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TOPOLOGICAL PROPER SEPARATION THEOREMS
Ulrich MEYER zu HORSTE

Abgtract: In the last 15 years new algebraic separation
theorems have been found. The goal of this paper is to show
that some of these theorems admit a topological version, too.
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1. 8 tatiopns. Let V and W be two subsets of a real
linear space L. A linear functional £ on L is said to sepg-
rate V and W properly (or frankly) if there exists an r ¢ R
and an ue VUW satisfying £(V)<£r< (W) and f(u)#r.

Say that a set T of linear functionals separates V and
W properly if there exists an fe'f separating V and W. This
definition excludes the case £(W) = £(V) =r,

Let I be equel to 10,1,...,n%.

A family {Vi\ie I} of subsets of L is properly separated by
a family {fylie It of linear functionals if there exists a
family {24116 I of real numbers, a keI, a ueV,, an
Le lﬁ-‘ﬁ;"i)» the affine hull of;_Le)Ivi, such that

(1) £l <A,

(2} £4(vy) £ A, and £,(£) = A, whenever i€ I,

(3) =, £ =0 and JZ2y =0,
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In this situation we also say that Tt separates { V4l i€ I3 pro=
perly if £36L (1€

A point ve V is said to belong to the core of V wiih res-
pect to g linear subgpace Y of L if for each ye Y there exists
& positive € such that v + o yeV for each 0 £ '« & . This
set 1s denoted by 1Y)y (gee L91, p. 36).
Let c(V) be the gore of V with respect to L.
The core of V with respect to the linear subspace parallel to
the affine hull of V is called the intrinsic core of V and is
denoted by ie (V). The linear hyll (affine hull) of V is deno-
ted by Span (V) (£(V)).
Now let V be a subset of the topological linear space L. int V
denotes the interior of V, intv V denotes the interior of V
with respect to the minimal flat Fo V.
Let iint V (intrinsie interior) denote the interior of ¥ with
respect to the minimal closed flat Fo V., Then iint Vc intv V
and if iint V4@, then iint V = intv V; intv Vcic V and if
intv V40 is convex then intv V = ic V.
Let I be the set 10,1,...,n}.
Let L* denote the set of all linear functionals on L and if
L is a topological vector space, let l‘: denote the set of all

continuous linear functionals on L.

2. t te d

2.1. Theorem (see Bair, Jongmans [2], p. 475). Let ¥ and
W be two convex subsets of a real linear space L. Let W and
the intrinsic core of V be nonempty and disjoint. If the de-
ficiency of V with reaspect to Span (VUW) is finite then L*
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" separates V and W properly.

[4], p. 263, [6], p. 11 have similar results. A continu-
ous version of this theorem is mentioned in [4], p. 240 and
p. 253. .

The following Lemma is well kncwne.

2.2. Lemma: Let H be a closed flat of a3 topological li-
near space L with finite deficiency. A linear functional £ on

L is continuous if and only if f is continuous on H.

2.3. Theorem (a similar result is Lempio [6], pp. 31-32).
Let V and 7 be two convex subsets of a locally convex linear
space L., Let W and the intrinsic interior of V be nonempty
and disjoint. If the deficiency of V with respect to
Span (VUW) is finite then L separates V and W properly. This
is a consequence of Theorem 2.5.
If Span (VUW) has finite deficiency with respect to L, the
theorem 2.3 is correct for any topological linear space. Now

look at the case of 9 finite number of sets Vi:

2.4, Thecrem (see 3air [1], p. 13). Let V, be a convex
nonempty set; let {Vjlie IN{03% be o family of convex sets
with nonempty intrinsic cores and of finite deficiency with
respect to Span ,:,L.-,JI Vie It

A, e (V) =8
Vo n}F 4 ic VJ =
then {Vi\isﬂ can be separated by pr properly.
A continuous version of this theorem is

2.5, Theorem. Let Vo be a convex nonempty set.
{Vil1ie I\$033 be 2 family of convex sets with nonempty int-
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rinsic interiors and finite deficiency with respect to ¢
Span ivl vio Ir ~

Vo (\%Q4iint vg) =0
then {Viliﬂﬁ can be separated by L'I progerly.

