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A PRINCIPLE OF DEHOMOGENIZATION FOR EIGENVALUE
PROBLEMS
(Preliminary communication
Ivo MAREK, Praha

x))

It is shown that some eigenvalue problems can be redu-
ced to sequences of unhomogeneous equations by using itera-
tive methods of Kellogg's type. By means of this procedure
the problem of the accuracy-order of approximations of eigen-
elements in Banach spacesis investigated.

l. Notation and definitions,

Let A be a real parameter 0 < f <, and let
X, X, be Banach spaces. Symbols denoting norms in all
these spaces will not be distinguished. Let )?,, c X be
some subspaces such that 1\1 7 Xl. are isomorph. Let us
denote this isomorphism by Sh . By X ’, X}v the spaces
of continuous linear forms on X and X, with the usual
norm (see [3]) will be denoted. If Y is a Banach space,
then by [Y] we shall.denote the space of linear bounded
mappings of Y imto itself with the uniform topology (see
[3]). Let F, be a projection of X onto X, sich that

5;'B x> X if h>0, he(0,h,), 0<h,g+a.

e T 1s a linear, generally unbounded operator, then
we denote the definition domain of T by the symbol D(T)
and the range of T by 2L(T) respectively.

x) The complete text will be published in the Czech .Math.Journ.
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In the following text we shall denote the constants which
do not depend of h by only one symbol ¢ without any fur-
ther distinguishing.

Definition 1. Suppose that Wlc X and TeLX],;
Tn€ [Xy ] . 1If the relation
(1.1) 1B Tx -~ Tp B x Il & cCx) A"
holds for each vector «x € 79U, where f 1is a positive in-
teger or zero, then we say that the "approximative" operator

13, has the approximation-order i according to the opera-
tor T on the set M%.

Let my € X be an arbitrary vector and let 4, = Ry -
By #4, 4&“’ we shall denote the solutions of the equations
(1.2) Tx=9%, TpoX, = Y ¢

Definition 2. Let the equations (1.2) have unique solutions
AL, u“' for Y, Y5 given. If the inequality
(2.3) IBwu-u*ls ch®

holds for ., ALh‘ 3 where ~ 1is a positive integer, then
we say that Tg has the accuracy-order 4 with respect to
T.

The equations involved in the preceding definitions have
been assumed uniquely solvable. Therefore these definitions are
not suitable for eigenvalue problems.

Definition 3. Let (, be an eigenvalue of an operator
TelX] ana Xgy+ee3X,; (t < + @), the corresponding
eigenvectofa. #e say that the operator T, has ths accuracy-
order fv with respect to the eirenvalue &, of the operator
1} if for each eigenvector X corresponding to (&, there
exists an eigenvalue ¢C? of the operator T4  and an oi=-
genvector x;° corresponding to (u;? such th2t the in~

equalities
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(1.4) g

hold for 1:&‘47""t0
Let M , C be linear operators mapping the domains

D(M),D(C) into X and let M, , (5 be corresponding
operators mapping the domains D(My ), D(Cy ) into X, -
The couple { Mg, C # will be called a scheme. )

Definition 4. A scheme { My , C; § has the accuracy-or-
der fv with respect to the equation M4 = (v~ , where
v e€D(CC) 1is some given vector, if the inequality

Il P - whr & ch?™
holds for all solutions 4, u®  of the equations M =
= (v, MA“h = C, ’Z v respectively.

Definition 5. A scheme { Mg ,Cy } has the accuracy-or-
der f with respect to the characteristic value A, if one
of the operators T, = M;: bpr Th=0Cp M;: has the accu-
racy-order fi according to the eigenvalue (., = '//A, of
the operator T = M-‘c or T =CM™' respectively.
If we use the scheme {My ,C, 7 for counting A, we shall
denote this fact by { M, , Cp 5 A} -

2. Eigenvalue problems.
This paragraph is concerned with the investigation of ei-

genvalue problems aof the form

(2.1) Mu = Aluw ,

where M, C  are linear, generally unbounded, operators mapp-
ing the domains D(M), T (C) into X . Moreover it is
assumed that P(M) 15 dense in X anda D (M) c D(C).
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Simultanecusly with the problem (2.1) we shall consider the
"approximative” eigenvalue problem
(2.2) M, u* = Ak ¢, ub
assuming thet the scheme {Mh » C4 3 has the accuracy-order
v with respect to the equation Mat = (v according to the
definition 4.

