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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROCLINAE

17,3 (1976)

ON IOCAL LIPSCHITZ CONTINUITY OF SUPERPOSITION OPERATORS
Gottfried BRUCKNER, Berlin

Abstract: It is proved: A superposition operator
from into L  that is Lipschitzian on a fixed ball is

Lipschitzian on every other ball, Furthermore, the Lip-
schitz constants are given. Finally the result is applied
to the generalized Dirichle t problem for nonlinear parti-
al differential equations.

Key words: Superposition operators, Lipschitz-con-
tinuity, Dirichlet problem. ’

AMS: 47H99, 35J60 Ref. Z.: 7.978, 7.956

This paper deals with a local Lipschitz continuity of
superposition mappings between Lebesgue spaces.
First we shall say what we mean by local Lipschitz conti-
nuity and compare this with the property L(s,t) in R. Klu-
ge and the author [5,6] . Then a necessary and sufficient
condition for local Lipschitz continuity of superposition
mappings between Lebesgue spaces will be given and the cor-
responding Lipschitz function calculated. Finally we shall
apply somé of the results to the generalized Dirichlet pro-
blem for nonlinear partial differential equations. See also
the concluding remarks at the end.

The results contained in this paper were first presented by
the author at the Summer School on "Nonlinear Analysis and
Mechanics",September 1974, Stard Lesnd near Poprad,Slovakia.
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1, Let X and Y be linear normed spaces and A a (non-
linear) mapping from X into Y. Then we call A locally Lip-
schitz continucus (1.L.) if there exists a nonnegative func- -
tiom L(s,t) of the nonnegative arguments s, t with the pro-
perties L(s“,t )= L(s,t) if s> s and t°> t and |Ax - Ay | 2
£LIxl,lyl) lx=-y| for all x, y in the domain of A.

In [5,6] R, Kluge and the author defined a local Lip-
schitz continuity in the case X = Y = H (Hilbert space) of
the form

lax - ayl 2 L(Ixl, Ix -5]) Ix -y
with the monotone nonnegative function L. Obviously one
definition can easily be transformed into the other. E.g.,
let

lax - Ayl <« L(x], I y]) |1x - ¥l

then we define L,(s,t) = I(s,s + t) and it holds
\ax = ayV 2 Llxl, Iyl ) Ix -3l £ (I xl, Ix| +
+lx -yl ) lx -yl = ,(1xl, lx -yl ) Ix=-yl.

Let Bl and BZ be Banach spaces, p and q real numbers grea-

ter than or equal to 1, ceR a domain,

l‘p = Ib(G’Bl)' Ih = Ii;(G'Bz)'
We call an operator A mepping the whole space I'b ir;to I'ﬁ
a superposition operator (s. operatar) if for every té¢ G
there is an operator A(t) of all of Bl into B2 with the pro-
perty
(Ax) (t) = A(t) x(t).

We suppose that the family A(t) fulfils the Carathéodory

condition.
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We dencte the norms in By, B,, L, Lq resp. by | 15 ,
| 12, I ﬂp, | lq. The indices will be omitted for no

confusion is possible.

2. In this section the symbol A always denotes a su-
perposition operator from Ib into Lq’
We are going to prove: If A is ILipschitz continuous on a
fixed ball around the origin, then A is 1,L. on the v}hole
space. We shall give also the form of the function L(s,t).

The following Lemma will be useful for the proofs.

lemma. ILet &,r;,...,Py be nonnegative real numbers.

(i) If a=>1, then
=rfc(Sr)% w1 = 8,
(ii) If a<1, then
,Zrzz (= ri)az -l s r*i’.
(Summation runs over i = 1,...,N).
For our investigations we distinguish the two cases
p4q and p>q. l
Theorem 1. let p<£q, a2p/q be a real number and

(1) lax - Ay NeMyx - yh @

for all x, y from a fixed ball with radius r>0 around the

origin of Lp. Then (1) holds for every x and ye Lp.

Remark. a>1 means that A is constant. In the follo-
wing we exclude this non interesting cese by the restric-
tion a£1l.

Proof of Theorem 1. Let x,yé Ib. We decompose the

domain G into measurable sets Gi such that
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U; G5 =G, Gn Gy = 9 (empty set) for ifJ and

i
(L1t Pan)Pzz, ¢ [ 1y0) | P at)Per,

We defire x.,y;€ L as

P
x(t), teG; y(t), te Gy
xi(t) = yi(t) =
0, t4oc o, téc;

Then Ix;1& r, ly;ll £7, and it holds

lax - ay 1% = [ 1a(0)x(s) - a(t)y() | Gat =

@

S jem(t)x(t) - A(t)y(t) ] Yat
£

Q

1

| Ax; —Avi“q.{- %Mq“xi _yi“q.a

v

S YAERORE ALY P)a-a/p
q.a/p21 and the lemma implies '
Nax - ay 92w [ 1z (0) - g3 PHTP =
=Ml([ 1 x(e) - y(0) | P2/,
this means
lax -aylem Ix-y08, q.e.d.

