0, ), g(0) < o and let Q(t) be defined by the formula (2). Let o* + p* > 0,

af < 0.

Then

4 Q'(t)eM,_ (0, )

(©) g [9(t) — (1)) € M, (0, )
M 0= }O[q(t) - Q)] dt < ©

where equality in (7) can hold only if B = 0 or q(t) = const.
Proof: Relation (5) is proved in Lemma 2 of paper [1]; from the proof of that

lemma there also holds that [q(¢) — Q(#)] € M0, ). Since under assumption
g(®) = ¢ < 0, so g'(c0) = 0 and because g'(t) € M, (0, 0), it is evident that

4" (c0) = 0. Hence [¢(r) — Q(1)] € M, o(0, o).
Because of identically holding

q,, q, ﬂ2q12
dt = + | ——=—d,
f o + pq o + Bq (o« + B%q)*

we have for f # 0

Jamou- (@ pr v e

[T Ya [T - [ Yo [
4 \o’+ % 2+ 2 J\a"+p7q o« + f%q

o _Pa dt-l[ B*q’ ]‘”
f(a +ﬁq)dt BJ o*+pa 2 o+ p%q )
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2
It is evident that - Fq — 0 for t - co and for sufficiently large ¢ there holds
ot + ﬁzq

© @®

0< f ——zﬂ—q—y- 2dt < _Fa dt = [log(«® + f2@)]° < 0.
o’ + pq o® + Bq
1 4 t
: From here
there follows the validity of (7). ’
In the case B = O the assertion (7) is evident. If g(¢) = const., then g(t) = Q(t}

and the equality in (7) holds as well.

Lemma 2: Let q(t) > 0 for-1 € (0, ), g(o0) € M,+,(0, ), n = 1 and let Q(¢) be
defined by formula (2). Let for constants «, B there hold «* + B> > 0, aff < 0. Let
q'(t) # 0 for any t € (0, 00). Then there holds

®) (=DF QD) 2 (-1 ¢“* () >0  i=0,1,2,...,n— 1,
where equality holds only if f = 0.

Proof: At first let B # 0 hold. As the assumptions of Lemma 1 are fulfilled, so
there holds: Q'(t) e M,_ (0, ) and [q(t) — Q(t)] € M, (0, ) as well. Therefore if
we choose in Lemma 0,3 of paper [4] pg. 40 f(t) = q(¢t) — Q(¢) and ¢ = 0, we obtain
the validity of the following inequality

(=D)"* @) - 21" >0  for i=0,1,2,...,n—1,

hence we have
(__ 1)i+1 q(i+ 1)(t) > (_ 1)(i+ 1) Q(H- 1)(,)’

what is equivalent to the inequality
(=1 Q" (1) > (=1) ¢ V().

Inequality (—1)' g@*(t) > 0 follows directly from assumptions putting on the
coefficient g(z) of (g).

In the case B = 0, we have ¢(t) = O(t) and equality holds in (8).

Thus, lemma is proved.

Lemma 3: Let q(t) > O for any te(a, b), a< b a,beE, = E, U (—o0) L (©).
Let a, B(# 0) be real constants. Then between every two neighbouring zero points of
arbitrary non-trivial solution y(t) of (q) there lies only one zero point of the function
ay + By’

Proof:Lett,, 1, € (a, b) be two neighbouring zero points of a solution y(t) of (9),
i.e. y(t;) = 0, y(t;) = 0.Itis evident that ay(z;) + By'(t;) # Oand ap(r,) + BY'(t;) #
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# 0 as well. Suppose that the function «y + By’ has no zero point in the interval
‘(t;, ;). We can easy derive a relation

O <,_‘ y__ ) Blay* +y%)
S ay + By’ (ay + By')*

which holds for any ¢ fulfilling ay + By’ # 0. After integrating (9) from ¢, to ¢,
we obtain zero on the left-hand side and with regard to ¢(¢) > 0 we have a number
different from zero on the righthand side which is a contradiction. Thus, we have found
that between .two neighbouring zero points ¢,, t, of .any non-trivial solution y(t)
of (g) there lies at least one zero point of the function ay + By’. If two zero points
lie between t, and t,—denote them by t and T—we can easily prove in a similar
‘way'as above considering the relation

(ay + By’ ) _ =BG + ay’)

y y2

that between t, 7 there lies at least one zero point 7 of the solution y(t). Hence we
have

L<1<i<T<t
which is impossible because 7, and ¢, are by assumption two neighbouring zero

points of y(t). Thus, the proof of the lemma is complete.