If we use thies assumption we must reduce the equations (2.1)
and (2.2) to sequences of unhomogeneous equations of the type
(2.3) Mx = g, M, x® o a% .

To do this we use Kellogg's iterative procedure. This procedure
is applicable if the opcrﬁtora M-¢ , CMd, M;: CA7QM;:
have suitable properties.

Let T, T;  be one of the couples mentioned above. It
will be supposed that T , Tg be closed heve dominsnt
eigenvelues i, , (w‘:’ i.e. in spectra 6(T), 6(Ty)
there are points (wu,, (u,f" such that the inequalities
(2.4) Al < lagl, 1A% < i@l
hold for each A € 6 (T), A % U, and each e 6(T),

A * (w:v . Moreover, we shall assume that the points (%, ,
(u:" are poles of the resolvents R (A, T) = (AI -~ )7 ’
RIX, T Y=(A1y - T!»)J,, where I, I, denote tbe lden-
tity-operstors in X and X, respectively. Ve remark that
the last assumption is not necessary.

let B, , B:" be the operators defined by the following

integrals 4
B«’M{R“’T’d“ ,
(]
(2.5)

n_ 1
BY= a7 {kR(a,R)d.ﬂ\,
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where C, , C:" denote the circles having the centres ., ,
(u.‘:" and radii @, , ;of‘ such that for the sets
KefAlA~p, 1% 0§, Kp=1A0I2-wb 12 pl
the relations K " 6 (T)={ (¢, } > K;"" 6(T, )= {(““f}
hold.

It .XL € X,: + then we put

X'(x)= X, (R x), Xe€ X,

so that x' € X'.

Suppose that there exists a vector x’e¢ X  for which
(2.6) D<c=Ix(Bx), O<cs Ix)BFB x®))

Now, we shall investigate the case of the operator
T =M ™"C  and then we must assume that ( 1s bounded.
The corresponding Kellogg'a iterations leading to unhomoge-

neous equations are defined as follows

Mme+q) )

m+1)

(2.7a) Muw = Cum,, M{“¢4)=2’(W)“ ) M)* X,

x' (w )

m)

(2.7 b) 9«,(“, = ; ) ;

x' (w )

n+1) A & h (m +1
(2.8 a) Mh AL 1 - G‘ ‘“'(“, 7 “(.,4-1) = a(n)“’t 4
& (o)
Loy ™ Ew X ’

(2.8 b)

' h
'y - Xpp (Mip) )
[C XA

M xSt

Let us investigate the case of the operator T = M"‘.
It is easy to see that the restrictive assumption C € [ X ]
can be replaced by a weaker one. Let instead of C e [ X ]

the inclusion

(2.9) R(M" ") c D ()
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hold, where %L (M-*) denotes the range of the operator M~',
Similarly, let

-1
(2.10) RM") e Dcc,) .
The Kellogg'a iterations corresponding to the operators
-1 -1
T=CM™, T =C, My are defined as follows
(n) @) ) ,, (o)
C.a1a)MvTey, v, =2 ,,Cr r”én'-"" f’y Y TeA,
(2.111) A = .311322:Ll___ ;
( ) ) N . . xl(cv‘(ﬁ‘f"7)
2,12 v m)
a Nk b T Yinyr Yinasy = Ay G hﬂi%) ;,'y(’ﬁ 'y@’e X,
!
(2.121) A = x;. (v )
m) c (uw’>
A. Vs

The convergence of the proceseea defined by (2.7),(2.8),
(2.11),(2.12) is described in the following theorems.

