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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

19,2 (1978)

ON ROUGH NORMS ON BANACH SPACES

K. JOHN, V. ZIZLER, Praha

Abstract: Rough and strongly rough norms on Banach
spaces are studled their characterizations and duality
properties are derived. Some results of M.M. Day and E.B.
Leach and J.H.M. Whitfield on the existence of smooth norms
are generalized. A short proof of a recent theorem of Ch.
Stegall concerning Asplund spaces is given.
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AMS: 46B99

We consider only real Banach spaces. By a subspace we
mean a closed linear subspace.

Definition 1 ({103,[11)). A norm of a Banach space X
is called to be rough if there is an € > O such that for
every x¢ X and J > 0, there are x,%,ue X, | x; - x <o,
Ixp = xl<d ,lull=1with Ix1 @ - Ix1 ()2 e,
where | z "(u) denotes the one sided Gateaux differential
of |+l at z in the direction u, i.e.

’ - s -1 -
Iz Il (w) -%1_x’no+t (llz + tull-0z1).

Remark 1. The usual norms of C<0,1> and 4£,(N) are
easily seen ([101) to be rough (use e.g. Proposition 1),

Definition 2. If Kc X is a bounded set and fe X*,
" > 0, then the set K(f,d") ®{xeK; f(x)2sup £ - 4 ¢
is called a slice of K. If Kc X* and fe X, then K(f,d")
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is called a w* -slice of K. K is dentable (w* -dentable
for Kc X¥) if for every € > O there is a slice K(f,0")
of K (w* -slice K(f,d) of K) with diam K(f,d" ) < ¢ -
Summarizing the known facts and some considerations in this
paper we easily arrive to
Proposition 1. The following properties of a given
norm of X are equivalent:
(i) A+ 1 is not rough,
(ii) Bf - the dual unit ball of (X, I-1)* is w¥* -dentab-
le,
(iii) TFor every ¢ > O there is an xeX, I x§= 1 with
Linsup byt Ynx+yl + hx-y) -2)b€.
(iv) For every ¢ > O there is an xeX, ixi =1 such that
whenever £, g ¢ X* , Af W =g | =1, lin £, (x) =
= lim g (x) = 1, then limsup If, - g, 14« ¢ .
(v) Negation of: there is an ¢ > O such that for every
x6X, lxH =1 and for every o*> O, there is a véX, lvl<

$1lwithllx+tvlzlxl+ eltl-d forany It| £1 .,

Proposition 1°. The following properties of a norm
ek on X are equivalent:
(1) Byc X the unit ball of (X, |-} ) is dentable,
(ii) 1-0* the dual norm of X* is not rough,
(iii) for every ¢ > O there is an x*e¢ X*, fx*fl = 1
with ﬁﬁ?" Ly*y '1(UX** y¥I +hx* - y*) -2) 4 e,
(iv) for every ¢ > O, there is an x*e X*, | x*ll =1
such that whenever x,, y € X, Ix | =|lyn' =1, lim x (x* )=
= lim yn(x*) = 1, then limsup Ixn - ¥p N&e .

(v) Negation of: There is an ¢ > O such that for every
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x*e x* Ix*§ = 1 and for every d > O there is & v*e X*
lv*) 61, with Ix*+ tv*h 2 Il x*| + elt]- o for eve-
ryjtl &1 .

Definition 3. A norm ff +} of a Banach space X is
said to be strongly rough if there is an € > O such that
for every xéX | x =1 there isa yeX, Il y! =1 with
11‘“_,’3‘3 tl(llx+tyl +Ilx=-tyll -2)z ¢ .

Remark 2. The usual norm of lrl(l") is strongly rough

if T uncountable (see Proposition 4).

Proposition 2. The following properties of a norm
J « 4 of X are equivalent:
(i) N+ ¥ is not strongly rough,
(ii) for every ¢ > O, there is an x€X [l x Il =1 such that
whenever I f Il = llfzu =1, f(x) = £,(x) =1, then
I £, - £, Il £e.
(iii) Negation of: There is an ¢> O such that for every
xeX llxll=1, there is aeu X, | ull =1 such that for
=l 2 = 1,
Ix 0/ (u) z & .

[}

every o > O there are x;,%€X, lx |
lx; - x l<d , i=1,2with llxIl"(u)

(iv) Negation of: There is an € > O such that for every
xeX |l xl=1there is a veX, [vli&1with [x+ tvil2
zhxl +eltl.

