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COMMENTATIONBS MATHEMATICAE UNIVERSITATIS CAROLINAE 

18,3 (1977) 

AMALGAMATING COMMUTATIVE REGULAR RINGS 

William H. CORNISH, Bedford Park 

Abstract: The category of commutative regular rings -
with identity enjoys the amalgamation property and has 
transferable injections. It follows that the amalgamation 
class of the category of commutative semiprime rings with 
identity consists of those rings in which arm ann J = V J 
for each finitely generated ideal J. Another consequence is 
that the variety of commutative RLckart rings has transfer
able injections, even though it possesses no non-trivial in-
jective objects. 

Key words: Amalgamation property, congruence exten
sion property? transferable injections, regular ring, semi-
prime ring, fiickart ring. 

AMS: 16A30, 08A15 Ref. 2.: 2.723.2 

1. Regular rings and Rickart rings. By a category K 

of algebras, we mean a category whose objects are members 

of a class of universal algebras of some fixed type and who

se morphisms are precisely all the homomorphisms between the 

objects. An embedding is a one-to-one morphiam and an essen

tial morphism f: A — • B is an embedding such that if gf: A—> 

— p C is an embedding then g: B — * C is necessarily an em

bedding. Following GrBtzer and Lakser till, we define the 

amalgamation class of K to be the class Amal(K) consisting 

of all K-algebras A such that if f: A — > B and g: A — > Q are 

embedding3 into ^-algebras B and C then there exists a K-al-
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gebra D and embeddings h: B — > D, k: C — > D such that hf * 

= kg. Thus, & has the amalgamation property if K = Amal(K). 

In general, our category-theoretic terminology will be 

consistent with that of Herrlich and Strecker [12 3. In par

ticular, a morphism f: A — > B K-algebras A and B is an epi-

morphism if, whenever h,k: B — > C are morphisms to a K-al~ 

gebra C such that hf = kf then h = k. The following result 

interrelates the above concepts; it has a consequence which 

is useful throughout this paper. 

1.1. Lemma. Let K be a category of algebras, AeAmal(K), 

and f: A — > B be an epimorphic embedding of A into K-algebra 

B. Then, f is essential. 

Proof: Suppose g: B — > C is a morphism to K-algebra C 

such that gf is an embedding. As A is in the amalgamation 

class of K, there is a K-algebra D and embeddings h: C — > D 

and k: B — > D such that hgf = kf. Since f is an epimorphism 

hg = k. As k is an embedding, it follows that g is also an 

embedding. 

1.2. Proposition. Let g, be a full reflective subcate

gory of a category of algebra® K with the functor R: K — > II 

as the reflection. For each K-algebra A suppose that the mor

phism $^: A — * R ( A ) mapping A into its H-reflection is an 

embedding. Then, provided that H has the amalgamation proper

ty j a K-algebra A is Amal(K) if and onty if $ ^ is essen

tial. 

Proof: Suppose A is K-algebra such that $ » is essen

tial and let f: A — > B and g: A—i*C be embeddings of A into 

K-algebras B and C. Since R(f): R(A)~-*R(B) and R(g): R(A)-* 
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— + R(C) are such that R(f) # A
 = $Bf and R(g) $A = ^ C 8 ' 

both R(f) and R(g) are embeddings. Let h: R(B) — » P and k: 

: R(C)—> P be embeddings into a H-algebra P such that 

hR(f) = kR(g). Then, (h$ B)f = hR(f)$ 4 » kR(g)$A =-

= (k$c)g and A6Amal(K). 

Conversely, suppose Ae Amal(K). Because H is a full re

flective subcategory and each morphism $ »: B—*• R(B) is an 

embedding, each $ « (B6 K) is an epimorphism C12; Proposi

tion 36.3, p. 2761. By Lemma 1.1 $. is essential. 

The following lemma was noted, without proof, by Jons-

son in his fundamental paper C141 concerning the amalgamation 

property. 

^•3. Lemma. The category of fields has the amalgama

tion property. 

