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COSIABLE RINGS 

Tom&s KEPKA , Praha 

Abstract: Let .R be an associative ring with iden­
tity. A torsion theory CT, F) for R-zwuxi is called co-
stable if the torsion part of any projective module is a 
direct summand. It will be shown that every (hereditary) 
torsion theory is costable if and only if the ring R is 
a finite direct sum of rings with trivial (hereditary) 
torsion parts. 

Key words: Torsion theory; prera€ical, radical, sta­
bility and costability. 

AMS, Primary: 16A50 Ref. 2. 2.723.23 

In this paper, all rings 31 have unit element and 

all modules are left unitary R -modules. The category of 

left !H -modules will be denoted by 5.-/moot . 

1. Preliminaries. 

1.1. A preradical H* for R- tm/*L is any subfunctor 

of the identity functor. We shall say that n* is 

- a radical if n, OA/JL CM))» 0 for all M e "X-mvod 7 

- idempotent if AC/CC M )) = K CM) for all JM e &-mod , 

- hereditary if /tCW)» /tCM)n H for all submodules K 

of H e H-ttvuKi , 

- cohereditary if *CM/JI)a C*CJ\l/+N)/j\t for all 

submodules J\f of M e Jt ~ /mod, , 
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- cosplitting if x, is hereditary and cohereditary, 

- stable if &C(k) is a direct summand for all injec 

tive modules ft -

- costable if KC*2) is a direct summand for all pro-

•jectiye modules P , 

- splitting if-;t CM.) is a direct summand for all 

- centrally splitting if Jt, is splitting and so split 

ting. 

1.2. Let n, be a preradical. Then we put TK = 

* iMi* CM) * Jt I •»!. V/t, m i M I Jt CM.) m 0 } t if * is sta 

ble (costable) tken T^ is closed under infective hulls 

(every module from P̂ . possesses a projective presenta­

tion belonging to F^ ). The reverse assertion holds pro­

vided & is idempotent (a radical). 

1.3* A preradical Jt is hereditary (cohereditary) iff 

K is idempotent (a radical) and TK CF^) is closed un­

der submodules (facto modules). 

1.4. Let A be a preradical. Then JCCF)** /iCX).? for 

every projective module P . In particular, /tCK) is a 

two-sided ideal. Moreover, if K is cohereditary then 

*,CM)»-*OU.M for all JAeX-rmxxi . 

1.5. Let I be a left or right ideal. We shall say 

that I satisfies the condition (a) ((b)) if x m I # x 

(x c x • X ) for all x c I . 

1.6. Let I be a left ideal and x CM)• * Ifo for all 

M e R-'maci .Then n, is a cohereditary radical. Further-
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more, x i s idempotent i f f IJt i s so and iu i s heredita­

ry iff IR s a t i s f i e s (a ) . 

1.7. There i s a one-to-one correspondence between co-

hereditary radicals and two-sided idea ls . 

1.8. Let >o be such a hereditary preradical that T^ 

i s closed under d i rec t products* Then si(M)&{ftn\lm,*8 0 f whe­

re I a OK, X i s a l e f t ideal and JL/"& c T^ .Converse­

ly , i f I i s a two-sided ideal and ^CMJssfm* I Im, & 0f then 

X, i s a hereditary preradical and TK i s closed under 

d i rect products. Moreover, A, i s a radical i f f I i s idem-

potent and JI i s s table i f f I s a t i s f i e s ( a ) . 

1.9. For every c lass A of modules we define A* F 

*ik\ti<mW}M)*OfQr a l l K c A J and A+ *<K\ti<m()i,M)m 0 for 

a l l H c A 1 .A pair of classes C T , P ) i s said to be a tor­

sion theory if T* * T and F + » T . 

1.10. If CT, P ) i s a torsion theory then ftT i s an 

idempotent rad ica l , x,r (M) « SU-AT, H i s a submodule of 

ML and K e T . Conversely, if yi i s an, idempotent radi­

cal then (T/t , F*, ) i s a torsion theory. Hence there i s a 

one-to-one correspondence between torsion theories and idem-

potent r ad ica l s . 