Proofs follow easily by use of some ideas of E.B.
Leach and J.H.M. Whitfield and standard duality arguments
First we show Proposition 1 « Propositions 2, 1’ can be pro-
ved similarly .

(iii)¢=> (iv): is in fact contained e.g. in [2]. We sketch

the proof here for the completeness:
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If (iii) holds, then for every € > O there is an xeX,
lx0l =1eand > Owith lIx+yll + lx-yll -2 £
eyl for ly l € . Thus whenever f , g € x*,

he b = Hg l =1, lin £ (x) = lim g (x) = 1, then

falx +y) + gn(x ~y)ce lyll + 2 for Nyl £J . There-
fore lfn(y) -g,(y))£gd + 2~ fn(x) - g,(x)& 2 eo” for
nzn end lyl £ o . Thus WIf - g, )l €2¢ for nzn . If
(iii) does not hold, then there is an € > O such that for
any x€X, Wxl =1, there is a sequence y € XN{0},
limy =0, with Ix +y I + Ix-y ¥ -22z¢elyl.
Then taking £, g ¢ X*, I £ I = g Il =1 such that

falx +y) = hx+y W, g (x ~yy) = Wx -yl

we have lim f (x) = lim g (x) = 1, £ (x +y ) + g (x - ¥n)Z
z2+¢l ¥, and hence (£, - gn)(yn)zz - £ (x) - gn(x) +
+ely, Nzel ¥y ®0, (iv) does not hold.

(ii)¢=> (iv) is easily seen;

(1) == (iv): implicitly contained in {111, p. 122: If (iv)
does not hold, then there is an € > O such that for any

xeX, Ixl=1, there is a sequence £ , g e X*, If | =

= | gn“ =1, lim fn(x) = lim gn(x) = 1 and a sequence u € X,
Wu Il =1, with (£, - g)(w) = € . So, if 0< < &2 is
an arbitrary number, xeX, IxIl = 1 and t>0, then for n >

2
zng, £ (x)>1 -frf/‘r y Bp(x)>1 - YZ/‘f , and thus |l x +
+ tunll z f (x+ tun)Zl - 7)_2/4 + 1 fn(un). From this and
elementary convexity properties it follows that
thx + tu, W (un) z lx + tunll -lxh=t fn(un) —7{"/‘0 , So

’ 2/

hx + tu, I (un)z £ (un) -m~/l4h L.
Similarly, - hx - tu # (v )2 - gnlu,) - 019‘/4 t.

Thue, choosing te (C, %) such that %’72 t < m , we finally
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have llx + t u W(w) -lx -t unll(%)?(fn - gy)(uy) -

- ”12/2t >€=-7 >%/2, so (i) does not hold.

(v) = (i) is proved in [111: If N. ) is rough with some

¢ > 0, then given xeX, Ix=1, M > O, we can choose

x),x,€¢ X, Nx; - x f<n , and ueX, full =1, with

L xR (u) = | xlﬂ’(/u) 2 ¢ . Then putting v = u -

- [(ﬂxll'(u) + ﬂizi’(u))/QJx, we have v ll< 2 and if
=1-t (Ax; ¥ (u) + Ix;0"(u))/2, then O<8<2 for te

€ (0,1) and

hx + tvli=lex + tvl=la(x, + (t/s)u) + s(x -x;) U 2

2ol + Ehx,0(0) - s.n/4z8lxh+ tIxy 0 (u) -

-8/2 =Ax1+YDU I (W) - Nxl W) -sq/2 2

2ixh+(t-€/2)- .

If -1< t< 0, we use x instead of x, and have

Ix+tvizhxi+ (-¥2)(Ix 0@ = I x W (w) - uz/zz

2lxl+ (/2 )e - 9.

So, (v) ==p (i).

If (v) does not hold, then there is an ¢ > O such that for

any x€X, lx1 =1 and for any ne N (N positive integers),

there is & v € X, kvyl£1 with I x + typh2ixi+ elt] -

-1

- n2 for every {t| £ 1. So, putting t = n
-1

, we have
n(lx+nlyl+lx-ntvl-2)2¢-n1>%/2 for
large n, 8o, (iii) does not hold (see [11]).

For the proof of the other statements which can be pro-
- ved similarly, we mention only a few remarks.
1. In Prop. 1°, non (iii)=% non (iv): choose £, 8, 88
in Prop. 1 only f (x + y )2 Ix+ yu¥ - n 1y ynﬂ y Simi-

larly [ 30
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2. In Prop. 2 non (i)=wp non(ii): use limit points of fns

8, constructed in the corresponding part of Prop 1.

