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ON THE EXISTENCE OF SCHAUDER BASES IN SOBOLEV SPACES

Svatopluk FUZIK, Oldfieh JOHN, Jindfich NEBAS, Praha

1. Inptroductiog. Let () be a domain in Ey o Ve
denote, as usually, o = (o ..., ) , &, Z 0o,

integer, 4 = 4,2,..., N and

« al&l
D" = G.x,‘a" gxfﬂ... ax,j‘“

where loc | = &é" oc; . We define the Sobolev space
W:(.Q.) (for o = 0, integer, f = 1 ) as a sudb-
space of Lﬁ(_{l) consisting of all functions £ for
which D*f e L, () if only lecl & h , normed
by

Lt (5, J{m“fwdx)*
( D°f means the derivative in the sense of distribu-
tions,)

Further, denoting by DCL ) the set of all infi-
nitely differentiable functions on () with compact sup~-
ports in £ , we define \R]: (LY as aclosuwe of
ey 1 W) .

AMS, Primary: 46E35 Ref. %. 7.972.27
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In many papers the existence of Schauder bases of
Sobolev spaces (and their subspaces) is desired for the
purpose of the demonstration of the existence of solutions
of non-linear boundary value problems. There was proved
in [3] that for N c E,’ the apaces W: () and
Vof‘f: () have the Schauder bases. Their elements are
constructed as primitive functions of elements of the
Haar s orthogonal system.

The existence of Schauder bases of W: (E.) and
Vof: (Ey) (p > 1) follows immediately from the
assertion that W:( EN ) is isomorphiec with L'ﬂ« (EN]
(see [13]) ana WX (E,) = WR(E,) (see [12]).

Let us note that before we have been able to prove the
existence of Schauder bases of W:’(n), V‘;’:(ﬂ) (-
bounded with &) suffieiently smooth), we defined the
concept of the "space with the usual structure” ([5]). This
concept which is closely eonnected with the existence of
Schatider basis has been useful for some considerations in
the existence theory of non~linear boundary value problems.
At the same time we proved that for 9 Sl  sufficiently
smooth both W:: () and YOI:(J).) are the spaces
with the usual structure.

We thank Prof. P. Wojtasezyk from the Mathematical In~
stitute of the Polish Academy of Sciences in Warsaw for the
oral communication of the results obtained by W.B. Johnson,
H.P. Rosenthal and M. Zippin.

¥We also thank Prof. M. Zippin from the University of
Berkeley for sending us his non-published article contain-
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ing the result on which the proof of the existence of Schau~
der bases in Sobolev spaces is based.

An Section 2 we give the definitions of the spaces
with the usual structure, Schauder basis and (’”I\ -pro=
perty and we study the connections between spaces with the-
se properties. In Section 3 we give the proof of the asser-
tion that for {l bounded, AJSL sufficiently smooth,
the spaces W: (), Wef: (L) (and some other spaces)
have Schauder bases. Finally, in Section 4, some vpen pro~

blems are formulated.

2. Benach spaces with the usual structure

In the sequel we will use the following properties of
Banach spaces:

Definition 1. A Benach space X is said to have the
usual strueture if there exists a sequence { P,ni of ope=-
rators of X 4into X sueh that
(1) P, 1s continwous (m = 1,2,...) ,

(11) P (-x)= -P (x) for each x&€ X and all
m ,
(111) F, (X ) 4ia contained in some finite dimensional

subspace of X |,

(iv) Xp—> X => P x_ -~ x for each ix,3 c X and
all Xx & X (the symbol " —> " denotes the weak conver-
gence in X ).

Definition 2. A Banach space X 48 said to have the
linear usual structure if there exists a sequence { P, #

of linear operators of X inmto X such that (i) - (iv)
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from the definition 1 are valid.

Definition 3. Let & = 41, A Banach smce X 41s said
to have a property {ar)‘“ if there exists a sequence {X,,,}
of finite dimensional subspaces of X and a sequence {P,,J
of linear projectors (i.e. linear operators such that P:-
= P, )from X onto X, for each m such that the
following conditions are valid:

(1) Xpm € Xpoy (m=4,2,... ),

1 T, =X,

(111) 1P xll £ e lxl  for eack m = 1,2,...
and all x € X .

Definition 4. A sequence e, 3 of elements of a real
Banach space i1s called a Schauder basis if each x @ X has

a unique representation X = -

> i where a; are

real numbers.

Proposition 1. A Banaech space with the usual structure
is separable.

Eroof. For arbitrary integer m  denote by JC”L a fi-
nite dimensional subspace of X such that P, (X)c X .
Condition (1v) implies that J X,  4s weakly demse in
X and it is obvioualy separable. But nL'J4 Xy 18 & clo-
sed convex subset of X and thus it is weakly closed (see
[1), Chapt.V, § 3). Thus mm = X and the proposition
is proved.