1.11. By a TTF-theory we mean a pair CA,£) (C,D) 

of torsion theories such that B « C . I n th i s case there 

exists an idempotent two-sided ideal I such that A « 

. a < M I I.M - JA ! and B * C » •£ 4 IIM * 0 J . Obviously, 

I»* A C.H) » DX , X i s a l e f t ideal and R / X c C , For 

the concept of TTF-theories, the reader i s referred to [53. 
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2. ffF-theories. 

The following lemma is obvious. 

2.1. Lemma. Let (T,F) be a torsion theory and HT 

be stable (costable). Then T + £ F ( F * £ T ) . 

For every left ideal I we denote by Bj the class <JA\me 

e bm, for all rm, e M ? • 

2.2. Lemma. Let I be a left ideal. Then: 

(i) Bj is closed under homomorphic images, submodulee, 

direct sums and extensions. 

(ii) I satisfies (a) iff I e j . . 

(iii) If I satisfies (a) then I, 131 e Bj and 3 X s 

(iv) If I satisfies (a) then IX satisfies (a). 

2«3. Proposition. Let CS,T) (T,F) be a TTF-theo­

ry and I be the corresponding idempotent ideal. The fol­

lowing conditions are equivalent: 

(i) (T,F) is stable (i.e. xr is so). 

(ii) S is closed under submodules (i.e. (S, T) is he­

reditary), 

(iii) £ £ F . 

(iv) 5 « B X . 

(v) I satisfies (a). 

Proof, (i) implies (ii), (li) implies (v) and (v) 

implies (i) - see 1.6 and 1.8. (v) implies (iii) by 2.2, 

(iii) implies (iv) trivially and (iv) implies (v) since 

I is idempotent. 

2.4. Proposition. Let (S,T) ( T , F ) be a TTF-
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theory and I be the corresponding idempotent ideal. The 

following conditions are equivalent: 

(i) (£,T) is cos table (i*e. K$ ia so). 

(ii) F is closed under factormodules (i.e. (T,F) is 

cohereditary). 

(iii) P £ S . 

(iv) F « Bj • 

(v) I is a direct summand as a left ideal. 

Proof. The implications (i) implies (v), (v) implies 

(i), (iv) implies (ii), (ii) implies (iii) and (iii) imp­

lies (iv) are obvious. 

(iv) implies (v). Let Xw<*.l*eR? and I* = 0 } . Then 

X * A T ( R ) and hence R/X € Bj .In particular, there is 

•v £ I such that i - A c X , and consequently I is a di­

rect summand in R as a left ideal, 

(i) implies (iii) by 2.1. 

2.5. Proposition. Let (S,T) CT>F) be a TIP-theo­

ry and I be the corresponding idempotent ideal. The fol­

lowing conditions are equivalent: 

(i) $ is closed under submodules and direct products, 

(ii) (T,F) is stable and I is finitely generated as 

a right ideal. 

(iii) I is a direct summand as a right ideal. 

Proof. (ii) implies (iii). Since (T,F) is stable, 

I satisfies (a). Hence the right module X/I is flat, 

and consequently projective. 

(i) implies (iii). There is a two-sided ideal 0 such that 

S * i)h | DM* 03 . From this we get 31 - 0 and D + I - X . 
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Thus I is a direct summand as a right ideal, 

(iii) implies (i) and (ii) trivially. 

2.6. Tlaeorem. Let (S,T) (T,P) be a TTF-theory 

and I be the corresponding idempotent ideal. The follo­

wing conditions are equivalent: 

(i) (S,T) and (T,P) are stable, 

(ii) (S,T) and (T,F) are costable. 

(iii) (S,T) is costable and (T., F ) is stable, 

(iv) (S^T) is centrally splitting, 

(v) (T>F) is centrally splitting, 

(vi) S« F • 

(vii) I is a ring direct summand. 

Proof, (i) implies (iv). Let I e T and /e S * We 

have the exact sequence 

H<ym/(JC,E(y)/y)^Eyt(x,y)^x^tci,E(y))^o. 
However E(y)/yeS and since (S fT) is cosplitting, 

H<ym,(JC,£(y)/y> « 0 • 

(iii) implies (iv). Let X € T and Y € S , There is a 

projective presentation 0—t*H—.*•?—-*0C—*»0 such that 

F e T . Hence 

Q = H<mu(H,y)~^E*t(X,y)—*>Eoct CF,y) - 0 . 

(ii) implies (v). Since CS,T) is costable, (T,F) is 

cohereditary, as it follows from 2.4. Now we may proceed 

similarly as in the proof of (iii) implies (iv). 