Definition 3: Let {1,} denote the sequence and A"t, an n-th difference of the sequence
{t,} so that

Aty = L, Aty =ty — by oy At = A" M — AT
k=0,1,2,...n=1,2,...

The sequence {t,} is called monotonic of order n if
(-DAt 20 k=0,1,2,...,j=1,2,...,n
If n = o, then the sequence {1} is called a completely monotonic one.

Theorem 1: Let the function q(t) possess a derivative q'(t)e M, (0, 0), n = 2,
q(t) > 0, g'(t) # 0 for t € (0, ) and q(0) < oo.Let {t,} denote the sequence of zeros
of any solution y(t).of (q) and {T,} the sequence of zeros of the linear combination
ay + By’ of the same solution, whereby for constants a, B there holds o* + B* > 0,
af < 0. If there is to > T, > 0, then there holds

(10) (DA -T)>0 i=0,1,2,...,nk=0,1,2,....

Proof: Let the function Q(¢) be defined by the formula (2). Because g’(o0) =
= q"(0) = Q, so it holds g(c0) = Q(c0). By Lemma 1 and Lemma 2 [¢(t) — Q(t)] €
€M, (0,), Q'(t)e M,_, (0, 0) and q(t) # Q() holds for ¢ € (0, ). The condi-
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tions of Theorem 4; 1 and Theorem 4; 2 of paper [4], where n is replaced by n — 1,
are therefore fulfilled. From the introductory remarks and from the formula (1)
it is evident that the sequence {7} is a sequence of zeros of a suitable solution of (Q)
and conversely. Therefore because of Theorem 4; 2 and Remark 4; 1 of paper [4]
pg. 57—58 and by using (7) we obtain that for any mumber T, there exists a number
1, (sufficiently large) such that (10) holds and (1, — T,) = 7 as kK = oo, where y(= 0)
is constant. The number ¢, is given by the relation (4; 24) of paper [4].

Since ¢g(t) > 0, by Lemma 3, we get that between any pair of neighbouring zeros
of arbitrary non-trivial solution y() of (¢) there lies the only zero point of the func-
tion ay + By’ and therefore the constant y > 0. If {#,} (resp. {7}}) denotes the
sequence of zeros of y(7) (resp. the sequence of zeros of the function ay + By’)
where y(¢) is the above mentioned solution of (g), then ¢, > T, for any k. Therefore
the relation (10) holds and Theorem | is proved.

Remark 1: Let assumptions of Theorem 1 be fulfilled. Let {7} denote the sequence
of zeros of either the same solution y(t) of (¢), for which the linear combination
2y + By’ has the sequence of zeros {7}, or the other solution j(¢) of the same differ-
ential equation (¢). From Remark 5; 3 of paper [4] it follows that if ¢, is greater
than or equal to a solution of equation (4; 11) of paper [4] (which is also designated
by t,), then there holds

(10) (=DA (G —T)>0 i=01,2...,nk=0,1,2,....

