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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROUNAi 

19» 2 (19Î8) 

COMPACTNESS m *i-FSEUDOCOMPACTNBSS 

D. PETZt Budapest 

Abstract: We prove that if % is a class of T^ehe-
neff spaces Mid title class of % -paeudocompact spaces 
equals to the class of compact Hausdorff spaces then the
re exists n l f i etieh that *t X 411 has this property f 
too. This answers a question of A. SOBtak. 

AMS: Primary 54D3G 

Secondary 54C99 

Key worde: Compact, 3c-compact, *£-regular, S-paeude-
compact. 

!• Introduction- Classes of topological spaces satis

fying many of the properties of the class of compact epaeee 

are widely imreetigated by topologiets. This trend includes 

studiee of reflective subcategories of Hausdorff space*, 

topological extension properties, *£ -pseudoeompactness and 

so on. If % is a class of Hausdorff spaces then an ^ -

regular space X ie said to be %-pseudocompact provided 

that for any 1 e % and for a continuous map f from X to 

M e £ jf £ X ] is compact. So -JRj -pseudoeompactness is 

just pseudoeompactness. % -pseudoeompactness has many of 

the properties possessed by pseudoeompactness. For examp

le an ^,-compact space is %-pseudocompact if and only if 

it is compact. The basic references for this material are 

in t6] and in C 7 3* The class of *£-pseudocompact spaces 
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will be denoted by 9i%)* 

It ie necessary to remark that *£-pseud©compactness 

defined in 16J is quite similar to the pseudoeompaetness 

property introduced in [73 but is net the same. If % con

sists of Tychonoff spaces and contains the spaee [0,1] * X 

then ${%) is a pseudoeompaetness property in the sense 

of [73. 

Another characterisation of *f.-pseudoeompaetness is 

based upon the following assertion. Let f be a continuous 

map of X to 1. Then the following statements are equivalent 

(i) e J j f t X ] is compact 

(ii) If 10 is an ultrafilter on X then the filter 

f [ie! converges in I. 

In this paper such classes % are investigated for 

which <£-pseudoeompaetness is equal to compactness. 2hia 

problem was posed by Sostak in 16]. 

We borrow the notion of k-cloeure from the theory ef 

k-compact spaces. (See t3].) If a topology on X and an 

infinite cardinal k are given then the basis consisting 

of a l l se ts H 4 Q . s j t J } (where GJ i s open for jc*T and 

\ J I < k ) defines a new topology, fhe closure operation in 

th i s topology wi l l be denoted by c l ^ . 

it 
The space 1 \ « t ( l ) | can be familiar as an universal 

k+-compact space, fe need that (& (I \ 4 (1)} ) s 

« 0 k ( I k \ 4 (1)1 ) - I k for k > 4 ) (where (}k stands for 

the k-compactification). (See [ 1 ] and L43 •) 

2. Results 

Lemma. Let X be a ^ryehonoff extension of X and k be 
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an in f in i t e cardinal . I f p £ l \ c i . X then there i s a 
1c 

continuous map f :X—> I such that f (p) - (1) and f (p) 4 

4 f c x j . 

Proof. Because of pkc£ . X there are »ighbour-

hoods 04(j*J, I J I » k) such that ft 4 Q-fl Xsje Jf * JO. 

Let f • be a continuous function from X to I such that 

tdp) * 1 and vanishes out of G. (je J), then f • <fj> j£j 

satisfies the condition. 

Theorem. Let k be an in f in i t e cardinal . X i s 

4 I k x 4 ( 1 ) 1 1 -pseudocompact i f anfl oity i f fl # X » /5 X. 

Proof* Assume that X i s 4 1 \ 4 (1)1 J -pseudocom-

pact , Then X i s 41 \ 4 (1)} } -regular so i t i s m Tyeho-

neff epace. I f p « | 3 X \ A + X then by the lemma there ie 

a eontinueuo map f s (|X -»> J* with f | X:X—» 1 ^ 4 (1) } 

and f(p) s (1) . Consequently c J f CXJ is not compact (whe

re eZ stands for the closure in I \ 4 (1) I )• So (IX * 

- p k + X. 