Corollary. In the case p<q every 1l.L.s. mapping is

Lipschitz continuous.

Proof. Put a = 1, It is obvious that an 1.L.8. mapp-
ing fulfils the assumption of Theorem 1.
Theorem 2. Let P>q and

(2) lax - sylleM lx-yl
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for all x, y from a fixed ball with radius r> 0 around the

origin of L. . Then

p
(3) IAx - ay | &Leg(hxl PO/, gy ipad/ay

+e, ] lx =yl
with ¢, = M/r(p-q)/q’ ¢, = M, holds for every x,y€ L,.

Proof. Let x,yeLp and
IxIP =nrP+ g, mz0, integer, 0 2 ;<P

lyl1P =n P+ €,, nz0, integer, 0 £ ez_crp.

[

We decompose the domain G into measurable sets Gys i=0,...
«se,m, such that

Li’ G; = G, Gin Gj =@ for ij and

Szl Pat=rP i=1,000m, [ Ixt)]Pat= e,
6. &
‘v o
Let further
S ly@)(Pat =n; vP + ¢, n;20 integer, 0 2 £, < 2P,

.

for i = 0,...,m.
5
Then , n.:£n
€ vz0 1 °

Now we decompose the sets G;, i = 0,...,m, in the same way

as before into measurable sets Gij’ j =0,...,n; such that

flyorlPat=xP, 5=0,.000n, [ Iy)|P at = €.
G-i«j— 640
Then
¢ 1x@ 1P antPer, ([ 1y (P at)MPer,
% %
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We estimate the number N of the Gij‘ It holds

C(hxUP+ HylPy/rP = [+ n)rP + e, + e,] /rPzm + n,

therefore

. m
¥e 2 (my+Den+n+1ellxlP+ 1y1PaP+ 0

=

We define

x(t), teGij y(t), teGij

0, t40;; O, t¢G;;

2
Then x; 5, ¥;5€ L, and “xij lzr, "yi; I £x2.
Ve estimate

| ax - ay @

fGlA(t)x(t) - Aty Y ar =

S 1ax@) - a)y) 12 at
Wb ey

- ()19 at =
5 fo 1AM0X;5(0) - Albdyg5(e) |2 at

) - s s q - 19 =

n

Mqi‘% (fGixiJ(t) - ylj(t)l P dt)q/p,
qa/P<1, therefore the Lemma gives
. V(1) = y(8) \P at)/P

'S
=, 5P-a/P gy - 59,

£l ul-q/m% 1)

that pmeans

Nax - aylem CUxWP/eP + Wy WP/P + 1] (P-U)/Pa gy _ gy,
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It holis .

O0<(p - q)/pq =

O

1
-2<1
p<

and our assertions follows by the ILemma. Q.e.d.

3. Here we assume that A is 1,L.s. and ask for A(t).

Again we consider first the case p<£gq.
Theorem 3. ILet p4q and

lax - syl M bx - y I8, p/asa4l, a fixed, for all
? 3 b

X, yeLp.
&

Let G be of finite measure g. Then

la(t)u - A(t)v i X g° lu-v 12, b= (aq - p)/pa,
for all u, ve Bl and almost all teG.

Proof. Let u,ve Bl and

(4) lA(t)u = A(t)vIi=>M gblu-vlafor teAsaG.

A is a measurable set. We define

u, t € A v, te
x(t) = ) ¥(t) ={

o, t & A o t ¢

Then x,y € I'b and

I ax - Ay | (IQAumu)-Mwﬂwlqmﬂ@

(&luwu-uwvﬂdnyq

N

Mnx-yﬂa = M( fglx(t) —y(t)‘p dt)a/p

(5)

M( J; lu - v|P at)®/P = M(nes A)a/p\u _vl?
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Otherwise, if we suppose mes A >0 we get from (4)

(J:\lA(t)u -at)v 19 a)¥e u gb(mes AV u - vl 8,
This gives together with (5)

¥ gP(mes A )< M(mes A )B/P or
gb< (mes A )b.

Because of ag - p20 this contradic¢cts g>mes A . It fol-
lows mes A = 0, gq.e.d.

Let now be p>q. We first consider the special case
where |A(t)u - A(t)v| does not depend on t, we call the
corresponding A independent.

Theorem 4. Let p>q, A independent and l.L. super-
position operator.

