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COMMENTATIONES MATHEMATICAE UNIVERSITATIS CAROLINAE

22,1 (1981)

GAUSSIAN MEASURES AND THE DENSITY THEOREM
D. PREISS

Abstract: It is shown that there is a Gaussian probabili-
ty measure % in a separable Hilbert space H and a Borel set
McH with {M)< 1 such that

. (B(x,r)n M) _
Jim, LRI <

almost everywhere.
Key words: Gaussian measures, Density Theorem.

Classification: 28415, 28C20
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If @ is an arbitrary locally finite Borel measure in a
finitely dimensional Banach space B then the following form of

the Density Theorem holds. Whenever MCB is a Borel set, then

: (Blx,r)n M) _
I%ﬂo+ —%—87_;{71%7—[ = Zyx) o - a.e.

(See e.g. [ B1,IM]1,[F, p, 147-150].) If the assumption of fini-
te dimensionality is dropped, the situation becomes different.
It was noted in [P1] that the Vitali Theorem need not hold if

B is a separable Hilbert space and ( is a Gaussian measure.

In [P2] it was shown that there is a probability measure ¢ in

a separable Hilbert space and a set McH with w(M)<1 such that

. B(x,r)n M)
lim =1
n»0, @{Blx,r

o - a.e.

The method used in this example can be generalized to other spa-
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ces, This generalization shows that the validity of the Den-
s8ity Theorem for all finite Borel measures in a complete se-
parable metric space is equivalent to some notion of finite
dimensionality of the space. (This result is now prepared for
publication.) These results, however, do not say anything a-
bout the question of validity of the Density Theorem for Gaus~-
sian measures. Here we shall fill this gap by proving the fol-

lowing result.

Theorem. There is a Gaussian probability measure 3 in
a separable Hilbert space H and a Borel set MCH with »(M)<1
such that

; (B(x,r)n M
1lim ;ZL—TET-l_TTl =1 - almost everywhere.
H—qQ‘_ ¥ x,r v 4

(B(x,r) denotes the ball with center x and radius r.)

Note that this implies that the Density Theorem for Gaus-
sian measures in a Hilbert space does not hold even in the sen-
se of Mattila. (See [MA] where general criteria for the vali-

dity of generalized Differentiation Theorems are given.)

Proof of the theorem. We shall use the following nota-

tion:

R  denotes the real line,

if x € R™ then | x| demtes the Euclidean norm of x,

K, (x,r) denotes the ball with center x and radius r,

the Lebesgue measure and the k-dimernsional Hausdorff measure
in R™ are denoted by £ and Sek, respectively.

ja the Gaussian measure in R defined by
n

- g - 31x12
Yn(d) = (27) fAe 27 agt.
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Before we start with the construction, we shall prove
some estimates of measures of balls.

First we deduce a simple estimate of integrals of loga-
ritmically concave functions.

(1) If £ is a positive function on (to,tz) <R,
tye(t,,t,) and if log f is concave on <t°,t2) and f(ty)<f(t,)

then
t, ( £(t,) )'lf*1
ft f£(t)at < Ey 1) ), feat.
1 0
Proof.
t-t £(ty)
log £(t)£1log £(t,) + Tt log e for t e(ty,t,),
t -t £(t,)

log £(t)Z log f(to) + -f;—-_T; log m for t G(to,tl),

hence
t t,

(szf(t)dt) (j;o

1

NIREUANIET LN RN

1 o 0 o

-1
f(t)dt)) <

Next we prove the main estimate of the measure of an in-

tersection of a ball with a set of small measure.

(2) If ae (0,-12‘) then there are s €(0,1) and °1>0 pos-

sessing the following property: 1

Whenevir ré(a,%) and x € R® with (1 - cl)nié Ixl 2
< (1 + cl)nz then
3o 1
g-n(Kn(x,rnE)\ K,(0,8n°)) 4 (e 1. 1)-17n(Kn(x,rnE)).
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Proof. There are ¢ > 0, o' < 1 and 8 ,8€ (1l - a,1),
8,<8, such that
2(c2 + r?) - (2 + ag)

0< £ J° whenever ce{l -¢,l +€)
4czr2 - (c2 + rz- 352 ’

and re(a,%) « Choose ¢y € (0,%) such that ¢; + 1 - a<s,

c1<6,1+a-—cl>a,%+ Ecl <§and

¢yn -1
~ 1) © for each natural na.