Proof: Let f: A — > B and g: A — * C be embeddings of a 

field A into fields B and C. Let M be a maximal ideal of the 

commutative ring B ® »C and D be the associated! quotient 

field. Then, D and the associated embeddings h: B — > D, h(b) = 

= fr ® * (b6B) and k: C — > D , k(d) « 1®,d (d* D) effect the 

required amalgamation. Por more details, see C20; Chapter 3, 

§ 153. 

1*4• Cbrollary. The category of integral domains and 

unitary homomorphisms has the amalgamation property. 

Proof: The familiar embeddings of an integral domain 

into its field of quotients is essential and maps the domain 

to its reflection in the full reflective subcategory of 

fields. Thus, the result follows from 1.2 and 1.3. 
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Despite 1.4 it is not hard to show that the category 

Semp Rng of commutative semiprime rings with identity and uni

tary homomorphisms does not have the amalgamation property. 

Indeed, let D be any integral domain possessing a prime ele

ment p. Consider D to be embedded in its field of quotients 

Q(D) and also in the semiprime ring DCxV (px). This latter 

ring is semiprime since the ideal (px) is the intersection 

of the two prime ideals (p) and (x). Let x denote the class 

of x in the quotient ring and suppose f: Q ( D ) — • R and g: 

: D[x3/(px)—> R are embeddings in Semp Rng into a ring R 

which have equal restrictions to D. As g(p)g(x) = 0, f(p) = 

= g(p) and f(p)f(p~ ) = 1, we obtain g(x) = 0 and so x = 0f 

a contradiction. Thus, the amalgamation property does fail in 

Semp Rng: in Section 2, we will determine AmaKSemp Rng). 

A category ]£ of algebras has the congruence extension 

property if for each subalgebra B of a K-alegbra A and each 

congruence relation & on B, there exists a congruence rela

tion $ on A such that $ r> (Bx B) = 0 • Bacsich CI; Lemma 

1.2 3 observed that the congruence extension property holds in 

a variety K if and only if whenever f: A — > B is an embedding 

and g: A — • C is a surjective homomorphism then there exists 

a K-algebra D, a surjective homomorphism h: B — > D and an em

bedding k: C — y D such that hf = kg. 

A category K of algebras is said to have transferable in

jections if, whenever f: A — * B is an embedding and g: A — > C 

is any homomorphism, there exists a K-algebra Df a homomorph

ism h: B — • D and an embedding k: C — > D such that hf = kg. 
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This notion is due to Bacsich 111; in llj Lemma 1.71 he pro

ved that a variety has transferable injections if and only if 

it has both the amalgamation property and the congruence ex

tension property. 

The following lemma is due to Grfitzer and Lakser til; 

Theorem 33. It is a very effective weapon when one is trying 

to show that a variety has the amalgamation property. 

--•5« Lemma. Let ]C be a variety satisfying the congru

ence extension property and assume that each subalgebra of 

each subdirectly irreducible K-algebra ia itself aubdirectHy 

irreducible. Then K 3atiafie9 the amalgamation property if and 

only if, whenever A, B, C are aubdirectly irreducible K-algeb-

raa and f: A — > B, g: A — > C are embeddinga, there exists a 

K-algebra D and embeddings h: B — > D, k: C — > D such that hf= 

= kg. 

Throughout the remainder of'the paper all rings are as

sumed to be commutative and possess an identity element, and 

all morphisms are unitary. Let R be such a ring. As usual, 

arm S denotes the annihilator of a nonempty subset S of R. 

Then, R is a Rickart ring if ann x is a principal ideal gene

rated by an idempotent for each xe R. Alternatively, R is a 

Rickart ring if and only if, for each x« R, ann ann x is a 

principal ideal generated by a necessarily unique idempotent 

which is denoted by df(x). It turns out that we can regard a 

Rickart ring R as an algebra of the form (Rf+,-, • t*rf0.1)of ty

pe <2,2,2,1,0,0> such that the reduct (R;+f-f.f0,l) ia a com

mutative ring with identity 1 and or is a unary operation sa-
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tisfying the following equations: *r(0) = 0f Jr(xy) = 