Then
(6) 1A(t)a = A(t)v | & [ag(lu ] P0/A 4 ) (P0)a)
+d,1 [u-vl

for all u,veB,. Here 4; = c,, 4, = glap)/m ¢y, where
€y, Cp are the constants of Theorem 2 and g = mes G.

Proof. Let u,ve Bl' From Theorem 2 we get

lau - avli= (J'e | A(t)u - A(t)v 19 at)e =

Y At - AtV
£ [cl(lul(P-Q)/q + Ivl!(p'q)/q) +c,] lu-vl

=le¢, g P~1)/pa (4 (p-a)/q
+ 1vl(Pa)/ay eyl g¥P lu-vl. Q.e.d.
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Corollary. Let P>q and A an independent and l.L.

superposition operator. Then
latiulz g(t) + ¢ lulP/q, g1)e 1 (6,R)).
Proof. Theorem 4 gives for v =0
[a(t)ul £ | A(t)Q] + (a5l ul (p-a)/q a,) lul
=1a(t)ol +a; lulP/Q+ q,lul
£ A()0l + @y + (a; + dy) lul p/q, Qveed,

The Corollary is the Lemma of Krasnoselski [&] in our
special case. If we assume (6) to hold together with the Ca-
rathéodory condition for a family A(t) of operators then the
superposition operator A will be an l.L. operator from Ii'“ in-
to Lq with Lipschitz function gs in Theorem 2. This can be
shown easily by means of the H3lder inequality. So (6) is a
necessary and sufficient condition for the independent super~
position operator A to be an 1.L. mapping from Lp into Lq.

As an Example we consider in Rl = Bl = B2 for integer

m, n, 14£m£n the mapping

A(t)x =r 2 +8 2P r, s real numbers.
b ?

We have

la(t)x - Atdyl = [ r(x® = §) + s(® - ™I
irl 1o -5+ lsl [ 27 P
A00e) Clxl +1310™ w1 gp (Ixl+1gD™Ix - 5l
21 UxV +1sl ) Uxl+iyl)Rel 4 leld Ix -yl
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[2772(r] +1sD) (Ux ] ™ L+ 191 +1slllx - yl.

Thus A is an l.L.s. mapping of Lb into Lp/n' Especially it
can be seen from the example that the term ¢y in (3) resp.
d, in (6) cannot be omitted in general.

In the case where the independence of A is not assumed
we have the

Theoraen 5. ILet p>q and A an 1,L.s. mapping. Let
further be Ky ¥y nonnegative (universal) constants and

for u, veB1
(T 1A - AV [ > [ Uul® + v + 5,1 1w - v,

h = (p - q)/q,

on the(measurable) set A = A (u,v) with mes A > 0. Then
it holds

(8)  (kq = eq) Gul® + 1v)®) + ky,<c, (mes A )-(l/q-l/p),

where ¢, C, are the constats of Theorem 2.

Proof, Let x and y be the elements of Lp defined by

u, t e A v, t € A
x(t) = '{ ’ yit) = ’
o, t & A : o, t & A
then
Bxl= ([ [x@®\? al/P = ( f lul® at)/P =

(mes A )L/P ful,

hyl (mesA)l/plvl, lx=yl= (mes A)YP |y - vl

and
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lax - ayll = ( .(& LA(t)u - a(t)vl? ap)l/e 2

LLeyChxl®™ + By®) 4+ cp1 x -yl

(9) =Leylmes AP (ufh + 191®) +
+¢5] (mes A WP |y - vl .
Otherwise (7) gives by integration
1A - a)vIT at) Y9 (mes A )2 [ ) (1ul® +
+1vl™ + 5,0 lu-vl.
This gives together with (9)
i Cul® + 1vl®) + pce (lul® + (v®) + -
+ cy(mes A yt/p-1a q.e.d.

Consequences of Theorem 5:
(i) In the case ¢, = O we get a contradiction if we take
k, = ¢y, kp = O. That means mes A = O.
(ii) If we take k, = ¢y, k, = ¢, k, c,# 0 implies
(mes A)/I"T/P< sk,
This means that we can make mes A arbitrarily small if
we choose k large enough.
(iii) If we take ky>cq, k, fixed, then mes A —> 0 for

4, As an application we consider here the generali-

zed nonlinear Dirichlet problem in L2 (G)
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a) = (e (55@), 2% = @),

where u,ve W%(G), G a domain of R® (with the usual supposi-
tions), D* the operator of generalized derivation, e a
multi-index and t(u) the vector of the generalized deriva-
tives of u., It is known that under certain assumptions on
A, the problem is equivalent to an operator equation
Tu =g

in H,, the closure of ¢® in ’ﬂ% . These assumptions are
(i) Carathéodory ccndition,
(ii) growth condition.
Besides, usually for the existence proof a
(iii) monotonicity and coercivity condition
and for numerical solution (iteration methods) a
(iv) Iipschitz condition
are assumed. (See e.g. [1,41 .)