3. In Prop. 2 (ii) == (iii) follow (i) mmsd (iv) in Prop. 1

choosing f, geB) , f(x) = g(x) = 1, ueX, ull = 1 with

(£ -glwz ¢ .

4. In Prop. 2 (iv)==p (i): If |.) is strongly rough for

some ¢ > O, then given xe X, Ixll = 1, there is a ueX,lull=
= 1 such that for any ne¢ N, there are x’ll, xgcx, “x;_‘ﬂ =1,
=} - < 40"l with x) 1) - b5 W (u) Z ¢ . Then as shown
in {11] (see Prop. 1) putting V= u- Lan x’in’(u) +

+ llxg!'(u))/ﬂ.l- x, we have lv & 2 and lIx + tv, lzfxf+
+('“/2 e - 1'/1;' , for every |t|£1. Since v, €sp(x,u)
(the linear hull of {x,u} ), l v, N£2 choosing a limiting
point v of £v } in the norm topology, we have Avi<£2 and
lx+tvllzlx+ (1t1/2)e for every Itl&l.

Remark 3. The condition (ii) in Proposition 1 cannot
generally be replaced by that of dentability of B{cx* , 8in-
ce as mentioned above, the usual norm of C<0,1> is rough
and Bi‘c C*¢0,1) is easily seen (and certainly known) to be
dentable: Considering C*{0,1Y% V<0,1) the space of all
functioms on {0,1» with bounded variation, with £(0) = 0

and f right continuous on (0,1), we easily see that for e.g.
d’o = %(0,1) the characteristic function of (0,19, d‘(’, &

c‘cﬁ(Bi‘\Be( d'o)) (for every ¢ > 0): If for some ¢ > O,

doe E?)'iﬁ(B’]‘_‘\ By (o), then there are v,,...,v,¢€ B{'\Bs(o’s)
and ¢;,...,c,2 0, Ee; = 1, such that var(d - Zeyvy) &

&« 8/8 . Then for every t € (0,1) there is an i € 1,...
ces,nywith v, (£)21 - €/8 .

Thus there is a je §1,...,n} with limsup vJ-(t)Zl -¢/8 .
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Therefore for every a>0, (%95 viz 1-2/8 ana thus,
)

e e e
Th’erefore, var” (v.i - d‘°7 < ¢/8 for each ae (0,1) . Fur-
<a,
thermore, for every te (041, lvj(t) -1l< &2, other-
i 80 . . -
wise var v > €/8 for %%me ye(0,1) . So, g&g’)l v3
- r -
Fpl& ©/2 and for every a€(0,1), yar (vj =~ o) <

& ©/8 . Therefore, yer,, (Vj - dy)< ¢ , a contradiction.
?

Since the unit ball of €< 0,1) is not even smoothable
(for the definition and this result see [9]), Remark 3 ans-
wers negatively a part of the Question 4 in[9]1 the other

part was recently answered in [12].

Remark 4. There is an equivalent non rough norm on
I/l(T‘ ), T uncountable, with no point of Gateaux differen-
tiability. This is easy to see by a slight modification of
a construction of M. Edelstein ({71, p. 111):

Let -iea, ’fi‘" be the usual unit vector basis in £,(T') (£,
the biorthogonal functionals), {fn? , neN a sequence of

disjoint elements of {fr 3.

Let D, = xe £y (F)2n(P);ix - (2 - 21 Mg he 21y,
")

Let C, = (D U(-D.)) €y =conv C,, C = w*closure of

Cl. Then

(i ) C is a w¥ compact absolutely convex body in 1-1"(1"),
cc2 BX;

(ii) C is w*dentable;

(iii) C has no w* exposed point (x € KcX* is w¥ exposed
point of K if there is an fe X with f(x)> f£(y) for every
YeK y#+x).