Proof: Since ic (V) = iint (V,) (1€I\403), by Theorem
2.4 there are Sfi!ieIi separating {Vi\ie 13 properly. Because
iint V; is nonempty, fi is continuous on I.(Vi) and £(V,) is
closed (1 I\N{0}). Hence fi is continuous on Span 5‘5va by
Lemma 2.2 and by extending fi continuous to L we obtein conti-

nuous linesr functions £5(i €IN10%). Define
. - m
fof = =iZq fae
£, 1s continuous, too.

On Span «',LEJIVi we have f, = f, because . elfi = C.

4

3. Extension Theorems:

3.1. Propozition: Let A and B be two closed flats of a
Banach space L and ¢ be a linear functionsl continuous on A
and B, If Span (AUB) has finite deficiency in a closed sub-
space H then there exists a continuous linear functional £ on

L satisfying £ (L) = ¢(2) for all Le H.

Proof: Derine Hy: = Span A, £(A) has deficiency O or 1
with respect to HA‘ Let G be a subspace of H such that
Span (AUB) + G = H and Span (AUB)NG =403, Define Hy =G +
+ Span B. Because G is finitedimensional, B has finite defi-
ciency in HB' Now we have H = HA + HB. Lemma 2.2 proves that
¢’ is continuous on HA and Hp. Jefine

0,: ={heH| ¢ (n)>0% and
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0g: ={heHyle’(n)>03.
They are open with respect to HA and BB respectively. Because
H, H“, HB are closed, H, Hy, HB, HA"HB are Banach spaces.
(H,x By has the product topology.) h( £,,4,): =2, +£, 1s |
a continuous linear surjective functional hiHy < Hg—> HA +
+ HB = H.
The theorem of Banach-Schauder (see e.g. [51, p. 170(2)) shows
that h is open. That is why OA +* OB is open with respect to H.
Since f'(OE +0gl>0, £’ 1s continuous on H. Because ¢’ is
continuous on H, we obtain a continuous linear functional f

(by extending £° on L) with the required property.

3.2. Lemma: Let f.f;,...,fx; (nZ0) be linear functionals
satisfying
% .
£ =% fue
Let Ho,...,}ln be subspaces of L and

v (]
SO HisHy (O Hy o= il
Let £, be a linear functional satisfying fo(h) = f;(h) for all
heH . Then there exist fj,...,f, such that £;(h) = £;(n) for
all heH; (1e4l,...,n}) and

ms
£ =%
Progf: For n = 0 the conclusion is easy.
Now assume that the lemma is correct for n and assume the ca-
se of n + 1. On the subspace Hn*l holds
Hpsy N H, °i61 (Hp,y N Hy)

By the assumption we find f1seeyf, defined on H

he1 Satisfy-

ing £4(h) = £i(h) for all h&H_, Ny and
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, m
£ = fra =32, f1 onHy,.
The condition £y = f{ on H; extends f; on Hn+1 + Hy
(1€4l,...,n3) . Let £,(1¢{1,...,n}) be defined on the whole

of L by extension. Now define

m
fhel SF - 20010

frl1+1 on Hml because

£ - fn*-l =L‘?‘o £y on Hn+1'

Now holds fml

3.3. Lemmg : Let HycL (i€{0,...,n%) (n>0) be subspa-
ces of L. }f for each i,j€40,...,n}% (13 J) there exists a
closed subspace Gij such that Hi + I-IJ has finite deficiency
with respect to Gi,j then there exists a closed subspace G such
that )
has finite deficiency with respect to G. We may choose

mv
G =1 Cos-

Proof: 1) Let M, H, G be subspaces of L. If HcG has
finite deficiency in G then MNH has finite deficiency in
MNG: Let Bo be a basis of MNH and BoUBZ a basis of MNG.,
We have to‘ show that the number of clementsof B, is finite.
Since HN(MNG) = M NH, there is a bnsis B,UB; of H satisfy-
ing B U B, UB2 is a basis of (MNC) + H = (MNG) + (HNG) =
= (M + H)NG. Let B,UB; UB,UB; be a basis of C. Because H
has finite deficiency in G, the number of elements of 52u B3
is finite. ) o

2) If n =1 there is nothing to nrove. Now assume that

the lemms is correct for n and assume the case of n + 1, Let
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G be a closed subspace such thst

m ’
HO -o-‘,'f:\1 Hi has finite deficiency with respect to G .

