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COSTABLE RINGS

ToméS KEPKA , Praha

Abstract: Let R be an associative ring with iden-
tity. A torsion theory (T, F) for R-mod is called co-
stable if the torsion part of any projective module is a
direct summand. It will be shown that every (hereditary)
torsion theory is costable if and only if the ring R 1is

a finite direct sum of rings with trivial (hereditary)
torsion parts. . :

Key words: Torsion theory, preradical, radical, sta-
bility and costability.

AMS, Primary: 16A50 Ref. Z. 2.723.23

In this paper, all rings R have unit element and
all modules are left unitary R -modules. The category of

left R -modules will be denoted by R-modl .

1. Preliminaries.

l.1. A preradical # for R-meocdl is any subfunctor
of the identity functor. We shall say that a4 is

- a radical if 4 (M2 (M))=0 for all M e R-med ,

- idempotent if A (kK (M)) =x (M) for all M e R-moel ,

- hereditary if £ (N)=na(M)Aa N for all submodules N
of M eR-mod ,

- cohereditary if 2 (M/N)= (x(M)+N)/N for all
submodules N of Me R-mod ,
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~ cosplitting if x is hereditary and cohereditary,

~ gtable if 2 (B) is a direct summand for all injec
tive modules G ,

- costable if x(P) is a direct summand for all pro
jective modules P ,

- splitting if (M) is a direct summand for all
MeX-mod ,

- centrally splitting if »x is splitting and sosplit
ting.

1.2. Let & be a preradical. Then we put T, =
={Mla(M) =M} and F, = {MIn(M)=0}.If 5 is sta
ble (costable) then T, is closed under injective hulls
(every module from P, possesses a projective presenta-
tion beleonging to F,, ). The reverse assertion holds pro-

vided x is idempotent (a radical).

1.3. A preradical x is hereditary (cohereditary) iff
n  is idempotent (a radical) and T, (F,) is closed un-

der submodules (factormodules).

1.4, Let »x be a preradical. Then x(P)= n(R).P for
every projective module P , In particular, x(R) is a
two-sided ideal. Moreover, if s is cohereditary then

2(M)=sx(R)M for all Me X ~mod .

1.5. Let I be a left or right ideal. We shall say
that I satisfies the condition (a) ((b)) if x & 1. x

(x e x.I )fora}l xel .

1.6, Let I be a left ideal and x (M) =IM for all
M € R-mod .Then n is a cohereditary radical. Further-
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more, 4 is idempotent iff IR is so and x 1is heredita-

ry iff IR satisfies (a).
1.7. There is a cne-to-one correspondence between co-

hereditary radicals and two-sided ideals.

1.8. Let x be such a hereditary preradical that T,
is closed under direct products. Then A (M)={mlIm =07 whe-
re I=MX, X is a left ideal and R~ X & T, . Converse-
ly, if I is a two-sided ideal and X (M)={m |Im =0} then
n is a hereditary preradical and T, 1is closed under
direct products. Moreover, x 1is a radical iff I is idem-

potent and n is stable iff I satisfies (a).

1.9. For every class A of modules we define A"; =
={MIHom(NM)= 0 for all Ne A} and A* ={MIHom (M,N)= 0 for
all Ne¢ A? . A pair of classes (T, F) is said to be a tor-
sion theory if T*=F and F¥*=T .

1.10. If (T, F) is a torsion theory then Ny is an
idempotent radical, e (M) = EN, N 1is a submodule of
M and NeT . Conversely, if » is an idempotent radi-
cal then (T, , F, ) is a torsion theory. Hence there is a
one-to-one correspondence between torsion theories and idem-
potent radicals.

1l.11. By a TTF-theory we mean a pair (A,B) (C,D)
of torsion theories such that B = C , In this case there
exists an idempotent two-sided ideal I such that A =

c={MIIM = M3} and B=C={MI|IM =02 , Obviously,
I=xp(R)=NX, X is a left ideal and R-XeC, For

the concept of TTF-theories, the reader is referred to [5].
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2. TTP-theories.
The following lemma is obvious.