Since 7%, is invariant with respect to rotations it suffices-
1

to prove the assertion for x = (0,0,...,0,cn§) where 1 - ¢ £

£c£1 + cy. Then (see [F, Theorem 3.2.12])
1 1
7n(Kn(x,rnz)\ KnCO,snE)) =

_ B eomE -1.2 1

= (290) g ° 2" 3 21y e RB;lyl= t, )y - x|£rm2})at=
gl d

- (m)w _§t2 In—4
=dew) 2, TR UGy RYIyl= v, 5, sfertn -

_(cz,“rzn _ 42 z} sat.
2en

Since ‘
rz.,zn-(éufﬁﬁ)z' 2 _ (eor)?n)((ctr)?n - 13)
2en “él;‘c“‘z’“—)' £
e (%‘) 2‘ tz( % + ﬂr‘%l',) zé (* t)2, we have
4
5"y R 1y1= t.:$4 s2ée?h =

<! -1/2
= [ (1 - gz‘.g._’i) 41“'1(y>.4§ ;c"‘lucn_l(o.w).

K‘,‘,q ‘0,’?’ t
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Hence
1

1 _.n
Fn K, (x, 78N K, 0,8n0)) £ §2) 2 £27 k) (0,1))

1
(c+)m ™

[W% f£(t)at,
1.2 n-1
- t 2 2\ 2
where f(t) = e 2 (rzn -(C—E—L{;’é‘—f—E—) ) K3 for
1 2cn
te((c - r)n.z, (c + r)n®).

Since log £ is concave and

1
log f(an?E - %1(’2 - 82) 4 B2 log 4c?r? - (2 + r2 - 8?)2 z
£(s n ° 2o 4c°r® - (c® + r° - 8))
2 2 2,2 2 2 2,2
_én(sz-sz)+n'l(c tro-sg) m (e vr - e) =
2% - 4c°r2 - (2 + 12 - 53)2

2, 2(c? + r?) - (s§ + 8?)

2_ g2y ,m=l2 _
° 2 ' TF (v E - 82

£5(2 - 6%) +5(s® - 82)d" 2 - % n(s -~ s )1 =),

we may use (1) to obtain

(C*M)m«* ?n(s.g )(14) -1 (Gﬂ(«)mi
f £(t)dt 4( 1) , T(tat.
(c-wWIm32
Hence

1 % ¢é.n _n

¥p Ky (£,rn2)N K (0,020 £ (e T - 1) R2ar) 2 2P ik, )
3
,,,),n n _n @mm? _ 1 12
(0,1)) f . ear<e - Yewy 2 f , o 2
(E-m 1 omE
#% 1y eRr Bogl= t,ly - xlérnzf dt =
1
-1 7n(xn(x,m7)).
We shall need also the following estimate of the "“typi-~

cal radius" of a ball,

c.n
=(91

3) If > 0 and q>1 then there are o > 0 amd ¢;,>0
possessing the following property:
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Whenever 24n<mZ qn are natural numbers, |\ -/ is a

rorm in R® such that zh-121-1,

1
2,6 R® such that E 2 < | 21] %nﬁ'

z,€ R® such that 5‘ |zz\£% n°

’

s € (0-2‘ n ) and

A= {(xy,x,) € R%x R%; Ix, - zl!a +0x, - zzﬂzész,
Ix) - 2} £ 8},

then

c

2

Fnmd ) % (e (a,).

Proof. Let g(za,t) denote the ball in (R, l|+1l) with

n+m

center z, and radius t, If 0< @ < woél then

g 2 2) 2 '
7n+m(A‘°) _ b,,,(i,f,w Ta(B Gy, (8% = 1x) - 2)°) %)) ayp(x)

@
¥pn4m ©

I
B,n(_x{,a)p) TmCE(ZZ' (82 -lx, - z]§2) 2) a Tnlx;)
2,1 2
PR UCURE DL (ENRTR

S - 3%l n
R (2,,04) 'ﬁ(z,,('.’-'!/x‘.,-zﬂ’-) N e ag (xx)a & (xy)

f ~ f = %‘x2| ¢ m n
Buin2”) Bz, (Mlngz,2) %) e ag™(xy)a L (x))

2lzlla) 8

f f b&q zl
.B (il,wh) B(z,_ °)

(1% ﬂlz);
Rt ) dE£™(x,)d L™ (,)

33

_1‘ (s*- I.x1 31 o)
J L @axg e Y SR g™ () dig™ (x,)
%owe(znh 2 1
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Since, for 0<£&<s and x,€ ﬁ(zz,s), it holds
Iz, ~v--:-(x2 - 22)l2 - Ix,| 2|£Ix2 - z,) 1;5 (12, +-§- (x, -