To see (ii) it clearly suffices to show that C1 is
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w* dentable. For this purpose, following [ 7], p. 113, de-
note for ne N: H = {x€Cy; x(ep)z 2 - 21"”; . Then H  is
a w¥* slice of Cl. Fix now n€ N and comﬁxte the dlameter of
H,. Consider an arbitrary h¢H;y h -.1.'?. c; hyy by e U

U(-D) ¢;20, Zcg l.Thenwrlteh-hg c;hy +

*h.%-‘b C. hi' Easily, if h, ¢D , then h (e )¢1., So, 2 - Zl'n
S%‘),,, hy mf‘n c;hy ) (e )e,_;. °1h1(°n) %_b ey =

=k“..pwci(hi(en) -1) + 11_-4%‘ ¢; + 1. Thus th”c z1 -

A Therefore, if he H , then for n22,

l-n -1 l-n
lh - (2 -2 )rnl é | (hﬁ.pmci) h'%mcihi - (2 - 271

£ 4

-1 l-n
£l + Uﬂ;.;‘;p”ci) -1 ”nﬁm eshyll +l» c;hy €2 +

6Dy 1
+2[(1-2")1) 4 2. 200,

To see (iii) let us first observe that C; = L; (D
U ('Dj)) is w¥ compact. Thus any w* exposed point of C 11es
in C; (Milman). But Dj have no w¥ exposed points, since the
usual norm of £,(T') is nowhere Gdteaux differentiable, if
" is uncountable (cf, e.g. Proposition 4).

Before proceeding let us recall that a function f is
said to be Giteaux differentiable at xe X if lim t-l[f(x +
+ th) - £(x)] exists for each he H and is a continuous line-
ar functional on X.
We will need the following version of Lemma 3.1 in [11].

Iemma l. Let a Banach space X admit a strongly rough
equivalent norm .l . Then if £ is a continuous G8teaux dif-
ferentiable real-valued function on X, f£(0) = O, then there

is an xe X, 1< Ixll<2 with £(x)eW x| .
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Proof. The same as that of Lemma 3.1 of [11]; we
sketch it here only for the completeness:
Choose a sequence Xp € X, x_ = 0 such that

(o]
(1) £lx)elxy Iy

(1) Wxpq - x &l

(ii1) | xp 2=, + € &/8)0x . - x 1

(v) Ixq - x 02 %-Mng% aupl‘y -x, 0, yeX, y=x,,,
satisfies (i),(ii),(iii), where € is from strong rough-
ness of .14 .

First observe that it suffices to show that for some
n, Ix 2 1. Supposing B x K£1 for each n, we have {lx,#3
convergent and thus {xn} convergent ((iii)) to some ze€ X,
lzllg1, £(z)< Mzl . By strong roughness of /. , there
isforz a veX,vlié€lwithlz +tviztzi+Itle for
{t14&«\zl. By Gateaux differentiability of f at z, there
is o”e (0,1 2z 1) with £(z + tv)4 £(z) + £°(z) (tv) +
+(2/8) | t| for each Itl< o*. Choosing t = * %/2 depending
on the sign £°(z)(v) we have f(z + (92) v)e £(z) + ed/16
and flz +(%/2D)viizlzl+ "672 . From this it follows that
for large n, M 2 ed/y y 8o, Ix 0 - x Il 2 /4 , & con-
tradiction.

Corollary. If X admits a continuous, G@teaux differen- "
tiable real valued function f with bounded nonempty support,
then X does not admit any strorgly rough equivalent norm.

Proof. ( [11]) If X admits such an £, then we can ea-
sily produce a continuous G8teaux differentiable function
g with g(0) = 0 and g(x) = 2 for Il xlzl and receive a con-

tradiction with Lemma 1.
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Applications

Definition 4. A Banach space X is called an Asplund
space if each continuows convex function f on X is Fréchet
differentiable on a dense Gy subset of X.

Remark 5. Reflexive spaces, spaces with separable du-
al (or more generally spaces with WCG dual) are Asplund
spaces ([131,[3],[8]).

We can new easily show

Proposition 3. A Banach space X is an Asplund space
iff X does not admit any equivalent rough norm.

Proof, Easily, rough norm is nowhere Fréchet diffe-
rentiable (use e.g. Proposition 1).

If X is not an Asplund space, then X contains a w* -compact
convex set (we may assume K to be absolute convex body),
which is not w* dentable ([13)). This produces by duality

(Proposition 1) a rough norm on X.

From the preceding Proposition we can easily deduce
the following result of Ch, Stegall:

Theorem (Stegall). A Banach space X is an Asplund
space iff each s eparable subspace Yc X has a separable du-
al.

Proof. If X is not an Asplund space, then X admits
an equivalent rough norm l. % (Proposition 3). Then, ea-
sily, see [11]1, p. 125 , there is a separable subspace Yc X
on which |+ is rough: Construct separable subspaces C,,
Cnc cn+1 and countable dense sets Dnc (‘3n wi'th the proper-
ty that cn+1 contains all the corresponding v ‘s from Pro-

position 1 (v) for each xeD and ‘s positive rationals.
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Then easily, 'g—cn is the desired subspace ¥ . Y admits
no equivalent Fréchet smooth norm, by the result of lLeach
and Whitfield mentioned above (before Lemma 1). So, Y* is
nonseparable (Kadec, Klee, Restrepo, cf. e.g. £51).