However, the relation (10) holds if 1o is greater than or equal to the first zero of
the solution y(¢), but this zero point must be greater than the zero point T, of xy + By’

Lemma 4: Let q,(t) > 0, g;(1)e M, (0,0),n =1, 4= 1,2 and let [q,() —
— gx(1)] € M, ., (0, 0). Let further aff < 0 and also

1 2 n 4 12
(1) (t)—ql+ﬁ@i;—+—2—~~ﬁq§ —iwﬁf"?
+ Bq a” + Bq (“ + B? QA)
Then the function [Q,(t) — Q,(1)] is of the class M.,(0, o).
Proof: According to the supposition of Lemma 4 it holds for t > 0 and i =
=0,1,...,n+ 1

(12) q:(t) = q,(t)

and

(13) 0= (=D'gi" () £ (=1 gs 1)

thus, there holds | g{* ()| = | ¢¥*V(¢) |. Hence it follows that

(14) z(‘H)(t) ]} = l __g(lﬂ)(t) i=0,1,....,n+1.
+ ,3 q: o + fq,
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According to Lemma 2 of paper [5] the relation

[ q;i) ]fp)
o« + Bq,

holds for p + i < n + 2, where C,, N, I, v; , are suitable numbers, whose detailed
specification is not necessary in our case. From term-by-term comparison of the
expression (15) for the functions ¢,(¢), ¢,(t) because of (14) there follows the in-

-equality
(i) () |
«” + Bq, |

| gy »

(16) ( A ~—~)

o2 + g,
Furthermore, we have the identity

o ) S5O )

0‘+ﬂ‘11 o’ + Bq, i=0 o + fq, o’ + pq,

q’
ﬁth

of this all members of the sum on the right-hand side of (17) have the same sign,

namely (—1)?*!, Then because of (16) there holds

" g @ | {( q5 ) q5 }"”
18 - < .
a8 ’{(a +ﬁ‘h) o’ +2ﬁ ‘11} ‘_ 0‘2+ﬂ2‘12 oc2+ﬁ2q2

For the (i + 1)-th derivative i = 0,1,2,...,n — 1 of the function Q,(¢) we obtain

’ (i+1) ’ ’ ’ (i)
i qa 3 4 9. q,
Q(i+l) =q('+1)+aﬁ< ) ——B {< ) } +
* o’ + Bq, 2 o + B%q, ) o + Bq,

, Lpf 1
(19) +p 2 0
2 a? + Bq,

Using term-by-term comparison of the right sides of (19) for A = I, 2 and consid-
ering that «f < 0 we get because of (16) and (18)

(20) 1o @) <1051 i=0,1,2,...,n — L .

N |
=Y IC
k=1 |

(v1,k) .
q).l qg.” k) I

(15) — ,
“ol s g, at s p |

From lemma 2 of paper [5] it follows that ———*——¢e M, (0, ) and because
o

Because by lemma 1, Q}(t) € M,_ (0, ©), we obtain from (20) the inequalities
@y 0 (- O (-1 i=01,...,n— L

The inequality 0 < Q,(1) £ Q,(¢) follows with regard to (14) directly, using term-
by-term comparison [11] for 2 = 1, 2 and Lemma 2 of paper [3]. Thus the proof
is finished.
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Lemma 5: Let the conditions of Lemma 4 be satisfied and let q,(t) # q,(t) for all
t € (0, 00). Then there holds

(22) (- QP > (=1 0P(t) i=0,1,...,n te(0,0).

Proof: Since g,(t) < ¢,(¢) for t € (0, ), because of the conditions of Lemma 5,
we have ¢(1) < g,(t) and by lemma 0; 3 of paper [4] also

(23) (=1 () > (= 1) ¢(1) 2 0

fori =0,1,...,n + 1, t€(0, 00), and therefore the non-strict inequalities in (14),
(16), (18), (20) and non-strict inequalities on the right side of (21) can be replaced by
strict ones with the possible exception of the inequalities for the highest derivatives.
From (19) it may be seen, however, that in (20) and in the right side of (21) the sharp
inequality also remains for /i = n — 1; thus (22) holds for i = 1, 2, ..., n. The validity
of (22) for i = 0 may be seen directly from (11) by means of the relations (14).

Theorem 2: Let the function q,(t), resp. q,(t) possess a derivative q{(t) e M, (0, ),
resp. q;(t) € M, (0, 0) n = 3 and further let [q,(t) — q,(t)] € M, (0, ), q,(t) >
> ¢,(t) = 0 hold for t € (0, ©) and q,(0) = g,(0) < 0.