- zz)l"' ‘xz')ézt (3-3)()22‘ + fa),

we obtain 1
() 2
Vpsm @ éeZIzl\cootf)+2'c'(1-cao) a(lzyl+zs)
ITH‘UL 6)0
" 0m 1
- xlx
[ (82- | x, -z 2)2' f e 2 2‘2 d:ﬂm(xz)d;‘jn(xl)
B, 00 E(zz, %)
m 1 -
- %lx
[ (2= |r,l - zli 2)5 Nf e 2 92 d£"‘(x2)dsﬁ°(x1)
Bw(qu%h) B(z,,n)

3 ©,_ 22 .-l
2z, w°e+2c(1-(1-a)§)z)s(lz2\+1:8) {, -t9)" ¢ at
Le =

Moreover,
( 2.3 n-1 2 P .
1-w?)w - l-® n-1 () n o
log o) 3 log 1-@2+T1°8 G)Zéf 1 Y
(1_w§)?w§-1 ° ° °
*'n-l wmw g a1 w )2)( n-1 m a)g )
2 PY: ( @, 2n 2n 1- woz
2 2
1 a o
£ -n(l1 - (_co__))( --— ——°-§> . Hence, if w  is suffici-
@, 4 2 1 -0
o
ently small and @ = %mo, we may use (1) with t; = @, t, =0
to infer
% 1
7n+m(A“’) . %(oom(l-(l-wﬁ) )(qz-n:)n( %zn 1)-1
te e - .
a,)
Tn+m
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From this inequality we see that, to prove the asser-

tion, it suffices to choose «,>0 such that

e @2 1 3

1 1
-- 5———?- and = (@, +¥(1-0-0 )’)(q"’

1
+)< -
2
and to put o= 5 o and to find c2>0 such that
n n
n
12 1

Finally we show the following simple well-known estima-

te of Gaussian measure (see e.g. [ 3]).

(4) There is c3>0 such that

1
Fix € R%; jix| - n°) 2 ¢} £ -3 ana

’a’n{xeRn; I(x,z>lzc? £

%'Juo R Wi

for each natural number n, each o¢c > O and each z &€ R? with
lz] =1,
Proof. Follows from the Chebyshev inequality and from

the fact that f (Ix\ - nz) a7y p(x) and f Kx,2?) d'fn(x)

are bounded by some absolute constant.
Now we shall construct the desired example.
Put ng = 10X and choose & > 0 such that

X< %: For ~ = 10 and q = 11 find & and c, ac-

0
2(e +h§4 10
cording to (3). Put a =w 'I% and find s and cl<% according

to (2). Let k, be so large that -—L!» 10.k< 1.

(1 -s8)
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= % RE 4= 2
Letx-hﬂom ,'x-kié}%q'nk. Then H ={xeX;

2 -2k 2 s . .
107 | x, 1< c0} is a Hilbert space with the norm
%2k, k § P

1
hxl = (h?ﬁ 10'2k|xk|2) ? ana ¥(H) =1 (see [G]).

If ze H and r>0 denote
& =2 2, 2
By(z,r) = {xcH; 1»5%10 plxp - 2,1%¢ 0y,
X _ .2 -2p _ 2, .2
B (z,r) = {xcH; @%&a 10 lxp zp( £ r°}, and

k
B(z,r) = B %°(z,r). 1

Let M ={xcH; lxkl.é anz for some k>k 3. Then, accord-
c
ing to (4), (M) £ z ———35— < 1. We shall show that
k=4 ] (1- 8) nk
lim y (M B(z r))
"—>°+ ~(B(z,r))

for »» almost every ze H.

1 2, % -p
Let ¢ > O such that £ < 3¢ and 4(2e + %) = 10 P =

2c o0
£g . Denote e, = max (-—}?-L Z 107P, (e 1% _ 171,

1 1
c
2"k _ -1) - 5 ) K z
e 1) ").If B ky‘%{zeﬂ, (l-e)np£|zpl£-(1+ e;)np for
all p>k} then »(E) = 1 according to (4) and the Borel-Can-
teli lemma.