Then
S Yn (H. + A H)
Ho +oy By = (g * B )0 (Hy + 7 By
has finite deficiency in (H, + Hnﬂ)ﬂG' since 1). And since
L) (Hy + ) )NG” hes finite deficiency in G, .., NG” = :G.

3.4. Proposition: Let f,,fj,...,fy be linear functionals
on 2 Banach space L such that
Zoti
is equal to a continuous functional f. Let f;_ be continuous on
the closed flat Py (1€{0,...,n}) and assume that for all i#J
(je4$0,...,n}) there exists a closed sul;space Gi,j such that
Fi + I.-‘J. has Jinite deficiency with respect to Gi,j‘ Then there

exist continuous linear functionals fo""’fn gatisfying

N

i g -
iZof1 =t
and fi'_(h) = £;(h) for all he Fy (1640,...,n}).

Proof {ty induction with respect to n). The case of n = 0
is easy. Let n be larger than zero and assume that the conclu-
sion is true for m< ne. By Lemma 2.2 f(; is continuous on
Span F_. Becsuse

o rd m’ L ’ ”V
fo = € =,%, £, f, is continuous on ,[), Span Fy.
Ry Lemma 3.3 there exists a subspace G such that
. " o -
span F, #&Q,‘ Span Fy
has finite deficiency with respect to G. Then by Froposition
3.1 -“(; is ccntinuous on G. vefine f‘o(g) egual to f(;(g) for

all éeG and let o be""a continuo;us' linear ~unctignal on L
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(extension theorem). By Lemma 3.2 there exist fy,...,f, sa-
tisfying

m ’
4.,zzofi =¢ and f3(h) = £;(h)

for all he Span Fy. The assumption of our induction completes
the proof.

4. Sygmetric geparation theorems. A similar result to
the next theorem 4.1 you find in Klee [4]), p. 253 and a proof
of this result in Lempio [61, p. 11.

4.1. Theoren (see Bair, Jongmans [2], p. 475). Let V and
W be two convex subsets of a real linear space L. Let the in-
trinsic core of V¥ and the intrinsic core of W be both nonempty.
L¥ geparates properly V and W if and only if (ic V)N (ic W) = 2.

Theorem 2.3 is a word by word translation of the theorem
2.1 in the ‘topologieal situation. Such a translation of the the-
orem 4.1 is not correct. It is correct in a locally convex li-
near space if and only if the sum I{l + H2 of any two closed 1li
near subspaces H!_ and H2 is closed itself. This is fulfilled
for the strong topology. It is not fulfilled for Hilbert spa-
“ces. Ve are able to prove the following result.

4.2, Theorem: Let V and W be convex subsets of a Banach
space L. Let the intrinsic interior of both sets V and W be
nonempty. If there exists a closed subspace H in which

Span (VU W) has finite deficiency then L” separates properly
the sets V and W 1f and only if iint VN iint W = ¢&.

This is a consequence of Theorem 4.4. An elementary proof is:

Erogf: "¢= " By Theorem 4.1 we obtain s linear functio~-
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nal #°¢ I* separating V and W. £ is continuous on £(V) and
A(W) since iint V and iint W are nonempty. By Proposition 3.1
we obtain a continuous linear functionsl £ on I, with the re-
quired properties. .
"« " Now let L” separate V and W. Then there exist

fel’y r 6 R , ueVUW such that £{V)£r£¢iW) and £{wW+r.
Assume ue V. Hence f(u)<r. That is why £ (iint V)< r. Becau-
se £(W)Z r, (iint V)N (iint W) = 0.

Theorem 4.1 le=2ds to a separation theorem for finite fa=
milies which is due t» Vlach [11].
e quote a versicn of Baire. Note that there is an interesting

symmetric proof of Vangeldere [101, p. 157.