(iv) implies (vi) by 2.3 and 2.4. 

(v) implies (vi) by 2.3 and 2.4* 

(vi) implies (vii) by 2.4 and 2.5• 

(vii) implies (i), (ii) and (iii) trivially. 
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3. Costable rings. 

A ring R will be called 

- 1-costable if every preradical for H-mjocL is co-

stable, 

- 2-costable if every idempotent preradical is cost-

able, 

- 3-costable if every radical is costable, 

- 4-costable if every idempotent radical is costab­

le, 

- 5-costable if every hereditary preradical is cost-

able, 

- 6-costable if every cohereditary radical is costa­

ble, 

- 7-costable if every hereditary radical is costable, 

- 8-costable if every idempotent cohereditary radical 

is costable, 

- 9-costable if every cosplitting radical is costab­

le, 

- an X^-ring if x(R)sO ©r ^(JD-BS. for every 

preradical K . 

Similarly we define 31 ̂  -rings, etc.. 

The following lemma is ©bvi©us. 

3.1. Lemma* Let every two-sided ideal satisfying 

both (a) and (b) be finitely generated. Then H is a fini­

te direct sum of directly indecomposable rings. 

3.2. Corollary, Any 9-costable ring is a finite di­

rect sum of directly indecomposable rings. 
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3.3. Lemma. Every two-sided ideal in a 6-costable 

ring is a ring direct summand. 

Proof. Let I be a two-sided ideal. The corresponn-

ing cohereditary radical is costable, and therefore I is 

a direct summand as a left ideal. Hence I s.Re, ee » e . 

From this we get that (i-e)R is a two-sided ideal, and 

consequently it is a direct summand as a left ideal. Thus 

Re * eR. and we are through. 

3«4. Theorem. The following conditions are equiva­

lent for every ring 31 : 

(i) R is 1-coatable, 

(ii) R is 3-costable. 

(iii) R is 6-costable. 

(iv) Any two-sided ideal is a direct summand as a left 

ideal. 

(v) Any two-sided ideal is a direct summand as a right 

ideal. 

(vi) Any two-sided ideal is a ring direct summand. 

(vii) K is a finite direct sum of simple rings, 

(viii) R is a finite direct sum of R^ -rings. 

Proof, (i) implies (ii) and (ii) implies (iii) tri­

vially. 

(iii) implies (iv), (v) and (vi) by 3.3. 

(iv) implies (vi) and (v) implies (vi). The proof is simi­

lar to that of 3.3. 

(vi) implies (vii). It is an easy exercise, 

(vii) implies (viii). This implication follows from the 

fact that R.^ -rings are just the simple rings. 
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(viii) implies (i). It is obvious. 

3«5» Theorem. The following conditions are equiva­

lent for every ring R : 

(i) Any idempotent cohereditary radical is centrally spli­

tting. 

(ii) R is 8-costable. 

(iii) R is a finite direct sum of rings having only tri­

vial idempotent two-sided ideals. 

(iv) R is a finite direct sum of Rg -rings. 

Proof, (i) implies (ii) trivially, 

(ii) implies (iii). With respect to 3.2 we can suppose 

that R is directly indecomposable. Let I be an idempo­

tent ideal. Then I m Re ,ee»e and so (4 -e>R is idem-

potent and two-sided. Hence I m Re » eR . 

(iii) implies (iv) and (iv) implies (iii). It is obvious, 

(iii) implies (i). It is sufficient to use the following 

simple fact. If x is a cohereditary radical and *(R) m 0 

then x (J4) » 0 for^ all Jtt c R- mod . 

3.6. Proposition. Let R be a left hereditary ring. 

The following conditions are equivalent: 

(i) R is 2-costable. 

Cii) R is 4-costable. 

(iii) R is 8-costable. 

Proof, (i) implies (ii) and (ii) implies (iii) tri­

vially. 

(iii) implies (i). Let JU be an idempotent preradical and 

I » >t(R) . Since I is projective, I--• x (I) » II .Now we 

may use 3.5. 
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3.7. Theorem. The following two conditions are equi­

valent for each h « 4, 2,3, 4, 5, 6, ̂ 8,9 and every ring R: 

(i) R is k-costable. 

(ii) 31 is a finite direct sum of R^-rings. 