Let {t;.i} for A = 1, 2 denote the sequence of zeros of any solution y(t) of the
differential equation

(92) Vit @)y =0

and {T, } denote the sequence of zeros of the function ay + By’, where 7,(t) is either
the solution y,(t) of (q;) or any other solution of (q;) and a, f are constants with the
properties o> + B* > 0, af < 0.

Then for any fixed choice of T, o> 0 and any numbers y € 0, ), d € {0, o)
there exist numbers T o, t, , sufficiently large so that

(24) (-D)'A(T, s =T, 0)>0 i=0,1,....n—2,k=0,1,....
(=" AT — T 20,

(25) Ty, —Ta)>y  for k — oo

and furthermore

(26) (=D Aty =T >0 i=01,..,n—1k=0,1,...
@7 o~ T8 for k — o

if and only if the integral | [q,(t) — q2(t)] dt converges.

Proof: Let the functions Q,(#), Q2(?) be defined by the formula (11). According
to the hypotheses g;(0) = ¢,(0) < . Therefore gi(©) = ¢g3(0) =0, A =1, 2
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and ¢,(c0) = ¢,(00) = @,(0) = Q,(e0). By Lemma 1 we have Q'(t)e M,_,(0, )
Q3(t)e M,_,(0, cv). By Lemmas 1 and 4 there holds for re (0, 0) and i = 0, 1, ...,
n—1

(28) (=1 0P(r) > (= 1)) 09(1).

The conditions of Theorems 4; 1 and 4; 2 of [4], where Q is changed to Q,, gto O
and n to n — 2 are therefore satisfied. The integral ]'O[qi(r) — Q,(t)] dt converges
by Lemma |. Furthermore the integral } [Q.(t) — Q,(2)] dz converges if and only

if the integral _[ [g:(t) — g2(¢)] dr converges. From Theorems 4; 1 and 4; 2 of paper
[4], the assertions (24) and (25) follow. The relations (26) and (27) follow also from
Theorems 4; 1 and 4; 2 and Remark 4; 1 of paper [4], where ¢ is changed to g, and O

to Q,. The mtegral j' [q,(t) — 0,(1)] dr converges because of Lemma 1 if and only

if the integral j [g,(t) — g,(2)] dt does so.

Remark 2: If in the assumptions of Theorem 2 there holds ¢(t) € M, ,(0, o0),
then (24) holds in the form

(29) (- (T~ T, >0 i=012..,n-1k=01,..,
this follows from Remark 4; 1 of paper [4] because in this case Q1(t) € M,(0, «).

Remark 3: If y > 0, § > 0, then because of Theorem 4; 2 of [4] the identity
q.(t) = q,(t) for t e (a, ©) a > 0 can occurr provided ¢,(t) = 0 for t € (0, o).

2. In this part we give an appllcatlon of the preceding results to the Bessel differ-
ential equation

(30,) Y+ [1 - (y=0, >0,

the fundamental system of solutions of which is formed by the funactions

(; ) J(1), <— nt) Y, (). )

Let {¢, ;} denote a sequence of zeros of any non-trivial solution y(f) of (30,) and
let {T, ,} denote a sequence of zeros of the function a3, + B9,, where #,(?) is either
the above mentioned solution y,(t) or any other non-trivial solution of (30,), where
a, B are real constants with property o* + % > 0.

 Let {i, ), resp. {T, ,} denote a sequence of zeros of the solution y,(¢) of (30,),
resp. zeros of the function ay, + B¥,, a> + B> > 0, whereby 7,(t) may but need not
be identical with the above-mentioned solution y,(¢).

74



Lee Lorch and P. Szego showed (see [3] pg. 63, 72) that if 1, o < 7, o, then

1 . . .
for |v| > 5 the sequence {7, ; — 1, } is completely monotonic and there holds

(31) (_1)‘ Ai(iv,k - tv,k) >0 i’k = O, 112’ ceee

In paper [5] J. Vosmansky showed that for the sequences of differences of
extremants there holds also a relation analogous to (31).