2,1. Lemma. Let (T,F) be a torsion theory and .

be stable (costable). Then T*&F (F*¥= T) .
For every left ideal I we denote by By the class {Mime
elm forall meM? .

2.2, Lemma. Let I be a left ideal. Then:
(i) B; is closed under homomorphic images, submodules,
direct sums and extensions.
(ii) I  satisfies (a) iff I € By .
(iii) If I satisfies (a) then I, IR eB; and B; =
={MIIM=M} . '
(iv) If I satisfies (a) then IR satisfies (a).

2.3. Proposition. Let (S,T) (T,F) be a TTF-theo-
ry and I be the corresponding idempotent ideal. The fol-
lowing conditions are equivalent:

(1) (T,F) dis stable (i.e. nxy is so).

(ii) 5 1is closed under submodules (i.e. (S, T) is he-
reditary).

(iii) S eF .

(iv) $=B; .

(v) I satisfies (a).

Proof. (i) implies (ii), (ii) implies (v) and (v)
implies (i) - see 1.6 and 1.8. (v) implies (iii) by 2.2,
(iii) implies (iv) trivially and (iv) implies (v) since

1 is idempotent.

2.4. Proposition. Let ¢(S,T) (T,F) be a TTF-

- 248 -



theory and I be the corresponding idempotent ideal. The
following conditions are equivalent:
(i) ($,T) is costable (i.e. xg is so).
(ii) P 1is closed under factormodules (i.e. (T, F) is
cohereditary).
(iii) Fe§ .
(iv) F=By .
(v) 1 1is a direct summand as a left ideal.

Proof. The implications (i) implies (v), (v) implies
(1), (iv) implies (ii), (ii) implies (iii) and (iii) imp-
lies (iv) are obvious.
(iv) implies (v). Let X=4xIxeR? and Ix =03 . Then
X = )LT(R.) and hence R/X € B; . In particular, there is
4 eI such that 4 -1 € X , and consequently I is a di-
rect summand in R as a left ideal.

(i) implies (iii) by 2.1.

2.5. Proposition. Let (8,T) (T, F) be a TTF-theo-
ry and I be the corresponding idempotent ideal. The fol-
lowing conditions are equivalent:

(i) S is closed under submodules and direct products.
(ii) (T, F) is stable and I 1is finitely generated as
a right ideal.

(iii) I is a direct summand as a right ideal.

Proof. (ii) implies (iii). Since (T ,T) is stable,
I satisfies (a). Hence the right module R./I is flat,
and consequeﬁtly projective.

(i) implies (iii). There is a two-sided ideal J such that

S={M|JM=0%.From this we get JI=0 &and J+I=X.
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Thus ] is a direct summand as a right ideal.

(iii) implies (i) and (ii) trivially.

2.6. Theorem. Let (S,T) (T,F) be a TTF-theory
and ] be the corresponding idempotent ideal. The follo-
wing conditions are equivalent:

(i) (8,T) and (T,F) are stable.

(ii) (s$,T) and (T,F) are costable.

(iii) (8, T) is costable and (T,F) is stable.
(iv) (8,T) is centrally splitting.

(v) (T,F) is centrally splitting.

(vi) 8=TF.

(vii) I is a ring direct summand.

Proof. (i) implies (iv). Let X € T and Ye S . We
have the exact sequénce

Hom (X,E(Y)/Y)—= Ext (X,Y)—Ext(X,E(Y))=0.

However E(Y)./YeS and since (S,T) is cosplitting,
Hom (X,E(¥Y)/Y) =0 .
(iii) implies (iv). Let X e T and Y e S . There is a
projective presentation 0—»H—»P—)X—>0 such that
FPe T . Hence

0 = Hom (H,¥)—>Ext (X,Y)—-Ext (P,Y) =0 .