Proposition 2. Let X be a reflexive Banach space with
the usual structure. Then any sequence { P 3 from Defini-

tion 1 is bounded, i.e. for each bounded set M & X  there
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exista X > 0 such that [P, xI£K for each inte-
ger m and all X € M .

Proof. Let there exist a bounded sequence {x,% c X
such that § P, X, l¥  is unbounded. Then for some

L4 @
“"u}uu‘:{"‘n}m.g it 1 X, —> X,6 X and

IIP,,,*x%l-» 0 ,Set
Xy fOr m = My
. = {xo in other cases
Then 4, —~ X, and thus (iv), and P, 4, — X, and
therefore { Il B, 4, I 3 is a bounded sequence.
This 1is a contradiction.

In the next propositions we shall give the connection
between various properties of Banach spaces. It is obvious
that if any Banach space X has a Schauder basis {e, ¥
then the operators { P, ¥ "defined by F, (12.4 a;e;) 'i?»‘: ae,
are bounded and X has the property (x), . The exis-
tence of a Schauder basis follows under certain conditions
from the property (ar), (for instance Af¢ = 4 and
dim X, = m -see[ll]-or ko >1,dm X, = m
end B oP, =P, °F="P ).

Proposjtion 3. A reflexive Banach space X with a pro-
perty (7)g  has a linear usual structure if and only if
PArx* —> x* for each x* € X* (P} denotes the
adjoint operstor to P, and X* the adjoint space).
(For a proof see [4].)

Propogition 4. A reflexive Banach space with a Schauder

basis has a linear usual structure. (For proof see [4],Theo—
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rem 4 and Proposition 2 .)

Definition 5. The Banach spaces X and Y are cal-
led isomorphic if there exists a bounded linear operator T
from X onte Y ,

A closed linear subspace Y of a Banach aspace X 1is
said to be a complemented subspasce of X if there exists
a linear bounded projection from X onto Y .

Proposition 5, Let X ©be a Banach space with the usu-
al structure and Y its eomplemented subspace. Then Y 1is
a Banach space with the usual structure. (The proof is obvi-
ous.)

Corollary l. Complemented subspace of a reflexive Banaeh

space with a Schauder basis has a linear usual structure.

Defipition 6 (see [8]). Let 1 € n < oo ., We denote
by L;: the space of all m —tuples x = (&, %,,..., &y )

of numbers with the norm

~”

Lid * “~ <
bl =(Z1,I”)® £ 4ép<o

‘ * u o

R (il =
let 41 €« A =< 00 . A Banach space X 1is said to

be an ,C‘M a space if for every finite dimensional subspa~
ce B of X there is a finite dimensional subspace C of

X such that
1) B e C ,

(11) M(C,Z:) € A, where m = dim C and
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we define dint (C, L1 ) as the inf (AT NT-'1),
the imf is taken over all invertible operators T
from € onto 2:: .

A Banach space is said to be an L, space, {1 & n &

£ o , if it is en .Cﬁ_’u space for some A € <1, ).

Proposition 6 (see [9, Theorem 2.1]). Each complemented
subspace of L,ﬂ,CO, 4) which is not isomorphie to a Hil-
bert space, is an .Cﬂ space.

Proposition 7 (see [6,Theorem 5.11). Each separable
space has a Schauder basis.

The next proposition based on the results of the theory
of partial differenmtial eguations gives us the possibility to
Judge whether Sobolev spaces and some of their subspaees are
isomorphic with some ,C_'b space. First, following [15] , we
give some necessary notations and definitions. In the follo-
wing we still suppose n € (1, @) .

Let Sl be a bounded domain, L ¢ Ey with the boun—
dary 0 &« C® (this assumption can be properly weake-
ned). We define

« B
1) [w,arl =-£ ‘zl;’w‘“a.‘p(x)]) w DO .dx

a bilinear form with the  coeffieients of C® (IL) .

Let for some Hh, 0 &« h & &, C/,C,,..., Cp De
a normal set of boundary differential operators of the order
< A& . (It means that their orders are distinet amd 9 ..
is not characteristic to any of them at any point. In the
case M = ( we suppose the set of operators being empty.)
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Set
2) U, =4uel?(M)ICu=0on 00, 43=1,2,.., h3

(In the case M = 0 we define %, o8 ceca) )

Definition 7. The form [w,nr] 1is said to be coer—

eive on ‘th if there exists M > (0  such that for
each u ¢ ‘ZL“_ :

e 2
(3) l“‘nw;‘m) £ M(Relu,ul+ ﬂu.ﬂ,_zm_,) .