Let A€LX] obean operator having a dominant eigenva-
lue o * Let (& be a number with the following properties:
(@ u <la,!l; () Ae6(A), A, impliesa A €
€ H(A), where H(A)m {AllX] < u §

Theorem A [2] Suppose that
l. The values u,, (a':" are dominant eigenvalues of the
operators T = M~C, T, = M,:q C, -

2, (u,,(u:" are poles of the resolvents R(A,T),
R(A, Ta ) -

3. The conditions (2. 6) are fulfilled for a vector x®'e X,
4.0(.-!—-—‘, A - l——,;l where w , <a,l" are radii of the

sets H (T) y H(T; ) defined above.
Then the relations

g, , - w I & ca™ IX,,-2,1&ca™

?
h m hH h m
I «,, - u, & ex, , [A ,~A 18 cxy

(n  sufficiently lerge )



hold for the sequences defined by (2.7),(2.8), where
2 P 1
- ——
° o ’ ° ?Zf'
and
¥ ' 4
Maw, = A, c“a , Mhu, = A Cpt,
&
w +0, «+ 0.
Theorem B [2] Let the assumptions 1,2,4 of the theorqem
-1 -
& be fulfilled for the operators T = CM™ , Tp = C, M, -
Instead of the aq’éumption 3 let the following one be fulfilled:
The condition (2.6) holds for a vector x© - vV;,) » where
(0) @
‘V(‘,) = c’y ) /y- € X .
Then the relations
n
Ny - N @ ca™, 12,,,- A1 & cx™ ,

Hh h n h A m
_ﬂarm—v; lléccxah,l:lm,--.a.‘,léco\:‘t
(n sufficiently large)

hold for the sequences defined by (2.11),(2,12), where
1 h 1

A = e - —x

° ° ? A\’ “,

and

My, = 2, Cv; M,h'”';h" Ay ch";‘v7
v+ 0, vh+o0.

By means of the iterations given by (2.7),(2.8) amd
(2.11),(2.12) the initial eigenvalue problems (2.1),(2.2) are
reduced to sequences of unhomogeneous equations of the type

(2.3). These procedures form a base of the dehomogenization.

3. Theory of accuracy-order of eigenvalue problems.
In this paragraph the accuracy-order of eigenvalue pro=-
blems of the type
h
Mu = ACu , M, u*2bc u
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will be investigated. The basic assumption is the imowledge of

the sccuracy-order of the scheme { Mh’ Ch} with respect to the

unhomogeneous equetion Mu = (1~ with given vectors v ¢ X.
Theorem 1. Suppose that\

1. The operators T = M"“C, Te = M;1 Cq o+  where the ope-

ratoe M, C; M, , C;,  map D(M), D(C)= X 1into X and

D(M,), D(Cq ) = Xy, 1into X, 5 be bounded and have dominant

eigenvalues Ho 1 (ai‘:

resolvents R (A,T), R(A, Tg) -
2. The scheme {Mg , Co §  has the accuracy-order ft with

and these values are simple poles of the

respect to the problem Mu = (1 with a given vector
ve X,
3. The relatioms (2.6) for a vector .x‘°’ e X and simltanecus-

ly the inequalities
Ixy | & ¢ it 0<h < h,

hold for the system {x{ § of linear forms X, € KL .
4. The inequelities .
Mg C lh £c

hold for all K, 0 < h < A, .

Then the scheme { M, , C, ; A, }  has the sccurscy-order fo
with reepect to characteristic value A, = 1/, -

The case of an unbounded operator ([ is described in the
following theorem,

Theorom 2. Suppose that
1. The velues (u,, (u-':" are dominant eigenvalues of the closed
operators T = CM™, Tg w(Cp M;' , where M, C, M, , Cp
map the domaine D (M), D(C) into X and D(M,), D(C,,)
into X, end the inclnsiou'nCM“)cﬁ(C'),ﬂ(M;:)c D)
hold. Moreover, let (u.o 5 {a,:“ be niﬁle poles of the resolvents




RCA, Ty, R(A, T -
2. The approximative operator M&. has the accuracy-order 7t
with respect to the equation Mu = 7 with & given veX.
3. For each vector 4 € 72 (M™7) there exists a vector
/y."' € Xh such that the identity

G Bou = f;’b(344,+ry.A ’
holds, where

Ty g ch®™ .