= ;r (x) 3r(y)f J T ( ^ ( X ) ) = sr(x), or(x).x = x. Thus, Rickart 

rings give rise to a variety of type <2,2,2,1,0,0 > ; the ac

companying notions of subalgebra, congruence, homomorphism 

etc. are referred to as or-subalgebra, JT-congruence, crr-he-

momorphism etc., respectively, in order to avoid confusioa. 

with the similar ring-theoretic notions. This variety has 

been examined by the author in L31 and £51. In the variety of 

Rickart rings, an algebra is subdirectly irreducible if and 

only if it is an integral domain, C3; Theorem 13; any inte

gral domain D can be regarded as a< Rickart ring if ff : D —> D 

is defined by or (0) = G and ur(d) = 1 for any 04» dcD. Mo

reover, it follows from 1.3; Theorem 23 that & — * K xeR: 

x s 0(8 ) \ is a lattice-isomorphism from the lattice of sr -

congruences of m Rickart ring R onto the lattice of (ring-) 

ideals of R which are generated by their idempotents. Now, if 

a Rickart ring R is a :r-subring of a Rickart ring R, then the 

Boolean algebra of idempotents of R is a Boolean subalgebra 

of the Boolean algebra of idempotents of R,, and if J is an 

ideal of R which is generated by its idempotents then J, = 

s-fr-^ R^: r, = r-̂ e for some e€ Jf e = e } is an ideal of R,f 

which is generated ty its idempotents, and J = J-jO R. Thus, 

the variety of Rickart rings has the congruence extension 

property. 

Recall that a (not necessarily commutative) ring R is 

called (voin Neumann) regular if f for each xc R, there is y 6 

e R such that x = xyx. If R is a commutative regular ring and 
2 

x,y€ R are such that x = xyx then z = xy is the unique ele-
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ment such that xzx = x and zxz = z. This sterns to have been 

first observed by Gillman, Fine and Lambek £8; Lemma 10•lf 

p. 763; it was also noted by Olivier T15; Lemme 21 and haa 

been recently generalized by Raphael f16; Lemma 43. The point 

is that a commutative regular ring R can be considered as an 

algebra (R;+,-,., p , 0 , 1 ) of type <'2,2,2,1,0,0> such that the 

reduct (R;+,-,. ,0,1) is a ring and the unary operation p : 
2 2 

: R — > R satisfies the equations x q> (x) = x and £>(x) x = 

= p(x). Since ring-homomorphisms commute with tp , the ca

tegory of (commutative) regular rings is isomorphic to the 

variety of all algebras of type <2,2,2,1,0,0> , as defined 

above. This was certainly known to Raphael E16J, is implicit 

in the work of Olivier 11153, and in this paper we make use of 

the fact that we have a variety. Of course, a regular ring is 

a Rickart ring; better still a regular ring R, considered as 

an algebra (R;+,-,., $-» ,0,1), has a derived or-algebra 

(R;+,-,. ,or,0,l) obtained by defining re (x) to be the term 

^r(x) = xro(x). Thus, we can consider the category (variety) 

of regular rings to be a full subcategory of the variety ©f 

Rickart tings; the subcategory is actually reflective, see 

[3; Theorem 43 • Thus, the variety of regular rings has the 

congruence extension property. Of course, in a regu3ar ring, 

each ideal is generated by its idempotents and the map 

9 — > i x: x-s 0(&)} is a lattice-isomorphism of the lattice 

of <p -congruences onto the lattice of all ring-ideals. Be

cause all prime ideals are maximal in a regular ring and re

gular rings are semiprime, the subdirect3y irreducible algeb

ras in the variety of regular rings are precise3y all fields 

- 429 



(with f defined by fo(0) = 0 and 50 (x) = x"*1 if x f O ) . 

!•&• Theorem. The category (variety) of commutative 

regu3ar rings and the variety of Rickart rings each have 

transferable injections. 

Proof: This follows from the above remarks, 1.3, 1.4 

and 1.5, together with the aforementioned characterization, 

due to Bacsich £1; Lemma 1.73, of varieties with transferab

le injections. It should be noted that instead of using 1.4 

and 1.5 to show that the variety of Rickart rings has the 

amalgamation property, we could proceed from the result on 

regu3ar rings, directly via 1.2, since the embedding of a 

Rickart ring into its regular-reflection, namely its ring of 

quotients, is ar-essential. See C3; Theorem 43 for details. 