If there is a separable subspace Yc X with Y* nonseparable ,
then Y admits an equivalent rough norm (Leach, Whitfield
£111). This can be seen as follows: Clearly, there is a
¢"> 0 and an uncountable subset Dc B{ such that f,g€ D
f4 g imply If - g} > J", Since Bf satisfies the second axi-
om of countability relative to the w¥ topology, by deleting
at most countably many points of D we receive Dy¢ D all
points of which are w¥ condensation points of Dl' Thus Dl
is not w# dentable (here we followed [13]). Therefore the-
re is a w* compact absolutely convex body Kc Y which is not
w¥ dentable (K = B¥ + &omv™(D; U(-D;)). By duality (Propo-
sition 1) we receive an equivalent rough norm on Y. So, ¥
is not an Asplund space and neither is therefore X ([13]).

In [4], M.M. Day proved that ,21(1" ), T uncountable
and m (N) admit no equivalent GAteaux differentiable norms,
We state the following generalization of his results:

Proposition 4. £,(T"), T" uncountable and m (N) ad-
mit no continuous, GAteaux differentiable function with boun-
ded nonempty support.

Proof. By Lemma 1 it suffices to show that both spa-
ces admit strongly rough norms. For ll(T‘) such a norm is
the usual one: Given x € £,(T'), i xl\= 1 choose i ¢ T N\
\{supp x} . Let

f. = sgn x. for iesupp x, £f. =1, £ = O elsewhere
i i i,
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g; = sgn x; for ie supp x, gio = -1, g = O elsewhere.

Then £ = Igl=1 f£(x) =g(x) =1, 1f~gl=1.
For m (N) consider the following norm ({15])

Mx =1x!+1xl, where [x| means the usual norm of m (N)
and lx | = limsup I x | . We prove that /ixll is strongly
rough,

If x¢X, Ix§=0, then for h; = (-1)* and t>0,

lx £ thil = {xXth!| + t. Thus

. ~1 - 1 =
1{.mﬂu& t fMx+thtl +Ifl x-thil -2 Hixil]
= 11 -1 ] - -
l:limsug t™ [ix+ thl+ix=-thl=-2|x|+2t]2 2.

Ifixk>0 and lim | |=lxl|,xnkhave the same sign
(say 1), let By = (-1)%, h; = 0 for iny, k = 1,2,... .

Then limauop t™l1Llx+ thl +Ix-th] -2|x)+lx+ thl+
t->0+
+lx - thl- 2 x| 1z 1imeyp t™1f0x + thl + Ux - thl -
‘t-’ +

-20xkd= Lipsup, tienxl+ t+0xl+t-2)x0I22.
t -

We finish the paper with a simple example and one ques-
tion.
First we will need the following

Definition 5. A subspace Yc X* is called l-norming
if for each xe X, § xl = sup (f(x), fe ¥, Ifh£l).

Example., There is a l-norming subspace Yc m(N) on which
the usual norm of m(N) is rough.
(Since the norm of m(N) is Fréchet differentiable on a den-
se G4 subset of m(N) it is not rough on the whole space.)
Let !1 be the family of all periodic functions on N, Then,

easily, Y = cl ¥, is a closed linear l-norming subspace of
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m(N).

If yeYllyll=1and e > O, then finding yls Y, with

Ilyl -yl < ¢ we see that there are two indexes i,d,i%J
withﬁyi>1 -¢ ,tyj>l -¢ . From this we derive that the
norm of m(N) is rough on Y and that the unit ball of £,(N)
is not Y dentable (i.e. by slices given by functionals
from Y) This can be compared with the result of Charles
Stegall who proved that if any bounded subset of X* is den~
table, then any bounded subset of X* is w* dentable ({161).

The following seems to be an open problem

Question. Suppose that any w* compact convex subset

of X* is dentable. Is then X necessarily an Asplund space?

Remark and acknowledgement. After the present paper
was prepared for publication, Professor R. Phelps kindly
informed the authors on the preprints 111,201,{19] some
parts of which overlap with some parts of the present pa-
per. For example they prove the equivalence (ii) and (iii)
in Proposition 1 and also give an alternative proof of the

recent Stegall’s Theorem 1.
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