2
Let z ¢ E, There is k,Z k, such that (1 - 2- °1) Ny £

& lzkl (1 + 5 cl)2 ny, for all k2 kl’ Hence there is k2> kl
such that
k-f
2 2 R+t
(5 (1 -c¢
) 1)@%% 51\é(1+cl)ﬂ_2banp
f/#h Mdk 22 2
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for all k2 k,. We may also assume that ek2< 1.

let r >0, If r is sufficiently small then

-(k+1)

26 10 +2 % 10Psrl2z2610%+2 & 107P
1.,5&*2 - T 4;,53{

for some k= k2° Put

1
2
r, = (r?- o6 107 5*Y" £or e < 0,17,
1
= (p2 . & -2p|. ., 122 k+2
r(x) = (r ,,53“9.10 Irj’ zpl )€ for xe B" “(z,r),
1
= ( & -2p _ 2,2
a(x) = (1*‘-?“% 10 lxp zpl )¢, and

r+hk 1

b(x) = (105(r2 - a2(x)))Z for xeH, a(m<r.

First note that if lxpl £(1 + e)ng and l<xp,zp>l <

1

¥4 k- -2p 2
A - L
£ e npizp\ for all p>k+2 then §”210 |xp zp\ P

oo - 2 & _p 2 -(k+1) 2
£ 0P + 4(2¢ + £ - = pf.
211-542 1 42e+e )4»=§jw2 10 r 10 rl

Hence (4) implies

2 c ©
k+2 “P .
(XN B2 (z,r )4 -31”:%#2 10P2 e ..

Consequently, v (B(z,r)) =5‘“£ ~7('(5,‘4,1(2,1'(1)))c1 7(x) £
“(x,1)

£ [ 7B roNd g + &N B G 0)) .
Bk-&i(z’,“,) 1

2
- #(Byyy (2,(6 10-(k*1))%)) < f 7 By (z,r(x)))d y(x) +

BRY2(z, 1) N
- - 2
+ — :4»2 T(Bk+2(z’r1))"f(3k+1(z.(6' 10-(k+1))€)) =
k+2
€x42

—_—) ( (z,r(x)))d y(x) =
1-¢,, a‘"’u,mq)x B (25 4

= (1 - g, ) y(Blz,r) 0 B2 (z,r)).
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A 24 | 2342k (2
Ifm =, =, th £m< J NS>
m 52k _nj thenm£m< £qn, and fct% 10 lxa\
e 29—* Ead
Z'f;r% lil Hence, according to (3) (its assumptions follow
= (]
s+ r4A s JetA
-2 j+2k
from (5)), Tn‘k“‘ 'I;T J ) 52 10749 Iy. - zjlzﬁ 52,
- R+

\yk-zk\éma}é(e 'y'nkﬂn{yg?‘

1
de+ A 23
~2j+2ky_ _ . 12, 42 1.2 ;
}:i‘holo lyj - 2;1%¢ 8 § for each s (0,5 n, > . Since

10% r2(x) £10% r2< 10K =

(% nE)2 for xe B(z,r), it follows
that

yiye Bkﬂ(z,r(x));lyk -zl £ 10ka)r(x)? £ &y y(Bk_._l(z,r(x))).

Moreover, for x € B(z,r)n Bk+2(z,r1) we have 10~ (k*1) & <

érz(x). Hence,
. L
Yly €Byyy (2,0 (x))lyy - zklelokw(elo"(kﬂ))zi £
£ €y ¥(By,4(z,r(x))) and
k+2 =

4 (Blz,r) B2 (z,r))) = Bh["(z,lt,,\ ¥ By (2,0 (x)))a y(x) £

£Q1 - €k)'1 S L yeB(2,2(x)); Ly, - 2l 2
Bﬂt-fZ(z,,L’f

7105w (6 10'(k+1))2l§ dy(x) = (1 - ek) y{xeB(z,r); a(x) £
fr, 8 = (1 - €k) -1 S v {yeH; 1072k lyy = zk\zé

IxeH;a ()4 3
2 2
£2r° - a(x)} day(x) = (1 -¢€.)" (K. (
¥ k &[H;a(x)elcw} ¥ny oy P

(b(x) 5)))& (%),

1 1
Since b(x) £ (10 )2 %- and since b(x) = (10 (r -r ))E
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= w VI% = a, we infer from (2) that

< (1

r\Knk

If r

[B]

[ Pj

LGl

7]

@8]

[Py

[p2]

1
Tnk(Knk(zk’b(x) nE )) day(x) =

1

et [ (K_ (z,,b(x) n2) N
K {er;a(\x)éleank K e

x GH; PACIE "‘w}

1
(0,5n2))d y(x) £ (1 = £) "L y(Blz,r) M),

Combining these estimates we obtain
¥ (Bz,r)n M) 2 (1 - g,,,)(1 - g )2 9B(z,r).

is smgll then k is large, hence €y €p4p are small.
implies that
vB(z,r) A M)
mn — ],
w0 ¥(B(z,r))
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