According to the assertion of the corollary of Theorem of paper [1] we obtain
directly that in case aff < O there holds also

(32) (=) AT, =T, ) >0 i=0,1,2,...

1
In paper [3] it is further shown that for v > u > 5 and any fixed sequences

{t,.x}, {t,.1} there exists an integer r such that
(33) (=1 Aty or — 6,0 >0 ik =0,1,2,..
In paper [4] pg. 66 it is shown that the relation (33) follows directly from Theorem 4; 1

1
of paper [4] because in case v > u = > there holds

(34) q.(t) — q,(t) = (v* — uz)t—l2 eEM,(0,00); 0< J[qu(t) - ¢,(H]dt < 0.

The following theorem includes all preceding results and also Theorem 6;1 of
paper [4] as special cases.

s 1
Theorem 3: Let v, u be any real numbers satisfying v > u > 5 Let {t, .}, resp.

{t, «} denote a sequence of zeros of any solution y(t), resp. y,(t) of the differential
equation (30,), resp. (30,). Let {i, ,} denote a sequence of zeros of the solution 7.(2)
of (30,), where 7,(t) may but need not be identical with y,(t). Let {T,i}, resp. {T, }
denote a sequence of zeros of the function ay, + By,, resp. ay, + By,, where a, B

are real constants with the properties a* + p* >0, af < 0. Let y, = v* — %— s
1
')7“ = ‘12 - z‘ .

Then for any pair of numbers )& (0, 0) and t, o€ (0, ®), resp. Tv,o €(y,, ©) there
exists a number t, o, resp. T, o, 1, o such that

(35) (=D'A(t, , —1,)>0  k=0,1,2...

(tuk = t,,) > 2 for k- o,
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(36) (=D'AG, , — T, )>0 ik=012,...

(fn,k = T,)— 4 for k — oo,
(37 (=)A(T,, - T,)>0 ik=012..
(Tp,k - Tv,k) -4 for k — o0.

The numbers t, o, t, 0, T, o are the solutions of the corresponding equations (4;24),
(4;11) resp. of paper [4].

Proof: Since g(t) € M (0, ), ¢,(t) € M (0, ), g,(0) = g,(0) = 1 and (34)
holds, the conditions of Theorems 4;1 and 4;2 of paper [4] are satisfied for n = o0
and ¢ changed to g,, Q changed to g,. Hence (35) follows directly. Assertions (36)
and (37) follow analogously from Theorem 2, where the interval (0, o) of the variable?
is replaced by interval (y,, o).

Remark 4: For the Bessel equation the function Q(t) is of the form

2ﬁyv(a - g) N 3ﬂ4 2
3 [a2 + - ﬂ:;’v] [ + B = ﬂt}’v]

1 .. . . .
Remark 5: Provided u > 5 it is possible to put 4 = v in the preceding theorem,

so that the relations (35)—(37) are then related to the sequences of zeros of the
same or different solutions of the same Bessel equation, resp. the sequences of zeros
of the functions ay, + B7,, where y,(¢) are the same or different solutions of the same
Bessel equation with exception of the case 2 = 0in (35) and (37), when {t, ;} = {#,.4}
and {T,:} = {T, s}

0.0 =1-"+

1 .
Theorem 4: For v > = let {t,;} denote the sequence of zeros of any non-trivial

solution y,(t) of (30,). Let {T, ,} denote the sequence of zeros of the function ay, + By,,
where y,(t) is the abovementioned solution and o, B are real constants with the praperties

af £0, 8 #0. Ift0>T0>yv,(yv=v —711—) then

38) - (=D Aty = T, ) >0 ihk=01,..

Proof: Theorem 4 is a direct consequence of Theorem 1 for n = oo and te(y,, ©)
because ¢,() € M (yy, ©), ,(t) > 0 t >y, and q,(0) =

Concluding this paper I should like to express my gratitude to RNDr. Jaromir
Vosmansky, CSc. for his valuable remarks and advice.
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