Proof. For -%» 4,3,6,8 by 3.4 and 3.5. 

4 * 2 i With respect to 3.2 we can suppose that R is di­

rectly indecomposable. Let )v be an idempotent preradical. 

Then we have 'Jt CR) = I = Re , ee =-. e . 

Hence (4- e)R is a two-sided ideal satisfying (a) and the 

corresponding cohereditary radical is cosplitting. Thus 

C4- e)R is a ring direct summand, and consequently I 

has the same property. 

For Jfe * 4, 5, 9,7 similarly. 

3.8. Corollary. Any 5-costable ring is a finite di­

rect sum of prime rings. Conversely, any finite direct sum 

of prime rings with ascending chain condition on right anni-

hilators is a 5-costable ring. 

Proof. The first assertion is obvious. .Let R be a 

prime ring with maximal condition on right point annulets 

and x be a hereditary preradical. There is a finite sub­

set S £ I * *,CR) such that IsCO.COiS)^)^ . Then 

R/CO i S)^€TK . On the other hand, C 0 : S)^. I =- 0 , and hen­

ce either /tCR)»0 o# JtCR) =. R . 

3.9. Corollary. Let R be a commutative ring. Then R 

is a 7-costable ring iff it is a finite direct sum of rings 

with T -nilpotent "annihilators. 

Proof. By 3*7 and Corollary 1.4 113 . 

A ring R is said to be h, -stable if every hereditary 
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radical for \~mxnL is stable. 

3.10. Proposition. Any M*-stable ring is 8-costable. 

Proof. Let R be an -&-stable ring. In view of 3.5 

it is enough to show that every two-sided ideal in 31 is 

a ring direct summand. For, let I be such an ideal. If 

C S , T ) CT, P) is the corresponding TTF-theory then 

( T , F) is stable, and hence (S?T) is cosplitting. 

Therefore, by the hypothesis, CS , T ) is stable and we may 

use 2.6. 

3.11. Proposition. Any prime %i -stable ring is an 

R 9 -ring. 

Proof. Let x, be a hereditary radical for &~<rK&dL 

and let I » K C3D4--.R. .Then I cannot be essential in 31 , 

and consequently I n X =- 0 for some non-zero left ideal 

K • Since 31 is a prime ring and I is two-sided, I m 0 . 

Recall that an exact sequence 0—*A—>3 —*C—>0 is said 

to be rational if Ecm, C3),3) » 0 for any submodule D of 

C . 

3.12. Proposition. The following conditions are equi­

valent for any ring S, ? 

(i) If 0—>A—>B—*C—>0 is* a rational exact sequen­

ce then C -s 0 . 

(ii) Any hereditary radical is cohereditary. 

(iii) Any hereditary radical is centrally splitting. 

(iv) H is right perfect and left 7-costable. 

(v) It is a finite direct sum of full matrix rings over 

local right perfect rings. 

(vi) 31 is right perfect and left Jh, -stable. 
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Proof, (i) implies (ii) trivially, 

(ii) implies (iii). Let & be a hereditary radical. The 

corresponding torsion theory (T^ , FK ) is cosplitting, 

and hence there is a class S of modules such that 

(T^ ,TK) (Tx, S) is a TTF-theory. Thus C F^ , S ) is sta­

ble and cosplitting and by the proof of 2.6 it is a cent­

rally splitting torsion theory. 

(iii) implies (v). Since every hereditary radical for 

R-wi>o-d is centrally splitting, K. is 7-costable. We can 

suppose, without loss of generality, that R is directly 

indecomposable. Then R possesses only trivial hereditary 

radicals, and consequently R is isomorphic to a full mat­

rix ring over a local right perfect ring Csee e.g. Propo­

sition 4, paragraph 3.7 133). 

(iv) implies (v). We can assume that H is a right perfect 

R y -ring. Then 31 has only trivial hereditary radicals 

- see til. 

(v) implies (iii), Civ) and (vi). It is an easy exercise. 

(iii) implies (i) trivially. 

(vi) implies (iii). Let ( T , P ) be a hereditary torsion 

theory. Then, as it is proved in [23, the class T is clo­

sed under direct products, and consequently an application 

of 3.10 yields the result. 

Let us note here that the equivalence of (i) and (v) 

was already proved before by R. Courter - [43 . 
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