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STABILITY OF THE METHOD OF LEAST SQUARES FOR FINDING THE
EIGENVALUES OF A SYMMETRIC OPERATCR

K. NAJZAR, Praha

In [1,2,3), we studied the method of least suqares for
approximating the eigenvalues and eigenfunctions of a DS-o-
perator. In this paper, we shall deal with the stability of
this method for finding the eigenvalues.

Let A be a DS-operator whose domain D(A) is dense
in the separable Hilbert space H , i.eq, A is a symmetric
operator in H such that the set of its eigenvalues is of
the first category on the real axis and the spectrum 6 (A)
of A is the closure of this set. Let @ be a real number
such that the following conditions be satisfied:

1) 1) weéelA) .
2) There exists an eigenvalue .7\’- of A such that
a%&)lﬁ-@l = l.ha»,—‘ul .

For the sake of brevity we shall sometimes write A‘u
instead of A ~wI , where I denotes the identity opera-
tor in H . The principle of finding Aé by using the met-
hod of least squares can be outlined as follows.

By Theorem 3 of [1] we have

A dm = 1Ay -l
where

- 641 -



lAw - wal?

(2) = mm —_—
wedlY i, lw >
w0

and thus @ +4q, or « - Q is the approximation to ﬁa;
(cf.[1]),02] and [3]). The number 9»2» is the smallest ei-~
genvalue of the algebraic eigenvalue problem

(3) (A, - 6B, =0,

where A, and 5, are symmetric matrices
Ay = SALY  ALENT .,
B, =AY, 3>

3 A=

The matrix J3, is known as the Grem matrix of L SPpr

¥ . Since V¥,

m 419 °
is positive definite. On the basia of the assumptions rela-

cery .., ¥, eare linearly independent, J3,

tive to @ , it follows that A, (as the Gram matrix of li-

nearly independent vectors) is a positive definite matrix.

wm) n? (n)
Let 6; 66‘2 £... £ 6,

values of (1). Then q_fw- 6;(“’. Since g,.4 £ Qm ,

be the eigen-

(m) 5 00

mad is monotone decreasing. It

the sequence {6‘;
follows that -
(4‘)- ((GL - 2.’: )2. .

W) mt g™ = tim 6
m m - e
In numerical work, it is usuaelly impossible to carry

out all required calculations with unlimited precision.
Thus, the actual results 8‘:{""’ one obtains, do not sa-
tisfy (3), but rather

(5) [CAR, + D))~ (B, +4)]r=0 ,
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where T, and A,w are symmetric matrices.

m

It Al is small, one expects that §™’  will
also differ only slightly from 6‘:“’ for m = m, . Re-
garding (5) as a perturbation of (3), one may then say, loo-
sely speaking, that the method for finding A'a? defined by
(2) and (3) is stable if 6:"(’") is not very sensitive to
small perturbances T, and 4, -

In Section 1, we shall define the stability of the met-
hod of least squares for finding Aa-, defined by (2) and
(3). We shall formulate a necessary and sufficient condition
for the stability. In Section 2, we give conditions which
guarantee that the method of least squares for finding .Z.’-_
is stable in the sense of Michlin [41.

1. Let (uj"") = (u;_"" Z2... £ (“';r) be an enumera-
tion of eigenvalues of the problem (5). Denote the smallest
eigenvalue of A, and B3, by .)1:") and t:”’ , respecti-
vely. Since A and .'75@ are positive definite matrices,
it follows that .a,f"”') > (0 and t:“’ > 0 for any positi-
ve integer m .

The definition of the stability of the method of least

squares for finding the eigenvalues is as follows.

Definition 1. Let T, and 4, be symmetric matrices.

4
and (5), respectively. The method of least squares for fin-

Let (a{'”’ and o;’("" be the smallest eigenvalues of (3)
ding ﬂ’. defined by (2) and (3) will be said to be stable,

if there exist positive constants .2, h, 9 which do

not depend on m such that
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,610"”—64‘-:“)l & p.lr;‘"*" g’- IAM,
for every 7:,, 9 Am,
Il £n, 14,12 4,

satisfying the following inequalities

where | T;ﬂ denotes the Euclidean norm of T .

Let us now recall from [4] the terminology about the
strongly minimel system in H .

Definition 2 (cf. Michlin [4], p.20). Let there be
given a linearly independent system {% }:;4 . Denote the
smallest eigenvalue of the Gram matrix of ¢, ..., ¢, by
c,‘;”') . This system 1@, 51-‘:,’ will be said strongly mini-
mel in H if é”rb\-f'c,f"”>0 .