In other words - the approximation-order of the operator C(j
is equal to fu with respect to the operator ( on the set
RM) .
4. The relations (2.6) for a vector x- Cy”, 4% X ‘ana
simultaneously the inequalities
hx, Il € c if 0< h < h,
hold for the system {"‘L ? of linear forms x;v € Xi .
5. The inclusions
RBM X)) R(M'X, )
hold for 0 < A < h, -
6. The inequalities
e, M N &c , 0<h<h, ,
hold for the operators T = C, M,:"‘ of the system {T, § -
Thenthe scheme {M,,(,; A, } has the accuracy-arder 1N
with respect to the characteristic value A = 4/(“0 of the ei-
genvalue problem
Mu = ACu .
The assumption that the eigenvalue (Yo 1s a dominant
point of the spectrum & (T)  can be weakened. Let us suppo-

se that there is a finite number of eigenvalues Vat ) n
vIT™l

on the cirele [A|l = £ (T), where £ (T)= tm V
m»x
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is the spectral radius of the operator T € [ XJ] . 1In such .
a case it always is possible to find suitable complex numbers
Y),:0.y ¥y such that the operators

(3.1) S;.- T+ -;)-I, F=1,---3 5,
have dominant eigenvalues 'ej = (u} + 1), .
* Now suppose that complex numbers 3, ,..., 1),, are cho-

sen so that the values 't‘,-‘ -4 + v‘}' are dominant points
of o'(S, ) F=1,..., 5, where T= CM™" leejl= £ (T),
ley +3 = £ (S; ) ama S5, 7 =1,..., 5, are defined
in (3.1.)

Put
L=M, D=xuM+cC.

«

It 1s easy to see that the construction of the eigenvalue “;
and the corresponding eigenvector .x?' is equivglent to the
cmtruction_of the dominant characteristic value P} = "/’t}'
and the corresponding eigenvector of the equation
(3.2) (v’»M+C)u=pMa.
The solution of this problem- can be obtained using the theorems
land 2.
Let h,j ,-9, 7 be operators corresponding to
the operators L , .D , 5,‘ . This means that there exist com-
h
plex nu:bera ))1 PREEY 9:" such that the values a’:"-f-(u:‘,...
soey % + (a.:" are dominant eigenvaluea of the operators
s"“’=T+)) I’?‘=4,lao,ba
Iheoren 3. Suppose that
le. The assumptions of theorsm 2 are fulfilled fir the operators
) ’
M.,cv and forms xl€ X', Xke XA .
2, The operator T = CM™" nas a finite number of eigenva-
lues (%, ,..., ¢, , » & T, onthe circle IAl= 2 (T).
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3. There exist complex numbers ), ..., 3, such that

T, = (u?- + 1’;,' _ are_dominant eigenvalues of the operators
(3.1) and are simple poles of the resolvents R(A, S;), Fob8.
4. The inequalities &

)
(3.3) O<c=Ix"(By xPl, 0<cslx B Fx™)I

hold for a vector X e X 5 where x’e X’, “1: € X,: and
B, i B:"- are elements of Laurent developments of the read-
-1 -
vents R(A, Sy )= (21-5;)"" R(ASp,; )= (Al ~Sn,z)
A

in neighbourhoods of the points ¥, Ty .

> by & (A-1, )
R(A’Sj)=h§A‘k3 (.?.-'t;) +*§‘ Bk;. —"9) ;

2 A Loh & 4 o, b
R(a,&’é’)=&;‘;g*’: (A.-'ri) -0-‘;4 &}'(A Tj ) .

Then the schemes { My, C, j .'la; $  have the accuracy-
order ft with respect to fhe characteristic values

Aj = 7/(uj y F= g0y B
4. Applications.
The preceding theory can be applied to various problems
of numerical analysis. If the spaces X, are finite dimen-
sional, the operators T, corresponding tothe operator T
are given as finite matrices. Particularly, that is the case
of net methods of numerical solution of differential equations
(see [4]). Applications of the idea of dehomogenization of
eigenvalue problems of this type were described by the author h
(see [1)) at the conference on basic problems of numericsl
analysis, Liblice (Czechoslovakia) 1964 . Other applications
will be given in the complete text which will be submitted to
the Czeehoslovak Mathematical Journal.
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