Taylor [18, Theorem 2.3 3 has shown that a variety has 

enough infective algebras, in the sense that each algebra is 

a subalgebra of an injective algebra, if and only if it has 

transferable injections and is residually small. A variety 

is residually small if there is a cardinal m such that each 

subdirectly irreducible algebra in the variety has power 

£ m. Of course, we can find fields and integral domains of 

increasingly large power and so neither of the varieties ©f 

1.6 is residually small. In C 5 3 it is shown that the varie

ty of Rickart rings (and as*a consequence the variety of re-

gu3ar rings, also) has no non-trivial injective algebras. 

This should be contrasted with the variety of distributive 

pseudocomplemented lattices mentioned by Taylor [18; Remarks 

2.5 3 as an example of a variety with transferable injections 

but not enough injectives; there the complete Boolean algeb-
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ras form the insufficient class of infective algebras. 

In [21, Bacsich showed that each algebra in a variety 

V with transferable injections has an epimorphic hull i.e. 

for each V-algebra A, there is a. V-algebra E(A), unique up 

to isomorphism, which is an (essential) epimorphic extension 

of A and through which any epimorphic embedding of A into 

another V-algebra factors uniquely. This notions was intro-% 

duced earlier for commutative rings by Storrer [17; Section 

31. In [ 2; Section 51 Bacsich asks for more examples of epi

morphic hulls. Because of [17; Satz 6.11 all epimorphisms in 

the variety of commutative regular rings are surjective, and 

it might be interesting to note that recently Gardner £71 

has shown that this persists in the category (but not varie

ty, see [161) of non-commutative regular rings without an 

identity element. But reflections preserve epimorphisms, and 

so [3; Theorem 41 allows us to state: 

1.7. Proposition. The epimorphic hull of an algebra in 

the variety Rickart rings is its classical ring of quotients. 

--• Semiprime rings. Wiegand [191 showed by means of a 

sheaf-theoretic approach, that there is a reflection T: 
: ifr-K—> R e £ ifag of "the category (variety) Rng commutative 

rings into the full subcategory Reg Rng of regular rings such 

that the natural map i£ . : A — > T(A) mapping A into its re

flection T(A) is an epimorphism. See also Olivier [151. We 

wish to use the restriction T : Semp Rng—» Reg of T and the 

results of Section 1 to determine AmaKSemp Rng). Before do

ing so, it may be worth noting that the existence and above 
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property of I^A -follow from general considerations. Firstly, 

any semiprime ring can be embedded in the direct product of 

fields and so can be considered as a relative subalgebra of 

a member of the variety Reg. Hence, by Grfitzer 19; Theorem 1, 

Corollary 1, p. 1813, each semiprime ring has a free exten

sion in the variety Refi. In other words, we have the existen

ce of the reflector TQ: Semp Rng—> Reg and, by [12; Proposi

tion 36.3, p. 2763, the embedding %s^i A — > Tfi(A) of semipri

me A into T (A) is an epimorphism. Secondly, H: Rng—» Semp Rng. 

H(A) = A/s/A (/A =ix€ A: x is nilpotent } ) is a reflection 

and the natural map A . : A — > H(A) is a surjection. Thus, T 

exists for it is the composition TSH, and I2A : -*>—* T ^ ) *c 

an epimorphism as it is the composition of epimorphisms. 