Remark 1. Let {974 3;‘:1 be an orthonorral system.Then

t'/”"ﬁ’ c,“'n>= 1 and consequently {g; §;7 is a strongly

1
minimal system in H
The following theorem is needed.
Theorem 1. Let there be given two Hilbert spaces ’¥C4 ,
¥, with the following properties:

a)we?e4=>ue:%’1.

b) There exists a constant K  such that

llu,llz.é](-ﬂ.wﬂ,‘ for any w € ¥, ,

where Huﬂ,‘ and ﬁwllz are norms on '384 and Rz ,

respectively.

© s .
Let {¥;3%,, ¥, € 361 be a strongly minimal system in
. o . -
352‘ . Then the system {Y¥;}%° , is also strongly minimal
in 364 . If we denote the smallest eigenvalue of the matri-

ud a0 ()

ces {(’i’;,’!’,-)1 5’.,5__4 and {(’l;.,‘!f?-),_ }‘;’5-4 by ]

and t;”) respectively, then we have

’
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Proof: Michlin [43,p.25.
Since w € 6(A), we see that (A&u., Ay_v-) is a
2
scalar product on DC(A) . Consequently, lu B =(AF4L,AF_4L)
is a norm on D(A) . The complete hull of D(A) with the
norm ﬂu,l1 will be denoted by H1 . From the definition of
2?» , it follows that
= > - .
Iul1—lA“4Lﬂ R .?t.1l fawl

If we apply Theorem 1 with H in place of 361 and H1 in

place of 761 we obtain the following

1
Lemma 1. Let {¥;33 ¥, € DC(A) be a strongly mi-

=1 7

nimal system in H . Then the system A Y17 is strong-

i=q
ly minimal in H and the smallest eigenvalues .’A;""’ and t;"‘"
satisfy the following relation

) 2 )
aw > (GL - 9%}) . tq
As an application of the result of Theorem 1, we have
4 1 1N~

Lemma 2. Let {Hf‘:}i.,’, ¥ e DCA) be a linearly in
dependent system such that the system {‘A‘(“'o ¥,3° , is
strongly minimal in H for some o € 6 (A) . Then the sys-
tem {A, ¥ 37., is strongly minimal in M  for every
“ € 6(CA) .

Proof: Choose any «w & 6 (A). Let flu llq = llA‘a_,u,l
and Mul, =U1A, « I . sSince uw, @ 6CA) , beﬂ, ang
lael, are the norms on HC(A). The complete hull of D(A)
with “uﬂ4 and “u.ﬂn_ will be denoted by ¥, and 'Hfz ,

1
respectively. Obviously
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-1
Af“'a“ = A“.u. + ((«.—(uo)-A“ Ay u

and hence
Nl & Cl+ @@, - HA D Tl .

From this it follows that %, < ‘362 . The conclusion of
this lemma now follows from Theorem 1.

The following fundamental result gives us a necessary
and sufficient condition for the stability.

Theorem 2. Let A be a DS-operator in Hilbert space
H and let 4’12?:"1 be a totally complete system.
Then, with the assumptions of (1) the method of least squa-
res for finding ﬂ-’; defined by (2) and (3) is stable if and
only if the system {1 }f_,, is strongly minimal in H .
When this condition is fulfilled, we can choose £, ¢, £, 4

in Definition 1 as follows:

1
r=="5
I R 7. Y ks
2= T-% EA
where £ and & are arbitrary numbers in (0, (.13- —-@c)"- t)

. . m)
and (0,t), respectively, t = <inf tf .

Proof: Suppose that the method of least squares for fin-
ding ﬂi is stable but that the system {¥;1.°, 4 is not

strongly minimal in H . Then, by Definition 1, there exist

positive constants n, Q2,4 such that
' (m) ()
(6) 18" -, | & p-IT N+g-04,1
for symmetric matrices T, and A, satisfying

iDL, 14,0 £ 5 .
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Since i/k‘f ff’") = 0 there is an infinite set M  of

?

positive integers such that mf.”:fu t;”"” = 0 and A >
>2tf"”>0 for m € M . Choose r,=0 and Am.-.