Motivated by Theorem 4 and the Corollay and Remark fol-
lowing on it we replace the conditions (ii) and (iv) by a

local Lipschitz condition of the form
4
(v) TAL (x,t) = A (x,t) ] sm“z".ﬂ Lao Cltpl,
it ‘,\) \tp - tpl,
where t is the vector of the real numbers t{, and

arbitrary (monotone) for |(31| £1 - n/2,

o arbitrary
I‘[s -1 I‘A -1

(10) Lﬁ«’(s,sl) = c(‘“‘(s +8, )+, lclc1 - n/2
. xn (ui-'f) 4 - np (=)
em‘(s N +8, = 1) +dpec

l1-n/2 £lxl£l,
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Here s and d/,x are arbitrary nomnnegative constants

-4
and the Tp are defined by the )
Sobolev Imbedding Theorem. Let ue W:ZL (G), then for

1-n/2 £ 1B £ 1it holds DpueIi, y Tp =
]

=2n/[n-2(1-1p1)],

and leu\Ir & Mp"uﬂl;
(]

for |Pl < 1-n/2 it holds DPueC and lDFulc £
£lgliul,.

It can be easily seen that Lpec is constant if and
only if l«l = | 3] = 1. In all other cases our condition
(v) is weaker than any cohdition (iv). Adding 1 to the ex~
ponents in the right hand side of (10) we get exactly the
exponents ocurring usually in condition (ii). Thus the
growth condition resulting from condition (v) (in the same
wey as it is done in the Corollary to Theorem 4) is just
the usual growth condition (ii). This shows that condition
(v) is quite natural. Furthermore it is obvious by Theorems
2 and 4 that within the frame of the existing theory condi-
" tion (v) cannot be weakened any more.

Finally we show that condition (v) leads to an 1.L.
operator T. Thus the methods developed in [3,4] can be used
for a numerical solution of the problem Tu = g.

Theorem 6. Under the conditions (i) and (v) The Diri-
chlet problem is equivalent to the operator equation Tu = g

in Hl, and the operator T is 1l.L. with the ILipschitz func-
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tion
Lhully, Ivily) =st Mgy Lp, Mg Nullyy ug hvily),

where mg, are certain nonnegative constants and M/;‘ are
the same as in the Sobole v imbedding theorem cited above.
Proof. We mentioned above that (v) implies the usual
growth conditiom (ii). So we can proceed first in the same
way as for example in [1,2] ., For the remaining 1.L. pro-

perty of T we have to estimate
I - tv,n)y ) = 12 [ (g (x,8)) = A, (x,t(7)) D¥h ax]
Byl B (u -
£ 5‘ fG Lou(1DPul, DBv)ID 8 (u - v
|p*h | ax

£ Llhaly, Ivl)hu=-vil, Ilhﬂl

using the Sobolev imbedding theorem and the HBlder inequar
lity in the form

p 1/ 1/
lxllyllzl ate ¢ £ =l 2ae) " 2o f 1 g1 2 T2
G G [cg

P 1/
(f, 12 34ty 7 73,

where p; 21, 1/p1 + 1/p, + lfp3 =1,

Concluding remarks. The following assertion is due to
M.M. Vainberg ([91,[10]):
An s, operator that is uniformly continuous on a fixed btall
in Ib has the same property on every other ball in Lp.

As to Lipschitz continuity our Theorems 1 and 2 are of the
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same type: An s, operator that is Lipschitzian on a fixed
ball in Lp is Lipschitzian on every other ball in Lp. -
Furthermore the Lipschitz function is given as

a1 lxl, iy)) =u[ Az~ (dyh, /a1,

+ 1] y PZaq,

(see Theorem 2). The stronger result

Llxl, lyll) =M. max{(-n—;f-l—)(p/q)-l, (-"—ﬁ-'l-)(p/q)'l,l}

is due to W. Mtller ([71]).

Most of our reflections about Lipschitz continuity can
without difficulty be transferred to H8lder continuity and
strong monotonicity ({21). E.g., generalizing (11) the H31~
der .functiom corresponding to the H3lder exponent a<p/q is

HOlx L, 0y ) = u[ ( dxly@w/a-a, (dylp/a)-a, o],

For related results see also J. Daned [3].
I wish to thank the redaction of Comment. Math. Univ.
Carolimae and the referee for their remarks,especially for

pointing out the references [3],[9] and [10].
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