We denote further
{N-{u«cﬂhl lu,v1=0 YvrelUg,t?
(4)
Netuet, |[v,ul=ml Veely,?

and set (U, ): = _ﬂ; in the topology of the space
®
Wﬂ () .

Propoaition 8 (see [15]). Let [u,2] be a eoercive

bilinear form on ?Lh + Then there exists an isomorphism

< L) * (h.
(5) ?’:(ﬂ"')ﬂ/") -—-)(%")"/Nt , é+4i‘_=4, g > 0

defined as

(6) (FFmv)mp Plu)=lu,wl Yue U,

Remark. The other theorems of the unique representation
of linear functionals can be found in [10],[14] and others.

For our purpose, the Sohechter s formulation seemed us to be
very convenient.
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In the next partwe deal with the real functions and
the real spaces of functions only, if nothing else will
be said.

Lempa. Let C,,C,,..., Cp , 0= h € & , be
a normal set of boundary operators on S .l . Then the
space ( ‘lth)::' , defined as above, is isomorphie with
some ecomplemented subspace of L,P o0, 1)

Proof. We denote by [ L, () ]“ the Cartesi-
an product of 3ze copies of |, " () , where ¢ 18
the number of all multiindexes « , |lx)| £ & . Each

element (f_ dian O [ Ly (n)y)il* defines uni-

quely F ¢ ((’lth):)* as

n Fwr) = [ D%r. £, dx .

l‘.lzt ”

We can extend this funectional in the netural manner on the
complex space. Let ’IE" be this extension.
According to Proposition 8 we have, using the bilinear
form
< _ e y
(8) E”’“J“{muuD”D“d“

. Y
that there exists the unique & = i, + 14, of (%h),'._
(complex) such that

P dx

o« [~ 4 . o
9) [ Z, D7 fdx=Flw)= [ = Dw

for each o ¢ c'u,j; (complex).
It is easy to see that M, = 0 , sueh that we can
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return to (%h ):’ real. The relation (9) now gives us

the continuous projection of [ L, () 1% onto f(‘lth)::l,
where

(Q0) [CUy V1= £Cag), 0 €Ly | T e )yt g = DU

for lec| = ke § .

(There is a natural isomorphism J between ( ‘lth ): and
®
f(‘ZLh)”J .)
On the other hama, [ L, (Q) 1%  is isomorphie with

L,(0,4) . We denote this isomorphiam by X (for the
details see [7].)

Thus we can write
)
(’uh)m«

[t

[(Uy)y] <—— [L,(0)1%

e

KUY ] «—— L, 0,1)

where F 18 X ¢ P o X~=1 , It is obvious that P
is the eontinuous projection of Lq, (0,4) omo

KL ‘ILM): ] which is the complemented subspace of
L,C0,1) . As we have
I o
(U Yy < XI(UIp ],

the proof of the Lemma is finished.
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Theorem. Let C , C,,...,C , 0= h S S , De
a normal set of boundary operators on O ). . Then the

space

(U Yy = {6 COCA)ICum0, 4=4,2,.,h}

where the eclosure is in the topology of the space W:(.ﬂ-),
has a Schauder basis.

Progf follows immediately from Proposition 6, Proposi-
tion 7 and the Lemma.

Repark. Changing the boundary conditions (C, , i =
= 4,...,/a ), we obtain (from the Theorem) the assertions
about the existence of a Schauder basis for different spa~
ces connected with boundary value problems for elliptie
equations.

Corollary 2. The space W: ) has a Schauder
basis. (Taking the empty set of boundary operators C. ,we
obtain (U, Yy = We (2) )

Corollary 3. The spaee Y;‘:‘ ) has a Schauder

4
basis. (Taking h = 4, C; = a%'{;-—* ,im4,... b ana

using (12, Théoreme 4.131 we get (%h): - ﬁ: Q) .)

4. Reparks and open problems
Problem 1. The existence of Schauder basis im wj‘ Q).

(Proposition 8 takes place only in the reflexive case - i.e.
for h e (4,+o) )

Problem 2. The same for W:: (fL) 1in the case that
8JS. is not suffieiently smooth, for example lipschitz-
ian only and for a class of elosed subspaces of Y[: (YRR
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Problem 3. The same for f¢ which is not integer.
(In [10] the theory of representation relative to the propo-
sition 8 is proved which takes place for A& being non=ip-
teger. But for such a case the representation does not gi-

ve us the projection

(L, (1 25 e,

80 that we cannot use the results of Proposition 6 and Pro-
position 7.)

Problem 4. It would be useful to know how to construct
any conecrete basis for the space W: L) (or its sub~

space) in the case that ). 1is some special domain.
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