<
= - 2‘t4""")- E,, for every m € M ,where E,  is the

identity matrix. In this case it follows from (6) that
(m) om) «m)
le™- @™ £2g-£™, meM

. . (m) 2 o)
Hence, since m&_‘rz A (- .Z, * =0 an?”«énf'b =0,

there exists some m & M  such that
W™ > -;—(54-7\.7-)"> 0.
This last inequality shows that the eigenvalues of the pro-

blem

are positive.
Since the A, is a positive definite matrix, we see that
(-]
every eigenvalue of the problem (1C) iz»one of the problem
4
-3 -
V= Ry (B, + 4, ) Am, v =0
and conversely.
Note that %
I
61 = A2(B, +A A,
is a symmetric matrix, Consequently, Q is positive de-

finite. It follows that
(8) fluw) = (Gm°u,44.) >0

for every &« = 0 .
)
We know that tfm’ is the smallest eigenvalue of
53,,,‘,0 . If we denote a normalized eigenfunction of J3,,

corresponding to

t;m" by v, we have
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(m,)
(93%*- A,mo)'v' = - t1

1
Let u:.ﬂ: 2 . Then
-]

G, u= A

Nla

- m,) -1

B + =-t 2R 2

. (Bt 4, v =-t P, V-
Therefore it follows

(m,) 2

)= (G, u,u)=~1 Nol"< 0 .

1
This contradicts the inequality of (8).

Conversely, suppose now that {%3;, is a strongly mi-

nimal system in H ., For the sake of simplicity, we shall use

the notation
(C,«.z «)

FCDu)= 3

where C, D are (m x m) real matrices end 4 is a vector.
It follows from Lemma 1 that
. ) 2
> -A- .
(9) mf 2 2 (« 2‘1 Y. t

where t = inf £/ > 0.

Choose &%« and A so that

(1e) 0<n<(§¢-11-)".t,0<,5<t,
Suppose that T; and Am are symmetric matrices such
that

(11) Kk £x, W4, 1= » .

From (9),(10) and (11) it is easy to see that ([} +.4 ) and
(75,,,.*- Am,) are positive definite matrices.
Consequently,

“ e min F(A, B, u)

1 Hall=4 n )
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(12) = min F(A+ T B+ A, ) -

Choose 2 and 2w such that lor [ = 1, lw =1 and

6:'(“'): P(AMJ .‘f:}n,ar) P

w e FCA+ T, Bor 4, ,v) .

m

Hence, by (12)
m_ g g Fn )+ 1D )

@ =% T (B ae)-0410 7

W

whence

- 6™ 2 I 1+6™ 04,1 '
170 B wr)- 14,1

Since (B, 2,v)2 t1"’“’ >t and g < 54"" , it follows

from (10) and (11) that

I 1+6" 14,1

@) 6—("") Z

(13) 4 , = t- A4
It is easily verified that
) _ F(A, B, ,w)+F(I, B, w)
“a 1+F¢4,,3, ,w) ’

Since
m)
F(A,,B,,w) 2 6, ,

{1 g |
PR, By,w) ==

IF (A, B,,w)| & ﬂ%:,#—« 2 <
)

1
and I 1< Cu-20% 8 2 g ¢

1

we {ind that ) . o)
m n

“y = )
™+ 14,1
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Therefore

6N Ly 1400 _ 6" 14,1+ 1T )
1:1""’4' Y4, I t -4

This, together with (13), leads to the second assertion of

(14) 6™- M:"”é

the theorem.

2. In this section we shall investigate the stability
of the method of least squares in the sense of Michlin. As
to the mathematical formulation and to some assumptions we
shall use the book of =.G. Michlin [4].

For each m = 1,2 ... let H, be a separable
complex Hilbert space with the scalar product (.x,/y.) y X,
4y e H, . Let A, end B, be two operators in the Hil-
bert space H,  with the following properties:

o) A, and B, are self-adjoint and positive defini-

te operators on H, into H_ .

m
-1 = -1 -4
- z -
B) .Am and B, = Am B, A are compact opera
tors.
Since the operator A'4 B is compact on H we can ar-
m -m m 1

range the eigenvalues £ 6‘“’ 3,“_42 of the problem
/9 2,000
(15) (A, -6B,)x =0

in an increasing order

(n)‘ (m)
0 < 6, =6,

~We will consider "the approximation eigenvalue problem"

=

_ e .

(16) (A, + )~ (B, +4)1x=0 ,

where I| and A  are bounded and self-adjoint operators

on H“ . Let “f’”) = ‘q,:"" ® ..., be an enumeration of
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eigenvalues of (16)., S.G. Michlin defines the stability of
the processes for finding the k-th eigenvalue of (15) as fol-
lows:

Definition 3 (Michlin [4i,p.260). Let I and 4, be
bounded and self-adjoint operators on H_  with the follo-
wing properties:

1) 4, + B, and A+ I,  are positive definite

operators on H_ .