(ii) implies (v). Since (S, T) is costable, (T ,F) is
cohereditary, as it follews from 2.4. Now we may proceed
similarly as in the proof of (iii) implies (iv).
(iv) implies (vi) by 2.3 and 2.4.
(v) implies (vi) by 2.3 and 2.4.
(vi) implies (vii) by 2.4 and 2.5.
(vii) implies (i), (ii) and (iii) trivially.
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3. Costable rings.

A ring R will be called

~ 1-costable if every preradical for R-mod is co-
stable,

- 2-costable if every idempotent preradical is cost-
able,

- 3-costable if every radical is costable,

- 4-costable if every idempotent radical is costab-

le,

- 5-costable if every hereditary preradical is cost-
able,

- 6-costable if every cohereditary radical is costa-
ble,

- T-costable if every hereditary radical is costable,
~ B8-costable if every idempotent cohereditary radical

is costable,

- O9-costable if every cosplitting radical is costab-
le,

- an Rq-ring if £ (R)=0 or x(R)=R for every
preradical x .
Similarly we define R, -rings, etc..

The following lemma is obvious.

3.1. Lemma. Let every two-sided ideal satisfying

both (a) and (b) be finitely generated. Then R is a fini-

te direct sum of directly indecomposable rings.

3.2. Corollary. Any 9-costable ring is a finite di-

rect sum of directly indecomposable rings.
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3.3. Lemma. Every two-sided ideal in a 6-costable
ring is a ring direct summand.

Proof. Let I be a two-sided ideal. The corresponn-
ing cohereditary radical is costable, and therefore I is
a direct summend as a left ideal. Hemnce I =.Re, ee= e .
From this we get that ({1-e)R is a two-sided ideal, and
consequently it is a direct summand as a left. ideal. Thus

Re =eR and we are through.

3.4. Theorem. The following conditions are equiva-
lent for every ring R :

(1) R is l-costable.

(ii) R is 3-costable.

(iii) R is 6-costable.

(iv) Any two-sided ideal is a direct summand as a left

ideal.

(v) Any two-sided ideal is a direct summand as a right
ideal.
(vi) Any two-sided ideal is a ring direct summand.
(vii) R is a finite direct sum of simple rings.
(viii) R is a finite direct sum of R4 -rings.

Proof. (i) implies (ii) and (ii) implies (iii) tri-
vially. l
(iii) implies (iv), (v) and (vi) by 3.3.
(iv) implies (vi) and (v) implies (vi). The proof is simi-
lar to that of 3.3.
(vi) implies (vii). It is an easy exercise.
(vii) implies (viii). This implication follows from the

fact that 1.‘ -rings are just the simple rings.
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(viii) implies (i). It is obvious.

3.5. Theorem. The following conditions are equiva-
lent for every ring R :
(i) Any idempotent cohereditary radical is centrally spli-
tting.
(ii) R is 8-costable.
(iii) R is a finite direct sum of rings having only tri-
vial idempotent two-sided ideals.
(iv) R is a finite direct sum of R g -rings.

Proof. (i) implies (ii) trivially.
(ii) implies (iii). With respect to 3.2 we can suppose
that R is directly indecomposable. Let I be an idempo-
tent ideal. Then I = Re ,ee=e and so (4 -e)R is idem-
potent and two-sided. Hence I = Re = eR .
(iii) implies (iv) and (iv) implies (iii). It is obvious.
(iii) implies (i). It is sufficient to use the following
simple fact. If x is a cohereditary radical and x(R)= 0

then n(M)=0 for,all M & R-mool .

3.6. Proposition. Let R 'be a left hereditary ring.
The following conditions are equivalent:
(i) R is 2-costable.
(ii) R is 4-costable.
(iii) R is 8-costable.

Proof. (i) implies (ii) and (ii) implies (iii) tri-
vially.
(iii) implies (i). Let » be an idempotent preradical and
I=x(R)., Since I is projective, I = x(1)=1I . Now we

may use 3.5.
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3.7. Theorem. The following two conditions are equi~-
valent for each k = 4,2,3, 4,56 %8,9 and every ring R:
(i) R is k-costable.

(ii) R is a finite direct sum of Ry -rings.