Conversely, l e t fl + X « |3X. Bien X i s a fychonoff 

k 1c 

space so i t i s 4 I \ 4 ( D ) 1 - regular . Let f :X—*I S 

\ | ( l ) i be a continuous map. Using the k -compactness of 

I k \ 4 (Df f admits an t: (£ X-+ I k \ 4 (1) t exteneions. 
1 k 

So c | f CXlc c |2ty + X] « c I ? C/iXl m t C|1X] and we ha

ve c j | f C X] to be compact. 

Corollary. If % i s a proper c lass of spaces of the 

form of I \ 4 ( 1 ) | then 'fc-pseudoeompaetness i s equal to 

compactness. 

Corollary. There are two d is jo in t classes *!-, and 
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%2
 8 u c h ^at ^.i-peeudoeompaetneae is equal to eempaet-

nees for i * l t 2 . 

Theorem. There ie no Tychonoff space B such that 

CP(-(E} ) ie identical with the elaaa ©f compact Hauadorff 

spaces. 

Preef. Indirectly, if JP(4 B} ) ie the elaao ©f eos-

paet Hauadorff spaces then 4 B } -reguirity i s the same aa 
k complete regularity. So tor every cardinal k X \ 4 (1) } 

ia | B | -regular. We can ehooae a k > ©> eueh that B ia 

k-eompaet. If tilrs -| (1> 1 —*• B ia a continuoua map thoa 

i t admit© an exteneioa f t ( 3 ^ ( 1 \ 4 (1)} )—-©» B i . o . f J 

jlk—-> i . Heaeo e i g f [ l k \ 4 (1) I 3 ia compact and ae 

I k \ 4 ( 1 ) | belong© t© i P ( 4 B f ) . The contradiction prove© 

the theorem. 

Corollary. There ia net sot ©f Tychonoff spacee % 

such that ® (% ) ia the elaaa of compact Hauadorff apacea. 

Theorem. Let % be a elaaa of ljyehonoff apacea. If 

the elaaa of *£-pseudocompact apacea ia identical with the 

elaaa of compact Hauadorff spaces then there i® a space B 

belonging to % with &(%)'« <P(«f\ 4 B } ). 

£p©©f. % the previoua corollary % ia a proper elaaa. 

Henee there ia an B from % aueh that % \ 4 B } -regularity 

ia equal to % -regularity. So the ineluaien & (<£ ) c 

C <P(*t\ 4 B | ) ia evident. Let X be a apace not belonging 

to &(%)• If X ia not a Tychonoff apac© then X doea not 

belong to <P (% X 4 1 1 ) • If X ia a Tychonoff apace then 

there are an f from % and a continuoua map f of X to B 

aueh that 1 • cjgv [X3 ia not compact. We take a cardinal 
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k > co sueh that F aad X are k-compact. Using the lemma 

we get a map gs 0 1—> I with gCp) s CD for some p €. 

c ( S I M aad glYJc I k x 4 (1 )1 . I k % 4 ( l ) S ie aet eem-

paet heaee there are m 0 from % aad a continuous map h 

ftpom I k \ 4 ( D i to 0 eueh that e J ^ , h [ I k N 4 CD 13 i« »®t 

eempaet. h has aa extension 1u <3̂ C«t N 4 ( D i ) —-* $\ G 

i . e . l i : I k —#- / l k 0 . fe observe t h a t l i ( ( l ) € ($kQXG so CI 

i s not k-compaet, eoneequeatly 0 i e differeat from f. 

h * g © f :X—¥ G and h* g» f t X 3 i s ae t r e l a t ive ly compact 

in G. So we have that X ie act i N - t l i-pseudocompact. 
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