Nl

_ 1 = - - -

2) T =(I+D)VEZ(B +4 (1 +T)

is compact on Hm , where In is the identity operator on
H,,, and

T AL AY Zeaty a
n " M mn ’ m m m - m
Then the process for finding the k-th eigenvalue of (15) will
be said to be stable, if there exist three positive numbers
£, @, % which do not depend on m such that, if IT I &

£n,m=12,... ,then

m)
| =11 € AT 0+ o U0, 0, m=1,2,.. .
We now state - without proof - the following basic result.
Theorem 3 {Michlin [4),p.260). Let C1 , Cz_, Ca be con-
stants (which do not depend on m )such that

1 1A NS¢,

(B, w, )
.__._——.——é
Az, @) C'g for w e H,, w+ 0,

N gMac, .

Then the process for finding the k-th eigenvalue 6"““"") of
the problem (15) is stable. The first condition is necessary

for the stability.
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Remark 2. It follows from the proof of Theorem 3 (in
(4], p.263) that

R G- G- G _L-cC
= C1,'ﬂ'- 4_/3 )y L 4_/3 H

where (3 is an arbitrary real number in (0,4) .

Let the assumptions of Section 1 be satisfied. In the
case that Hm. is an n-dimensional Euclidean space we can
represent A/ and B, by (mxm) matrices A, eand .73,.1 ,
respectively. Thus, we can consider the problems (3) and (5)
in place of (15) and (16), respectively.It is now easily ve-
rified that the abéve conditions oc) and /(3 ) are satisfied.
Then the method of least squares for finding -13- defined by
(2) and (3) will be said to be stable in the sense of Mich-
lin, if the proceas for finding the first eigenvalue cr_“""
of (15) is stable in the sense of Definition 3.

From Theorem 3 we obtain the following result.

Theorem 4. Under the hypotheses of Theorem 2 the method
of least squares for finding .719- defined by (3) and (5) is
stable in the sense of Michlin, if and only if the system
&Ay_o!{‘- 3:’;1 is strongly minimal in H for some real
«, € §(A)

Proof: Firstly, we verify that the conditions of Theorem

3 are satisfied for A& = 4. Then, it follows that the condi-
tion 1) of Theorem 3 is necessary and sufficient for the sta-

bility.

oo

Since 6:“‘”’: Q«?n. , the sequence {6’1‘“) g

is mono-

tone decreasing. Consequently,
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a_ Mo %1

(n) =6
] % 1 II‘J{‘I"
and inf 6:‘("" =m%6:l"'"’= ((u—?!.?-)q' .
Letting
DX
A!! LS
2 = ! 2‘ ’
¥ i

we see that the condition of 3) is fulfilled.
Now, A and ‘730» are positive definite metrices.

Therefore it is easily verified that

(Bw,wn) (B v, v»)
amn 2 = (""1) foru e ¥, w0,
C@nbhlb) v,V
‘ — 1 -4
where 1 = AZ 4  end B, = AL B, AZ .
1
It follows from 3) that ?"(TJ is the largest eigenva-
1

lue of 53—” . Hence, by (17)

(B, ) < 1
0.
A, ) e for mne¥ B wu+

m »
. 3 (m) 2

Since uﬂrefq' - (6‘-1?.) > (0

rem 3 is satisfied with

1
c’b = (6‘-17)2 :

-1 1
Now, A, I = 27 , where .1:'"') is the smallest ei-

, the condition 2) of Theo-

genvalue of the syx;‘metric and positive definite matrix ./;n_ .
The assertion of our Theorem follows at once from Lemma 2.
As a consequence of Theorem 4, Lemma 1 and Remark 2 we
have
Remark 3. With the assumptions of Theorem 4, let {‘!le,,

be a strongly minimal system in H . Then the method of least
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squares for finding .7\.?~ defined by (3) and (5) is stable
in the sense of Michlin. In this case we can choose {%, €,

n as follows:

1 1 4 Mayl?

G S S AT ’
g = (=201,
ﬁ{,=t'/$ ]

where t = nf éf"" and (3 is an arbitrary number in
(0,1) .

Remark 4. From the assumptions «), (3 ) and 2) of
Theorem 3 it follows that (A, )= H,k and A, is a self-
adjoint and bounded operator on Hm .Since A;: is a com-
pact operator on Hm ,it follows that the eigenvalues of A,,,'

form a finite set. Consequently, H,,,_ is finite dimensional.
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