Proef. For &k =4,3,6,8 by 3.4 and 3.5.

A = 2 . With respect to 3.2 we can suppose that R is di-
rectly indecomposable. Let o be an idempotent preradical.
Then we have #(R)= I = Re , ee =¢ .

Hence (41— e)R 1is a two-sided ideal satisfying (a) and the
corresponding cohereditary radical is cosplitting. Thus
(41-e)R is a ring direct summand, and consequently I
has the same property.

For M = 4,5,9,% aimilarly.

3.8. Corollary. Any 5-costable ring is a finite di-
rect sum of prime rings. Conversely, any finite direct sum
of prime rings with ascending chain condition on right anni-
hilators is a 5-costable ring.

Proof. The first assertion is obgious. Let R be a
prime ring with maximal condition on right point annulets
and 4 be a hereditary preradical. There is a finite sub-
set SSI=nx(R) such that Is(0:(0:8),), . Then
R/(0:S8),€T, .On the other hand, (0: 8),.1=0, and hen-
ce either n(R)=0 or x(R)=R .

3.9. Corollary. Let R be a commutative ring. Then R
is a T-costable ring iff it is a finite direct sum of rings
with T -nilpotent annihilators.

Proof. By 3.7 and Corollary 1.4 [11] .

A ring R is said to be M -stable if every hereditary
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radical for R-meod is stable.

3.10. Propesition. Any ./ -stable ring is 8-costable.
Proof. Let R be an M -stable ring. In view of 3.5
it is enough to show that every two-sided ideal in R is
a ring direct summand. For, let I be such an ideal. If
(S, T)(T,F) is the corresponding TTF-theory then
(T, F) 1is stable, and hence (S, T) is cosplitting.
Therefore, by the hypothesis, (S, T) is stable and we may

use 2.6.

3.11. Proposition. Any prime % -stable ring is an
R g4 -ring.

Proof. Let n be a hereditary radical for R-med
and let I=x(R)#R .Then I cannot be essential in R ,
and consequently I~ X =0 for some non-zero left ideal
K . Since R is a prime ring and I is two-sided, I=20.
Recall that an exact sequence 0—»A-—B—>»C—>0 is said
to be rational if Hom (D,B) =0 for any submodule D of
c .

3.12. Proposition.. The following conditions are equi-
valent for any ring R :
(i) 1f 0—»A—3—=C—0 is a rational exact sequen-
ce then C =10 .,
(ii) Any hereditary radical is cohereditary.
(iii) Any hereditary radical is centrally splitting.
(iv) R is right perfect and left 7-costable. -
(v) R is a finite direct sum of full matrix rings over
local right perfect rings.
(vi) R is right perfect and left 4 -stable.
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Proof. (i) implies (ii) trivially.
(ii) implies (iii). Let n be a hereditary radical. The
corresponding toreion theory (T, , F, ) is cosplitting,
and hence there is a class § of modules such that
(Tp,Fn) (Fy, $§) is a TTF-theory. Thus (F,, S) is sta-
.ble and cosplitting and by the proof of 2.6 it is a cent-
rally splitting torsion theory.-
(1ii) implies (v). Since every hereditary radical for
R-mod is centrally splitting, R is 7-costable. We can
suppose, without loss of generality, that R is directly
indecomposable. Then R possesses only trivial hereditary
radicals, and consequently R is isomorphic to a full mat-
rix ring over a local right perfect ring (see e.g. Propo-
sition 4, paragraph 3.7 [31).
(iv) implies (v). We can assume that R is a right perfect
R4 -ring. Then R has only trivial hereditary radicals
- see [11.
(v) implies (iii), (iv) and (vi). It is an easy exercise.
(iii) implies (i) trivially.
(vi) implies (iii). Let (T, P) be a hereditary torsion
theory. Then, as it is proved in [2], the class T is clo-
sed under direct products, and copsequently an application

of 3.10 yields the result.

Let us note here that the equivalence of (i) and (v)

was already proved before by R. Courter - [4] .
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