4.3. Theoreg (see Baire [1], p. 13). If & fauily {Vilie BB
(I ={1,...,n}) of subsets of a real linesrT space L satiafies
the conditions
(a) V, is convex for each ie I,
(b) iec (Vi) is nonemrty for each ieI,
then the *family {Vil ie I{ can be separated properly by L*I ir
and only i¢

.{fe\l ic vy = 6.

A continunus version of this theorea is:

4.4, Theorsm: If a family {V4lie I} (I =40,...,n]) of
subsets oP a Danach space L satisfies the conaitions

(8) V, is convex fer each i€,

(v) iint (V;) is nonempty for each ie I,

(e) for 211 i,jeI (1% J) there exists a closed subspace Gi‘1

such th»t 3pan (V,U V1) has finite deficiency in Gyy,
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then the #amily {Vi\ i€ I} can be separated properly by 1T ie
and only irf
-\'.QI iint Vi is empty.

This is a consequence of Theorem 4.6. We look now at a somewhat
more general situation.
Let Ty, S; be subspnces of L. Vaugeldere [10], p. 148 defines
that {T;li€ I} (I =40,...,nt (nZ1)) has the property of inter-
gection relative to {S;lieIf if

»i,Ql (sy = T)% 0 for oll s;€S; ond i€,

Let S; now be equal to the subspace of L parallel to E(Vi).

Vangeldere proves the

4.5. Theorep (see Vangeldere 11C], p. 157). Let {lej eld
be a fami., subspaces of L (I = {0,...,n%) hzs(r%r% the pro-
perty of intersection relative to {sleeIS. Ir J vJ.*.c ror
all jeI, the family {VJIJE I3 can be szparated properly by I

if and only if
1(T3)
AN vy =8
This theorem is more general as all other nontopological ssva-
ration theorems in this paper. Define now

in(Ty = fvev|vediint [(v + TINVI3.
A continuous version of Theorem 4.5 is:

4.6. Theorem: Let {TJIJG I} be a camily of closed subspa-
ces of the Banach space L having the property of intersection
relative to {SJUeI}. For a1l i,JeI (i4 j) let exist a closed
subspace Gi,j such that Ty + T,j has finite deficiency in Gij’ and
that V’iU ‘.'JC Gij’
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in(TJ),
If VJ=H§ for all jeI, the family -iVJlJe If can be se-

parated properly by LY if and only if
in(T;)
J -
%QI vy =0.
Proof: "& " By Theorem 4.5 there exists a family

{f._{c L¥| ie I} of linear functionels separating {V4lie I}

in(T,) 1“(T1)
v

properly. Since i V440, £; is continuous on £( 4.

That is why fi is continuous on Ti' Because

24 '—'-}%C fd,fils continuous on :,QLTJ'

Since Lemma 3.3 Ty ’«}Q& Ty has finite deficieney in —}Q&Gid‘

Now since Proposition 3.1 fi is continuous on 5,@4'.61.1’ Deri-

ne Fy: =;,Q1',Gij' Fy + F has finite deficiency in Gy, becau-
se
Ti C;&Q_‘Gi‘.j = Fi and TkCFko
By Proposition 3.4 there exist continuous fo""’fn satisty-
ing
L= fi =0
and

£y(h) = £5(h) for all he Fy> V4.
"=>" is proved by Theorem 4.5.

If we restrict ourselves to Banach spaces, this theorem 4.6
is more general as all other topological separation theorems
in this paper.

Espeecially Theorems 2.5 and 4.4 are consequences of Theo-
rem 4.6 in the case of Banach spaces.

We are interested in hearing about the following
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Problems:

a) It would be useful to ask if there are continuous se~
paration theorems for other definitions of separation. See
Deumlich, Elster, Nehse [3], p. 276.

b) We think, it could be that the assumption of Banach

spaces in the theorems of chapter 4 is too strong.

Acknowledgement: This paper is based on the first chap-
ter of the author s thesis and many useful hints of J. Bair
(Liege), V. Klee (Seattle), F. Lempio (Bayreuth), M. Vlach
(Prague), J. Zabezyk (Warsaw), J. Zowe (Bayreuth).
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