In what follows it is more convenient to use T in place 

of T - The next result was virtually proved by Wiegand [19; 

Theorem 73. We have added Condition Ci.>; it is a consequence 

of the proof of (a)<'«-=-> (b) of Wiegand's Theorem 7, rep3aced 

Wiegand's conditio® (a) by, for our purposes, a clearer alter

native which was mentioned by Wiegand just before his theorem, 

and given a tidier version of his Condition (d) in our Condi

tion (v). We will omit the simple details. But, perhaps we 

should observe that if R is a subring of R-̂  then R-̂  is an es

sential extension of R in (Semp) Rng if and only if for each 

ideal 0-1-J-. of R-., J-,n R+.0, or equivalently for each, 0* r^e 

6R-., there is s-̂ e R^ such that 04« s- .r^* R, while gR-̂  is an 

essential extension of the module «R in the category of R-mo-

dules if and only if, for each submodule 04-M-, of jJt,, M-, r\ 

n R4-0, or equivalently for each 0-frr-,e H-p there is s e R such 
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that 0 4*sr,€ R# The point is that we do not have to distin

guish between these notions in the following result. 

2-l* ->mma. The following conditions on a semiprime 

ring R are equivalent: 

(i) The extension *»£.»: R—*T(R) is essential in 

Semp Rng. 

(ii) The extension ^ R- JR—>--»T(R) is essential in ' 

the category of R-modules. 

(iii) Every non-empty subset of Spec(R) that is open 

in the patch topology contains a non-empty set of the form 

{PeSpee R: s^P{ for some s € R. 

(iv) Distinct compact open subsets of Spec(R), endow

ed with the spectral topology, have distinct closures. 

(v) For each finitely generated ideal J of R, ann ann J= 

=/J. 

In the above, Spec(R) is the set of prime ideals of R, 

the spectral topology is the usual hull-kernel topology with 

sets of the form {Fe Spec (R): s^P$, s £ R, as an open sub-ba

se, and the patch-topology is the topology which has these 

sets and their set-complements as an open sub-base. As usual 

v/J = <x€ R: xne J for some n^l? = A -£P€Spec(R): Js P* . 

From 2.1, (i)<s=-=> (v), 1.2 and 1.6 we obtain 

2»2» Theorem. Amal (Semp Rng) is the class of all R € 

6 Semp Rnz such that ann ann J s\fJ for each finitely genera

ted ideal J of R. 

In connection with Section 1, it is interesting to note 

that a Rickart ring satisfies the conditions of 2.2 (and 2.1) 
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if and only if it is regular. In C19j Example 4.1, Wiegand 

gave an example of a ring satisfying the conditions of 2.2 

which is not regular. Actually, there exist many rings with 

this property. We are able to assert this because of work of 

Hochster C13J and the duality theory of bounded distributive 

lattices. We can only include the barest of outlines. 

The category of spectral spaces, as defined in Hochster 

C133 9 is, from the classical work of M.H. Stone, the dual of 

the category of bounded distributive lattices, see £10; Chap

ter 2, Section 113 and also C4-. On the other hand, a very 

deep theorem of Hochster Cl3; Theorem 6] says that the spec

tral spaces are precisely those topological spaces which ari

se as spaces Spec(R) for some (semiprime) ring R when given 

the spectral (= hull-kernel) topology (note: Spec(R) and 

Spec(R/\/R) are homeomorphic). Then, using an argument simi

lar to Wiegand's proof of (iii)<=> (iv)<=> (v) in 2.1, or al

ternatively using duality etc. for bounded distributive lat

tices as given in L4J, we can show: 2.1 (iii), 2.1 (iv), 

Spec(R) in the patch topology satisfies: each open set con

tains a compact open of the spectral topology, Spec(R) in the 

spectral topology is the dual of a disjunctive lattice, are 

equivalent. Here a bounded distributive lattice L is disjunc

tive (weakly complemented and section semi complemented are al

ternative terms) if for any x, y, x-fcy there exists z such 

that X A z = 0 and y A 2 + 0, or vice-versa, or equivalently if 

and only if the lattice is join-dense in its minimal Boolean 

extension (this is relevant to 2.1 (iii)). In this correspon

dence the Boolean algebras are these disjunctive lattices 
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which are corresponding to the regular r ings . Thus, there 

are many non-regular rings satisfying 2 .1 , 2.2 since there 

are many non-Boolean disjunctive l a t t i c e s , e.g. the l a t t i c e 

of closed subspaces of a non-discrete T^-space, the l a t t i c e 

of subsets of power less than an inf in i te cardinal m of a 

set X of power m, together with X i t se l f , as the largest e le 

ment . 
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